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| To the READER. 


F you are deſirous, Conrteous Reader, to know 
what I have performed in this Edition of the 
Elements of Euclide, I ſhall here explain it to 
Jou in ſhort, according to the Nature of the Work. 
I have endeavourd to attain two Ends chiefly ;, the 
frft, to be very perſpicuous, and at the ſame time ſo 
very brief, that the Book may not ſwell to ſuch a Bulk, 
as may be troubleſome to carry about one, in both which 
I think I have ſucceeded. Some of a brighter Genius, 
and endued with greater Skill, may have demonſtrated 
. moſt of theſe Propoſitions with more nicety, but per- 
haps none with more ſuccinneſs than I bave; eſpeci- 
ally fince I alter d nothing in the Number and Order 
of the Author's Propoſitions ; nor preſum'd either to 
take the Liberty of rejecting, as leſs neceſſary, any of 
them, or of reducing ſome of the eaſier ſort into the 
Rank of Axioms, as ſeveral have done ; and among 
others, that moſt expert Geometrician A. Tacquetus C. 
whom I the more willingly name, becauſe I think it is 
ut civil to acknowledge that I have imitated him in 
Some Points) after whoſs moſt accurate Edition I had 
uo Thoughts of attempting any thing of this Nature, 
"till I conſider d that this moſt learned Man thought fit 
to publiſh only Eight of Euclide's Books, which he 
took the pains to explain and embelliſh, having in a 
manner rejected aud undervalued the other Seven, as 
leſs appertaining to the Elements of Geometry. But 
my Province was originally quite different, not tbat 
of writing the Elements of Geometry after what method 
ſoever I pleas d, but of demonſtrating, in as few Words 
8s poſſible T could, the whole Works of Euelide. A8 
3 ts 
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To the READER. 


to Four of the Books, viz. the Seventh, Eighth, Ninth, 
and Temh, although they don't ſo nearly appertain to 
the Elements of plain and ſolid Geometry, as the ſix 
precedent and the two ſubſequent, yet noue of the more 


' Skitful Geometricians can be ſo ignorant as not to know 


that they are very uſeful for Geometrical Matters, not 
only by reaſon of the mighty near affinity that is be- 
teen Arithmeiick and Geometry, but alſo for the Know- 
ledge of both commenſurable and imcommenſurable Mag- 
mitudes, ſo exceeding neceſſary for the Dotirine of both 
Plaiu and ſolid Figures. Now the noble Contempla- 
tion of the five regular Bodies that is contained in the 
three laſt Books, cannot without great Injuſtice be preter- 
mitted, ſince that for the ſake thereof cur ci, being 


4 Phi o/opher of the Platonic Sect, is ſaid to have 


compos d this univerſal Syſtem of Elements; as Proclus 
lib. 2. witneſ/eth in theſe Words, Ober qu x, © ovurdons 
SUN EwTios TAG arxrnoa]s Ti oF xanviuor md)wviner 


nic Tu TUS an. Be/iges, 1 ea/ily per/waded my elf 


to think, that it would not be unacceptable to any Lo- 


ver of theſe Sciences to have in his Poſſe//ion the whole 
Euclidean Work, as it is commonly cited and celebra- 
ted by all Men: Wherefore I reſelv'd to omit no Book 
or Propoſition of thoſe that are found in P. Herigo- 
nius's Edition, whoſe Steps I was oblig'd cloſely to 
follow, by reaſon I took a Reſolution to make uſe of moſt 
of the Schemes of the {aid Book, very well foreſeeing that 
Time would not allow me to form new ones, Rege 


ſometimes I choſe rather to do it. For the ſame Reaſon 


F was. willing to uſe for the mot part Euclide's own 


Demonſtrations, having only expreſs'd them in a more 


ſuccine Form, unleſs perhaps in the Second, Thirteenth, 


and ⁊ery jew in the Seventh, Eig hib, and Ninth 


Looks, in which it ſeen'd not worth my while to de- 


toiae in any Particular from him © Therefore IJ am noi 
without 


%% deere. DE EEE ooo as 
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To the READER. 
without good hopes that as to this Part I have in 
ſome meaſure ſatisfied both my own Intentions, and the 
Deſire of the Studious, As for ſome certain Problems 
and Theorems that are added in the Scholions (or ſhort 
Expoſitions) either appertaining (by reaſon of their 
frequent Uſe) to the Nature of theſe Elements, or con- 


Aucing to the ready Demonſtration of thoſe Things that 


Follow, or which do intimate the Reaſons of ſome prin- 
cipal Rules of Practical Geometry, reducing them to 
their original Fountains, theſe I ſay, will not, I hope, 
make the Book ſevell to a Size bejond the deſiewd 
Proportion. 4 

The other Butt which ] level d at, is to content 
the Deſires of thoſe who are delighted more with ſym- 
&olical than verbal Demonſlrations. In which Kind, 
whereas moſt among us are accuflom'd to the Symbols 
of Gulielmus Oughtredus, I therefore thought beſt to 
make uſe, for the moſt part, of bis. None hitherto 
(as I know of) has attempted to interpret and publiſh 


Euclide after this manner, except P. Herigonius 


wheſe Method tho indeed moſt excellent in many 
things, and very well accomodated for the particular 
purpoſe of that moſt ingenious Man yet ſeems in my 
Opinion to larbour under a double Defect. Firſt, in 
regard that, alt ho of two or more Propoſitions produ- 
ced for the Proof of any one Problem or Theorem, the 


former don't always depend on the latter, yet it don't 


readily enough appear, either from the order of each or 


by any other manner, when they agree together, and 


when not; wherefore for want of the Conjunctious and. 
Adjectives, ergo, rurſus, Cc. many difficulties and 
occaſions of doubt do often ariſe in reading, eſpecially 
to theſe that are Novices. Beſides it frequently hap- 


. pens, that the ſaid Method connect avoid ſirperfituons 
KRoepetitions, by which the Demonſirations are ej te u- 


Times 


To the READER. 

times render d tedieus, and ſometimes alſo more intri- 
tate; which Faults my Method doth eafily remedy by 
he arbitrary mixture of both Words and Signs - There- 
fore let what has been ſaid, touching the Intention 
and Method of this little Work, ſuffice. As to the 
reſt, whoever covets to pleaſe himſelf with what may 
be ſaid, either in Praiſe of the Mathematicks in gene- 

ral, or of Geometry in particular, or touching the Hi- 
' flory of theſe Sciences, and conſequently of Euclide 
himſelf, (who digefted thoſe Elements and others 
#£o]-eme? of that kind, may conſult other Interpreters. 
Neither will I {as if I were afraid left theſe my En- 
deavours may fall ſbort of being ſatisfafory to all Per- 

fons ) alledge as an Excuſe (ibo I may very lawfully 

do it) the want of due time which ought to be em- 

ploy'd in this Work, nor the Interruption occaſiomd by 

ether Affairs, nor yet the want of requiſite help for 

ztheſs Studies, nor ſeveral other things of the like Nature. 
But what I have here employ'd my Labour and Study 

in for the Uſe of the ingenious Reader, I wholly 
fubmit to his Cenſure aud Judgment, to approve if 
uſeful, or rejed if otherwiſe. 


I. B. 


Ad amiciſſimum Virum, I. C. de EUCLIDR 
contracta, Ev'pnuo uis- 


y E TFT {tum bene ! didicit Laconice Toqui 

% Senex profundus, & aphoriſmes induit, 
a Immenſa dudum margo commentarii 

* 9 Diagramma circuit minutum; utque Inſula 
Cc Problema breve natabat in vaſto mart. 

5 | Sed unda jam detumuit ; & gloſſa arctior 

5 | Stringit Theoremata : minoris anguli 
Lateribus ecce totus Euclides jacet, 

” 3 Incluſus olim velut Homerus in nuce; 

= 4 Pluteoque ſarcina modo qui incubuit, levis 

* 1 En fit manipulus. Pelle in exigua latet 

* ö Ingens Matheſis, matris utero Hercules, 

þ In glande quercus, vel Ithaca Eurus in pila. 

J ! Nec mole dum decreſtit, uſu fit minor; 

* I Quin auctior jam evadit, & cumulatins 

1 Contracta prodeſt erudita pagina 

ly f Sic ubere magis liquor © preſſo Muit; 

Jy ; Sic pleniori vaſa inundat ſanguinis 

* 3 Torrente cordis & 'yſtole ; ſic fuſius 

if 1 Procurrit £quor ex Abyle anguſtiis. 


Tantilli operis ars tanta referenda unice eſt 

BAR OVIANO momini, ac ſolertie. 

9 | Sublimis euge mentis ingenium potens ! 

4 | Cui invium nil, arduum efſe nil ſolet; 
Sic uſque pergas proſpero conamine. 
Radiuſque multum debeat ac abacus tibi; y 
Sic creſcat indies feracior ſeges, | 
Si mili colonum germine aſſiduo beans. 
Specimen future meſſis hic ſiet Iabor. 
Magneque fame illuſtria hæc preludig. 
Juvenis dedit qui tanta, quid dabit ſenex ? 


Car. Robotham, CANT_{B. 
Coll. Trin. Sen. Soc. 
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The Explication of the Signs ar 


Cha rachers, 
= Equal. 
BY 4 Greater. | 
2 | | Leſſer. 
— | More, or to be added. 


Leſs, or to be ſubtracted. 


The Differences, or Exceſs; Alſo, that all 
the Quantities which follow, are to be 
ſubtracted, the Signs not being changed. 


— c—_—_— 


Multiplication, or the Drawing one fide of 
a Rectangle into another. 
The ſame is denoted by the Conjunction 
of Letters; as AB Ax B. 


Signifies 


The Side or Root of a Square, or Cube, &. 


A Square. | 
| A Cube. 


7 | | Continued Proportion,” 


r 


QQ 6 f | The Ratio of a ſquare Number to a ſquare 


Number. 


Other Abbreviations of Words, where-ever they 
occur, the Reader will without trouble underſtand 


of himſelf ; ſaving ſome few, which, being of leſs 
general uſe, we refer to be explained i in their Places, 


moſt commonly at the beginning of each Book in 


'The 


which they are yr” : 
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ELEMENT s. 


Definitions. 

Sax Point is that which hath no part. 
II. A line is a longitude without 
q latitude. 2 

III. The ends, or limits of a line 
are points, 

IV. A right line 1s that which lies 

nally betwixt its points. 
| V A Superficies is that which hath 
only longitude and. latitude. 5 

VI The extremes, or limits of a ſuperficies are lines. 

VII. A plain ſuperficies is that which lies equally be- 
twixt its lines. 

VIII. A plain angle is the inclination of two lines 
the one to the other, the one touching the other in the 
ſame plain, yet not lying in the ſame ſtrait line. 

IX. And if the lines which contain the angle, be right 


lines, it 1s called a right-lined angle. 
8 8 1 A 80 1 X. When 
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The firſt Book of i 

X When a tight-line CG, 1 \ 

Cc ſtanding upon a right-line. AB, conta 
makes the angles on either ſide 7 

thereof, CGA, CGB, equal one to e 
the other, then both thoſe equal I 

angles are 7. cr Ira ; and the & under 


* 1 B right· line , Which ſtandeth on 

| G the other, is termed a Perpendi- ff 

cular to that (AB) whereon it ſtandeth. = 1 

Note, When ſeveral angles meet at the ſame point (as at | ks 

G) each particular angle is deſcribed by three letters; aubere- 8 hath 

of the midale letter ſbeweth the angular point, and the revo 3 
ot her letters the lines that make that angle As the angle 

which the vight-lines CG, AG make at G, is called CGA, j 

XI. An obtuſe-angle is that 9 


which is greater than a right- an- 3 

gle; as AC. | 3 
XII. An acuteangle is that = XX] 
which 1s leſs than a right-angle ; 2 triangl 
> "us AGB. ly two 
— XIII. A Limit, or Term, is the triz 
S. the end of any thing. i 


XIV. A Eis that which is contained under one 


rr 


B 


O 8 Er . 1 | f 

* N A Cibelt is a plain figure contained under one 3 

line, which.is called a cg 5 unto which al! 

lin6s, drawh fromone*point within the figure, and falling 3 _ 
upon! T ircumferenq thereof, are equal the one to 3 — 


the other. „ E 
l. bad that point is called g=< alu 

the center of the circle. 1 
XVII A Diameter of a circle 


is a right · line drawn thro' the 


gentgrFhereof, and ending at the 
: 9 Hiference on either fide, di- 
7 . . 8 5 g 


i + 55: gfe the circle into two equal 
D Parts. 

XVIII. A Semicircle is a figure which is contained 
under the diameter and that part of the circumference 
which is cut off by the diameter. 2 

In the circle EABCD, E is the center, AC the diameter, 

. AEC the ſemicircle. 
by | XIX. Right-lined figures are ſuch as are contained 
under right-lines, a PETS 
| XX. Three 


a. 
. i 
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XX. Three: ſided or trilateral figures are ſuch as are 


contained under three right lines. | 
XXI. Four-fided or quadrilateral figures are ſuch as 


are contained under four right-lines, 


XXII, Many-ſided figures are ſuch as are contained 


under more right-lines than four. 
XXIII. Of trilateral 
figures, that is, an equi- 
lateral triangle, which 5 


> 
5 
4 

4 


'# hath three equal ſides; 


3 triangle which hath on- 
ly two ſides equal; as 


= 
5 

- 

F. 

| 


the triangle B. 


3 XXV Scalenum is a tri- 
angle whoſe three ſides 
are all unequal ; as C. 


7 
o 


3 


4 angle is that which hath 
Zone e as the tri- 


angle 
XXVII. An amblygonium, 
or eg er triangle, is 


as the triangle A. 


XXIV. Iſoſceles is a 


XXVI. Of theſe trilateral 
figures, a right- angled tri- 


that which 


th one le 
btuſe; as B. TIO” 
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ſeveral angles of the o 
angles of the other. 
equilateral figures. 


to. 


XXVIII An o ium, of 
acute - angled triangle, is that 
which hath three acute an- 
ger; as Co EY 

uiangular, or equal- 
angled Figure Ethel whereof all 
the angles are equal. Two 
figures are equiangular, if the 
ne figure be equal to the ſeveral 
The ſame is to be underſtood of 


XXIX. Of Quadrilate- 
ral, or four- ſided figures, a 
ſquare Ne. that _ e _ 
are equal, and angles right; 
as ABCD. 


* 


XXX. A Figure on the 
one part longer, or a J 
ſquare, 1s that which hat 
right angles, but not equal 
ſides; as ABCD. 


XXXI, A Rhombus, or 
Diamond - figure, is that 
which has four equal fides, 
w_ is not right-angled; 
as A. 4 


XXXII. A Rhomboides, 
is that whoſe 2 ſides, 
and oppoſite angles, are e- 
qual; but has neither e- 


82 nor right angles; as 


5 © XXX. AI 


. 
8 . 8 
r 


Rs 


3 "ng 


drawn, ſo that the Paralle- 


EvucriDs's Elements. 


XXXIII. All other q 
2 fi wie belles 
theſe are ca tr a, or 
tables; as Gps 


H 


N 

XXXIV. Parallel, or equi- 

diſtant right lines are ſuch, 

| which being in the ſame ſuper- 

ficies, if infinitely produced, would neyer meet as A 
and B, | 4 


B 


XXXV. A Parallelo- SEL 


gram is a quadrilateral fi- 
gure, whoſe oppoſite ſides 
are parallel, or equidiſtant; 
as GEMH. 

XXXVI. jn a Parallelo- 
gram ABCD, when a dia- 
meter AC, and two lines 
EF, HI, parallel to the ſides, 
cutting the diameter in one 
and the ſame point G, are 


X 


logram be divided by them JI 

into four Parallelograms ; FC 

thoſe two DG, GB, through which the diameter paſſeth 

not, are called complements; and the other two HE,'FI, 

through which the diameter paſſeth, the Parallelograms 
n 


ſtandi 5 about the diameter. 
A Problem is, when ſomething is propoſed to be done 
or effected > 


A Theorem is, when ſomething is propoſed to be demon- 


ſtrated 


A Corollary is a Conſectary, or ſome conſequent truth 
gained from a preceeding demonſtration. | 

A Lemma is the demonſtration of ſome premiſe, wher:by 
the proof of the thing in hand becomes the ſborter. 


A3 Poſtulates 


The jirft Book of 


Poftulates or Petitions. 


To Rom any given point to any other given point 
to draw a right- line. | ; 

2. To produce a finite right-line, trait forth conti- 
nually f , 

3 Upon any center, and at any diſtance, to deſcribe 
a circle. 
Axtoms. © 
1. Hings equal to the ſame thing, are alſo equal 
one to the other, , 

As A- B= C. Therefore A=C; or therefore all 

B, C, are equal the one to the other. . 

Note, When ſeveral quantities are joyned the one to the 
ether continually <vith this mark , the firſt quantity is by 
virtue of this axiom equal to the laſt, and every one to every 
one: In which caſe cue often abſtain from citing the axiom, 


for brevity's fake; alibo the force of the conſequence depends 


thereon. -_ 

2. If to equal things you add equal things, the wholes 
ſhall be equal. T | | 

3. If from equal things you take away equal things, 
the things remaining will be equal * 

4. If to unequal things you add equal things, the 

wholes-will be unequal. 

5. If from unequal things you take away equal things, 
the.remainders will be unequal, | 

6. Things which are double to the ſame third, or to 
equal things, are equal one to the other. Underſtand 
the ſame of triple, quadruple, &c- 

7. Things which are half of one and the ſame thing, 
or of things equal, are equal the one to the other. Con- 
ceive the ſame of ſubtriple, ſubquadruple, &c. 

= Things which agree' together, are equal one to the 
other. 

The converſe of this axiom is true in right lines and an- 
gles, but not in figures, unleſs they be like. 

Moreover, magnitudes are ſaid to agree, when the parts of 
the one being apply'd to the parts of the other, they fill up an 
equal or the ſame place. 

9 Every whole is greater than its part. | 

"0. Two right-lines cannot have one and the ſame 
{ent (or part) common to them both. 

17 11. Two 


— 
n 


Evcripre's Elements. 


11. Two right-lines meeting in the ſame point, if they 
be both produced, they ſhall neceſſarily cut one the other 
in that point. S 

12. All right-angles are equal the one to the other. 


— 


13. If a right-line BA, falling on two right-lines, AD, 
CB, make the internal angles on the ſame fide, BAD, 
ABC, leſs than two right-angles, thoſe two right-lines 
produced ſhall meet on that fide where the angles are 
leſs than two ee 

14 Two right. lines do not contain a ſpace. 

15. If to equal things you add things unequal, the ex- 
ceſs of the wholes Mall be equal to the exceſs of the 
additions | 

16 If to unequal things equal be added, the exceſs 
of the wholes ſhall be equal to the Exceſs of thoſe which 
were at firſt. | 

17. If from equal things unequal things be taken 
away, the exceſs of the remainders ſhall be equal to the 
exceſs of what was taken away 

18. If from things unequal, things equal be taken 
away, the exceſs of the Remainders ſhall be equal to the 
exceſs of the wholes. 

19. Every whole is equal to all its parts taken to- 
gether. 2 | 5 

20. If one whole be double to another, and that which 
is taken away from the firſt be double to that which is 
taken away from the ſecond, the remainder of the firſt 


ſhall be double to the remainder of the ſecond. 


The Citations are to be underſtood in this manner; When. 
you meet with two numbers, the firſt ſhews the Propoſition, 
the ſecond the Book; as by 4. 1. you are to underftand the 
fourth Propoſition of the firſt Book; and ſo of the reſt. 


Moreover, ax. denotes Axiom, poft. Poſtulate, def. Definition 
ſche Scholium, cor. Corollary. * * 
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a 3. poſt 
b 1. poſe. 
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PROPOSITION I. 
Pon a finite rigbi-line gi- 


D 6-3 | ven AB, to deſcribe an equi- 
N00 lateral triangle ACB. 
0 


From the centers A and B, 

J. at the diſtance of AB, or BA, 
a deſcribe two circles cutting 
each other in the point C; from 
whence b draw two right: lines 


C15. def. CA, CB. Then is AC c—AB c=BC ANC. e Where- 


d I. ax. 


577 


C I. 1. 
d 2. oft. 
e 2. poſt. 


f I5. def. 


g conftr. 
h 3 AX- 


k 15. def. 


1 I. ax. 


fore the triangle ACB is equilateral. Which was to be 
e 23. def. done. 


Scholium. 


After the ſame manner upon the line AB may be de- 
ſcribed an Iſoſceles triangle, if the diſtances of the e- 
qual circles be taken greater or leſs than the line AB. 


PROP. II. 


From a point given A, to draw à right-line AG equal te 

a right line given BC. | 

rom the center C, at the diſtance of CB, a deſcribe 
the circle CBE. h Join AC; upon which c raiſe the 
equilateral triangle 4 d Produce DC to E. From 
the center D, at the diſtance of DE, deſcribe the circle 
DEH ; and let DA e be produced to the point G in the 
circumference thereof. Then AG—CB. 

For DG f=DE, and DA g DC. Wherefore AG þ 
—CE k—BC1I—AG. "Which was to be done. 

The putting of the point A within or without the'line 
BC varies the caſes; but the conſtruction, and the de- 
monftration, are every where alike. ; 

: col. 


n 
GN ous SIA» 
. 


th 


ual 10 


ſcribe 
ſe the 


From 


circle 
in the 


AG 5 


je line 
he de- 


Scbol. 
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The line AG might be taken with a pair of com- 


paſſes ; but the ſo doing anſwers to no poſtulate, as Pro- 


clus well intimates, 


PRO P. III. 


Tevo right-lines, A and BC, 
being given, from the greater 
BC to take away the right 


line BE. e to the leſſer A. 
From 50 Point BY: draw 
the right line BD —A 
The circle deſcribed from | 
the center B at the diftance | 
of BD ſhall cut off BE þ=BD c=A 4=BE. Which was b 15: daf: 
to be done. ES 4 conſtr. 
I. ax. 


A 2. I: 
— 


PROP. IV. 


A D 


* 


B cc 


If two triangles BAC, EDF, have tao ſides of the one 
BA, AC, equal to two ſides of the other ED, DF, each 10 its 
correſpondent fide (that is BA—ED,. and AC—DF) and 
Have. the angle A equal to the angle D contained under the 
equal right-lines; they ſhall have the baſe BC equal to the 
baſe EF; and the triangle BAC ſball be equal to the triangle 
F; and the remaining angles B, C, ball be equal to the 
remaining angles E, F, each to each, under quhich the equal 
ſides are ſubtended. + | 
If the point D be apply'd to the point A, and the 
right-line DE plac'd upon the right line AB, the point 
E ſhall fall upon B, becauſe DE a= AB, alſo the right a hyp. 
line DF ſhall fall upon AC, becauſe the angle A a=D. 
Moreover the point F ſhall fall upon the point C, becauſe 
AC a : DF. Therefore the right-lines EF, BC, ſhall a- 
gree, becauſe they have the ſame terms, and conſequently 
| are 4 


10 


a 3. f. 
b 1 poſe. 


C byp. 

d conſtr, 
e 4. 1. 
f 3. ax. 
g 4.1. 


h before. 


3 ar. 


1 

b 1. oft. 
c ſuppoſ. 
d hyp. 

e 4. I. 

ft 9. . 
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are equal. Wherefore the trian les, BAC, DEF, and the 


angles B, E, as alſo the angles C, F, do agree, and are e- 
qual. Which <vas to be demonſtrated. | 5 


PROE V. 


A. The angles ABC, ACB, at the baſe 
of an Iſoſceles triangle ABC, are equal 
one to the other, And. if the equal 
ſides AB, AC, are produced, the angles 
CBD, BCE, under the baſe, ſball be 
equal one to the other. 

a Take AE=AD ; and 5 join CD, 
and BE, 
WE Becauſe, in the triangleg ACD, 
ABE, are AB c=AC, and AE 4—AD, and the angle A 
common to them both, e therefore is the angle ABE 
ACD, and the angle AEB e—ADC, and the baſe BE e = 
CD ; alſo ECf—DB. Therefore in the triangles BEC, 
BDC g will be the angle ECB DEC. FW hich was to 
be dem. Alſo therefore the angle EBC CB, but the 
angle ABE þ —ACD ; therefore the angle ABC k—ACB. 


WH hich was to be dem. 


Groll. 
Hence, every equilateral triangle is alſo equiangular- 


P RO P. VI. 


„„ F tavo angles ABC, ACB of a trian- 

D gle ABC, be equal the one to the other, 

the fides AC, AB, ſubtended under the 

equal angles, ſhall alſo be equat one to 
B the other, | . 

C If the fides be not equal, let one be 

bigger than the other, — BAC CA. a Make BD 

CA, and b draw the line 


In the triangles DBC, ACB, becauſe BD c = CA, ind. 


the ſide BC is common, and the angle DBC 4—ACH, the 
triangles DEC, ACB e ſhall be equal the one to the other, 
a part to the whole. f Which is impoſſible. 


Coroll © | 


Hence, every equilateral triangle is alſo equilateral. 
Ce | PROP, 


[BR 


Nu || > 


N 


= 
a & 


= 


Pi 
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PROP, VII. 


| A 
Upon the ſame rigbi-line AB tqvo right-lines being drawn 
AC, BC, t<vo other right-lines equal to the former, AD, BD, 


each to each (viz.) ADAC, and BD —BC) cannot be drawn 


from the ſame points A, B, on the ſame ſide C, to ſeveral 
points, as C and D, but only to C. | 

1. Caſe If the point D be ſet in the line AC, it is 
plain that AD is à not equal to AC. * 

2. Caſe If the point D be placed within the triangle 

AC, then draw the line CD, and produce BDF, and ECE. | 
Now you would have ADAC, then the angle ADC b — b 5. 1. 
ACD; as alſo, becauſe BD. BC, the angle FDC ECD, ©/ uppoſ- 
therefore is the angle FDC=-d ACD, that is, the angle d 9. ax. 
FDC ADC. 4 Which is impoſſible. 

3. Caſe. If D falls without the triangle ACB, let CD 
be joined | 

Again, the angle ACD e=ADC, and the angle BCD E 5: T. 
e—B F Therefore the angle ACD BDC, viz. the b 9. ar. 
angle ADC BDC. hich is impoſſible. Therefore, &. | 


PROP. VIII. 


If bud triangles ABC, 
DEE 


* D 
have two ſides AB, | 
AC, equal to two ſides DE, 
DF, each to each, and the ; 
baſe BC equal to the baſe 
EF, then the angles contain- BC SCE . 


ed under the equal right 
lines ſball be equal, viz A to D. 

Becauſe, BC a=EF, if the baſe BC be laid on the a hyp. 
baſe EF, b they will agree: therefore whereas AB c= b ax. N. 
DE, and ACF, the point A will fall on D (for it can- c hyp. 
not fall on any other point, by the precedent propoſition) 
and ſo the fides of the angles A and D are coincident ; 

d wherefore thoſe angles are equal. Which was to be de- d 8. ax. 


monſtrated, | Coroll . 
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2 1. 1. 


b 9. 1. 


c conſtr. 
d 4. 1. 
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Coroll. ; | \ 


1. Hence, triangles mutually equilateral 
tually x equiangular. | 
2. Triangles mutually equilateral x are equal one to 


the other. 
PROP.IX 


To biſe#, or divide into tavs 
equal * > a right-lined angle giv- 
en BAC. 


a Take AD. to AE, and draw 
D the line DE; upon which h make 
an equilateral triangle. DFE, 
draw the right-line Fr it ſhall 
biſect the angle. | 

B F For AD e AE, and the fide 
AF is common, and the baſe DFS FE. d therefore 
the angle DAF=EAF. Which was to be done. 

Coroll. 

Hence it appears how an angle may be cut into 4, 
8, 16, 32, Sc. equal parts, to wit, by biſecting each 
part again. 5 ; 

The method of cutting angles into any equal parts 
required, by a Rule and Compaſs, is as yet unknown to 
Geometricians. | | 

. 


To biſe a rigbi- line given AB. 
O Upon the line given AB a erect 
an equilateral triangle ABC; and 
b biſect the angle C with the 
right line CD. That line ſhall 
alto biſect the line given AB. 
0 AC c BC, prog fide 
— — CD is common, and the angle 
A D B ACD :=BCD. therefore AD & 
SBD. Which evas to be done. | ; 
The practice of this and the precedent propoſition is 
eaſily ſhewn by the conſtruction of the 1ſt propoſition of 
this Book, | 
PROP, 


are alſo mu- 


A. 


3 


wa, ==. a, * 


© Pk by Rk 


on 4 4 


1 
c 
2 
Il 


ts 
to 


the point given CD — CE, 
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8 FRAN © 
From a point C in a right 
line given AB to erect a right 


line CF at right angles. 
2 Take on either fide of 


upon the right-line DE b erect 
an equilateral triangle. draw 
the line FC, and it will be the 
1 required 
or the triangles DFC, EFC are mutually c equilateral; c conſtr. 

d therefore the _ DCF—ECE. e therefore FC is d 8. . 
perpendicular. I hich æuas to be done. e 10. def. 

The practice of this and the following is eaſily per- 
formed by the help of a ſquare. 


- PROP. AIL 
Upon an infinite right-line 


given AB, from a point giv- C | 
en that is not in it, to let 

fall a perpendicular right | 

line CG. of Sc | 


From the center Ca de- A ER EF B 23. poſt. 


ſcribe a circle cutting the | 
er- given AB in the points E and F Then b bi- b 10, I. 
ſect EF in &, and draw the right- line CG, which vill be 
the perpendicular required 

Let the lines CE, CF be drawn. The triangles HC, 
FGC are mutually c equilateral. d therefore the anghes © conſtr. 
EGC, FGC are equal, and by e conſequence right e d 8. 1 
Wherefore GC is a perpendicular. ¶ hich was to A done, © 10 def- 


PROP. XIII 


hen a right-line AB ſtanding upon E| A 
& right-line CD maketh angles ABC, h 
ABD; it maketh either tao right-an- 
gles, or two angles equal to rab right D D 

If the angles A 3C, ABD be equal, à then they mace à def 10. 
two right-angles ; if unequal, then from the point B h b 11 I. 
let there be erected a perpendicular BE, Becauſe the | 
angle ABC = to a right +ABE, and the anole ABD C. 19. ax 


d toa right — ABE, therefore ſkill be ABC ABD d 3 ax. 


e= to two right angles E ABE = 2 right 7:7, e 2 ax 
was to be demonſtrated. J * 3 ; 


14 


a 13. I. 


b 3. ax. 
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Corollaries. 


1. Hence, if one angle ABD be right, the other ABC 


is alſo right; if one acute, the other is obtuſe, and ſo on 


the contrary. 


2. If more righelives than one ſtand upon the ſame 
right-line at the 1a 
two right. 


3. Two right: lines cutting each other make angles 


equal to four right. 
4. All the angles made about one point make four 


right; as appears by Coroll. 2. 


0 
PROFIT. 
IF to any right-line AB, and a point 
therein B, two right-lines, not drawn 
F from the ſame ſide, do make the angles 


ABD, on each ſide equal to two 

5 right, the lines CB, BD, ſhall make one 
trait line. 5 

If you deny it, let CB, BE make one right line; then 

ſhall be the _ ABC FARBE a= two right angles b= 


ABC-|-ABD. ' Which is c abſurd. © 
PROP. XV. | 
C If tevo right lines AB, CD, cut thro* 


one another, then are the tævo angles which 
are oppoſite, viz. CEB, AED, equal one 
to the other | 
For the angle AEC+ CEB a= to 
D two right angles = AEC-+ AED; 5 
therefore CEB= AED. Which was to be done. Fi 


Schol. I. 


If to any right-line GH, and in it a point A, two right 


lines being drawn EA, FA, and not taken on the ſame 


fide, make the vertical (or oppoſite) angles D and B 2 
| d 


me point, the angles ſhall be equal to 


Þ Eucrivz's Elements, 1.5 
1 thoſe right · lines EA, FA, do meet directly and make one 
| 78 ſtrait line. | 
N 8 For two right __ are 4 _ to the angle DAA 13 J. 
1 


Z b—B-+A, c Therefore EA, AF, are in a ſtrait line, b 2. ax. 
3 Hhich avas to be demonſtrated. c. 14. I. 
- * | Schol, 2. 
) 7 If four right-lines EA, EB, EC, 
| E ie, proceeding from one point E, C 
s make the angles, vertically oppoſite, 
| c equal the one to the other, each two —_ 
p lines, AE, EB, and CE, ED, are placed 
in one ftrait line. 
For becauſe the angle AEC-þLAED \ 
3 -þCEB-FDEB a= to four right-angles, therefore the a 4 c. 13. 1 
1 angle AEC AED Y CEB + == to two right an- b hyp. 85 : 


1 grles. c Therefore CED and AEB are ftrait lines. Which 2 ax. 

's wat to be demonſtrated. | "£13 
0 1 | : 

n 4 One fide BC of any triangle ABC be- A E 


- ing producd, the outward angle ACD 
 evill be greater than either of the in 


Ward and oppoſite angles, CAB, CBA. B 


> Let the right-lines AH, BE, à bi- Al T3 
* 2 {e& the ſides AC, BC; from which ” a 10. 1. & 
5 3 lines produc'd, take b EF=BE, and G\ I. Poſt . 
ie Hl, b —AH, and join FC, and IC; 1 B 


and produce A0. 

0 7 Becauſe (EC EA, and EF c= EB, and the angle c conſtr 
5 FEC A= BEA, the angle ECF e ſhall be equal to EAB. d 15 1: 
| y the like argument is the angle ICH =ABH There- e 4. 1. 

fore the whole angle ACD (f BCG) g 1s greater than ei- f 15, 1. 
ther the angle CAB or AIC Which was to be demon- g 9. ax. 
4 | ffrated. 


q PROP XVII. 
F T0 angles of any triangle A 


3 ABC, which way ſoever they be 

2 taken, are leſs than two right an- 

NJ gfe. | 

Let the ſide BC be produced. | 
it 7 Becauſe the angle ACD AC B. 2 
0 a4 two right angles, and the : 4 13. 1. 
1.3 angle ACD = A, c therefore A ACB - than tuo b 16. 1. 


right c 4. ax. 
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right- angles After the ſame manner is the angle B-- 


ACB=2 than two right. Laſtly, the fide AB being pro- 


duced, the angle A+B will be alſo leſs than two right 


1 55 
0 
4M 

2+ BS 
Fes, NG 


angles. Wi hich was to be demonſtrated. — 
th 
: Coroll. 

1: Hence it follows that in every triangle wherein ”_— 
one angle is either right or obtuſe, the two others are th 
acute angles. 7 AC 

ED 23. If arightline AE make unequal angles with ano- |} for 
ther right-line DC, one acute AED, the other obtuſe |} fr 
AEC, a perpendicular AD, let fall from any point A to 
the —_— line CD, ſhall fall on that fide the acute angle 
1s of. 8 
Por if AC, drawn on the fide of the obtuſe angle, be 
27 8 then in the triangle AEC, ſhall AEC 
* I7. 1. ACE be greater than two right angles. Which is | 
| contrary to the precedent prop. 4 

3. All the angles of an equilateral triangle, and the 
two angles of an Iſoſceles triangle that are upon the 
baſe, are acute. 23 

PROP. XVIII. 1 | 3 
The greateſt fide AC of every 
A triangle BC ured, the greateſt 1 
D angle ABC. | 9 
23. I. From AC à take away AD= 
b 5. 1. @ AB, and join BD. Therefore | 
| B is the angle ADB=ABD. But 5 
C 16.1. ADB c= C; therefore is ABD ©-C; 4 therefore the 
d9. ax. whole angle ABC-C. After the ſame manner ſhall be 
ABC—A. Which avas to be demonſtrated. 1 
B | In every triangle ABC, under the 3 
greateſt angle A is ſubtended the greateſt 1 
ſide BC. | 1 
For if AB be ſuppoſed equal to BC, = 
a5. I. Al | then will be the angle A a=C, which 3 | 
is contrary to the Hypotheſis: and if ABCBC, then 2 
b 18. 1. all be the angle Cb -A, which is againſt the Hypo- GK, « 
= theſis. Where lire rather BC = on A and after my ame | oY er 
— AC. Which was to be demonſtrated. = than the 
manner BC AC W pi onftr PROP. Fron 
to the! 
FF and 


3 


Evctrns's Elements, 
| -CROF' XX: 

Of every triangle ABC, tao ſides 

BA, ac” any way taken, 8 greater 
than the ſide that remains BC. © 

Produce the line BA, à and take 
ADAC, and draw the line DC; b | 

then ſhall the angle D be equal to 

ACD, c therefore is the whole angle CD- D; àꝗ there- 
fore BD (e BA AC) BC. Which avas to be demon- 


ftrated. 
PROP. XXL 
If from the utmoſt points ef ono ade 
BC, of a triangle ABC, tao right-lines 
BD, CD, be drawn to any point within 
the triangle, then are both thoſe tæuo lines 
ſborter than the tao other ſides of the tri- 
angle BA, CA ; but do contain a greater 6 
angle, BDC. | | | 
Let BD be produced to E Then is CEA ED a ©— 
CD, add BD common to both, 5 then ſhall be DB + DE 
+ EC:-CD-+ BD Again, BA-+AEac—BE. b there- 
fore BA+AC—BE Wherefore 1. BA AC 
BD DC. 2. The angle BDC c= DEC A. There- 


fore the angle BDC -A. Which was to be demonſtrated. 


PR QF XXII 


fe 4 
* 
- 
” < 


Jo make a triangle FKG of three rigbt lines F K, F G 


K, which [ball be equal to three right-lines given A, B, C. 


Of which it is neceſſary that any tevo tak:n together be longer 
than the third _ | 
From the infinite line DE a take DF, FG, GH, equal 


td the lines given A, B, C. Then if from the b centers 
T and G ar the diſtances of 5 and GH, two circles be 


_ drawn 
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b Jo 1. 
E 22. I. 
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drawn cutting eech other in K, and the right lines KF, 
KG be joined, the triangle FKG ſhall be made, c whoſe 
ſides FK, FG, GK, are equal to the three lines DF, FG, 
GH, d that is, to the three lines given A, B, C. Which 


was to be done. 
| PR OP. XXIII. 
D . At a point A in a rigbt 
| line given AB, to make a 
rieht-lined angle A equal to 
a right-lined angle given D. 
a Draw the right-line 
_— CF cutting the ſides of the 


angle given any ways; b 


make AG—CD; u 


GH to CF. then ſhall you have the angle Ad =D: 


Which was to be done, 
FADEFP. XXIV. 


A „ 


B „ > & 


If ivo triangles ABC, DEF have two ſides of the one 
triangle AB, AC equal to tævo ſides of the other triangle DE, 
DF, each to other, and have the angle A greater than the an- 
gle EDF contained under the equal right-lines, they ſball have 


alſo the baſe BC greater than the baſe EF. 


a Let the angle EDG be made equal to A, and the fide 3 | 


DG þ—DF c=-AC; and let EG, and FG be joined. 


r. Caſe. If EG falls above EF; Becauſe ABd=DEF, 


WES, 
7 


and AG e—DG, and the angle A e—EDG, f therefore 


angle DFG=DGF; þ therefore is the angle DFG © 
EGF, and by conſequence the angle EFG, þ g EGF. & 
wherefore EG (BC) c- EF. | : 


* 
n Ph... 
_— Oe 5V 1 ber 
te N r 


n AG c raiſe a triangle equilateral 6 
to the former CDF, fo that AH he equal to DF, and 


© * in 
1 + OTF 
* 4 
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S KF, a 'H | 2 5 
: a ; 


whole 2. Caſe. If the baſe Ex 
N picb c.oincides with the baſe 
wh EG, lit is evident that 

E (BO) EF. 


1 3. Caſe If EG falls 
mn DD. below EF, then becauſe 
ht-line D GE Nn CDF + 5 
of tne FE, if from both be ta- m 21. 13 
ays; b ken away DS, DF which 
lateral are equal; EG (BC) re- 
F, and mains n = EF. Which 
d D. dovas to be dem. B C E e ax 
1 0 


| y3 \ 

8 IF tevo triangles ABC, A. D 

DEF, have tao ſides AB, | | 

Ad, equal to two fides \ 

DE, DF, each to other, 
and have the baſe BC 
greater than the baſe EF, 2. CEC E* 

S I) bey ſhall alſo have the angle A contained unde, the equal 

d vigbt lines greater than the anole D. 


3 - Forifthe angle A be ſaid to be equal to D, à then is a 4. 1. 
F the one the baſe BC=EF, which is againſt the Hypotheſis. If 
mole DE, it be faid the Angle AD, chen b will be BC = EF, b 24 1. 
n the an. which is alſo againſt the Hypotheſis. Thereſore BC 
ball have EF, Which was to be dem. | 

5 PROP, XXVI. 


the ſide 4 
ined, 
34 DE, 0 
herefore 
Ye is the? 
DEG- | 
- EGF. i / 
B 9 | 

on triangles BAC, EDG, have two angles of the on- 
B, C, equal io tævo angles of the other E, DGE, each to 
his correſpondent angle, and have alſo one ſide of the one equal 
o one ſide of the other, either that ſide which lyeth betqvixt the 
"8 B 2 eonal 
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equal angles, & that which is ſubtended under one of the e- 
qual angles; the other ſides alſo of the one ſball be equal 
to the other ſides of the other, each to his correſpondent ſide, 
and the other angle of the one, ſhall be equal to the other angle 
of the other. | | | 

i. Hypotheſis. Let BC be equal to E &, which are 


the ſides that lie between the equal angles. Then I 


ſay BA ED, and AC=DG, and the angle A = EDG. 


For if it be ſaid that ED BA, then 4 let EH be made 


equal to BA, and let the line GH be drawn. 

Becauſe AB Y — HE, and BCS = EG, and the angle 
B c=E, therefore ſhall be the angle EGH 4 = Ce — 
DGE. f W hich is abſurd, therefore AB-ED. Aſter 
the ſame manner AC may be proved equal to DG, d then 
w1ll the angle A be equal to EDG. 

-, Hyp. 1 AB be equal to DE, then I ſay BC = 
EG, and AC = DG, and the angle A . Forif 
EG be greater than BC make E Ig BC, and join 
DI. Now becauſe A Bg =DE, and BC DH El, and 
the angle Bg E; therefore will be the angle EID k 
— C]J=EGD m Which is abſurd. Therefore is BC 
E, and ſo as before, AC = DG, and the angle A 
EDG. V hich cas to be dem. 


PROP. XXVII. | 
If a right line EF; falling upon 
A ME: * AB, CD, = 
C alternate angles AEF, DFE, equal 
9 the one to the other, then are the right 

| lines AB, CD, parallel 
Tf AB, CD be ſaid not to be parallel, produce them 
till they meet in G, which being ſuppoſed, the outward 
_ AE F will be a greater than the inward angle 
DFE, to which it was equal by Hypotheſis 7 bich things 

are repugnant. 


7-0 
G 


PROP. xxvm. 


right lines, AB, CD, makes the cut- 
ward angle AGE. of the one line e- 
qual to CHG the inward and oppo- 


A—f > 
—— 
fite angle of the other on the ſame 


ache 
F ſide, or make the inward angles eon 
the ſame fide, AGH, CHG, equal to two right angles, then 
are the right lines AB, CD, parallel. 

Hyp. 


Fa right line EF, falling upon tas 


+ A 
7 


n 
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Hy. 1. Becauſe by Hypotheſis the angle AGE 
— CHG, a therefore are BGH, CHG, the alternate 
_— equal; And b therefore are AB and CD paral- 
el. 

Hyp. 2. Becauſe by Hypotheſis the angle A GH 
CHG=to two right, + =AGH-BGH, 6b ſhall be the a 
angle CHG—BGH ; and c therefore AB, CD, are paral- b 3. 
lel. Which was to be demonſtrated. C 


PROP. XXIX. 


If a vieht line EF falls upon tævo 
parallels, AB, CD, it will make 4 
both the alternate angles DH G, 2 


AGH, equal each to other, and the C Pi D 
F 


extward angle BGE equal to the 
inward and oppoſite angle on the 
ſame fide DHG, as alſo the imward angles on the ſame 
fide AGH, CHG, equal to two right angles. 

It is evident, that AGH-|- CHG — two right angles; 
a otherwiſe AB, CD, would not be parallel, which is con- 3 73: x. 
trary to the Hypotheſis : But moreover the angle DHG ? 13. f. 5 


2-19. b 
| + 78 © 


+ CHGb —two right; therefore is DHG c=AGH d= 3 
BGE. Which was to be dem. d 15. 1 
Coroll. 

Hence it follows that 3 
every parallelogram AC B ee 
having one angle right 
A, the reſt are alfo 
right. | 

For AE BA two Al — D 2 29 1. 
right angles Therefore, whereas A is right, 5 B muſt b 3. as: 
" oo right, By theſame argument are C and D right 

ngles. 


PROP. XXX. 


Right lines (AB, CD) parallel to 
one and the ſame right line EF, are 
alſo parallel the one to the otber 

Let Gl cut the three right lines 
given any ways. Then becauſe 
AB, EF, are parallel, the angle 
AGI will be a = EHI. Alfo bh 


D 3 


a 29. I. 
b x. ax. 
. 


3 
- 


= * n = 
— 2 25 * & * * 9 — — 
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— 
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. 
b 29. I. 
c 2. ax 

d 19 ax. 
. 


B 


. 
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cauſe CD and EF are parallel, the angle EHI will be 
a IG. b Therefore the angle AGI DIG, c whence 


AB and CD are parallel. V hich cuas to be demonſtrated. 


FAO F. 


| W From a point given A to draw a right 

NF 0g pr AE, parallel to a right line given 
6 : ö 

B 8 From the point A draw a right line 


BD to any point of the given right 
line; with which at the point thereof a A make an an- 
gle DAE—ADC. 6 then will AE and BC be parallel. 
I hich Was to be done. x | 
| PROP: XXII. 

Of any triangle ABC one ſide 

E BC being drawn out, the ontward an- 

gle ACD ſball be equal to the tavo 

inward oppoſite angles A, B, and 

the three inward angles of the tri- 

C Oo angie A, B, ACB, /ball be equal 
to tævo right angles. 


From C draw CE parallel to BA Then is the 


angle Aþ—ACE, and the angle B þ=ECD. There- 


fore ABS =ACE-|ECD d =ACD. Which was to be 
demonſtrated. . = 
I afirm ACD+ACB e == two right angles; f theree 
fore A B+ ACB—two right angles. hich <vas to be 
demonſtrated. : 
Coroll, | | 
1. The three angles of any triangle taken together 
are equal to the three angles of any other triangle taken 
together From whence it follows, | 
2. 'That if in cne triangle, two angles (taken ſeve- 
rally, or together) be equal to two angles of another tri- 
angle (taken ſeverally, or together) then 1s the remaining 
angle of the one equal to the remaining angle of the o- 


ther In like manner, if two triangles hare one angle 


of the one equal to one of the other, then is the 
ſum of the remaining angles of the one triangle equal to 
the ſum of the remaining angles of the other. 

3. If one angle in a triangle be right, the other two 
are equal to a right. Likewiſe, that angle in a triangle 
which is equal to the other two, is it ſelf a right angle. 

4 When in an Iſoſceles the angle made by the equal 


ſides is right, the other two upon the baſe are each of * 
them halt a right angle... 


5. An 


be 
nee 
ted. 


right 
given 


line 
right 
an- 


allel. 


ſide 


rd an- 
e tabo 
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e tri- 
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5. An angle of an equi lateral triangle makes two third 
parrs of a right angle. For one third of two right an- 
gles is equal to two thirds of one. 


| Schol. 

By the help of this propoſition you may know how 
many right angles the inward and outward angles of a 
5 lined figure make; as may appear by theſe two 
following Theorems. | 


THEOREM I. 


Ser 


| ” 

All the angles of a right lined figure do together make 
tovice as many right angles, abating four, as there are ſides 
of the figure ; 

From any point within the figure let right lines 
be drawn to all the angles of the figure, which ſhall 
refolve the figure into as many triangles as there are 
ſides of the figure. Wherefore, whereas every- triangle 
aftords two right angles, all the triangles taken to- 
gether will make up twice as many right angles as 
there are ſides. But the angles about the ſaid point 
within the figure make up four right; therefore, if 
from the angles of all the triangles you take away the 
angles which are about the ſaid point, the remaining 
angles, which make up the augles of the figure, wilt 
make twice as many right angles, abating four, as 
there are ſides of the figure. Which was to be demon- 
ſtrated, | 


Coroll 
Hence all right-lined figures of the ſame ſpecies have 


the ſums of their angles equal 


THEOREM I. 
All the outwayd angles of any right-lined figure, taken lo- 


| gether, make ub four right angles 


For every inward angle of a figure, with the out- 
ward angle of the ſame, make two right angles; there- 


fore all the inward angles, together with all the out- 


ward, make twice as many right angles as there areg 
ides of the figure: but (as has been juſt ſhewn) all the 
f 1 ; ward 
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inward angles, with four right, make twice as many 
: right as there as ſides of the figure; therefore the out- 


ward angles are equal to four right angles. Which was 
ro be demonſtrated. 


Coroll. 
: All right-lined figures, of whatſoever ſpecies have, the 
ſims of their outward angles equal | : | | 

PROP. XXXIII. | _—_ 

A of tevo equal and parallel lines AB, f 
| 6 | CU, be joyned together avith tao other 4 

J 


right lines, AC, BD, then are thoſe lines 


1 
Cc D alſo equal and parallel. | 74 

Draw a line from C ro B. Now becauſe AB and CD Fn 

a 29. 1. are parallel, and the angle ABC a— BCD; and alſo * 


by hypotheſis AB — CD, and the fide CB common, 

b 4. 1. thereſore is AC h —BD, and the angle ACB b = DBC 1 
e 27. 1. c whence alſo AC, BD, are parallel. | 9 
| 1 PROP. XXXIV. | 


B In parallelograms, as ABDC, be F 
| 1 | 17715 fides AB, CD, and AC, | 
cC D BD, are equal each to other, and 5 


the oppoſite angles A, D, and ABD, # 
A, are alſo equal; and the diameter BC biſe#s the ſame. 1 
a byp. Becauſe AB, CD, à are parallel, & therefore is the 
angle ABC BCD. Alſo becauſe AC, BD, are a pa- { 
b 29. 1 rallel, b therefore is the angle ACB=CBD ; «© there- 1 
c 2 ax. fore the whole angle AC D AED. After the ſame * 
manner is A=D. Moreover becauſe the angles ABC, 
x: AC, lie at each end of the fide CB, and are equal to 
d 26. 1. BCD, CBD, à therefore is AC BD and AB A = 


CD, and fo the triangle ABC = CBD. Which was to ] y 
be demonſtrated. | | 5 | f | 1 
. Schol. 1 
Every four fided figure ABDC, having the oppoſite ſides Y 
equal, is a parallelogram | . 
27.1. For by 8. 1. the angle ABC = BCD; a wherefore 1 


AB, CD, are parallel In like manner is the angle BCA 
1 — CBD; à wherefore AC, BD, are alſo parallel. 
b35 def. 1. ö Therefore ABCD is a parallelogram. hich was to 


be demonſtrated. 5 
5 From hence we may 
| A E more expeditiouſly draw 
F a parallel CD to a right 
| 9 line 2 5 thro' a 
C — 2 — point att:gned C. 


Take 


" < _ by 
2 3 2 * 4 al 
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Take in the line AB any point, as E. From the 
centers E and C at any diſtance draw two equal cir- 
cles EF, CD. From the center F with the diſtance EC 
draw a circle FD, which ſhall cut the former circle CD 
}. in the point D. Then ſhall the line drawn . 
1 lel to AB, for, as it was before demonſtrated, D is 
a parallelogram. | 


; e 


A 
: Parallelograms, B CDA, 
; BCFE, which ſtand upon the 2 DEF . 
5 ſame baſe BC, and between the . 
9 ſame parallels AF, BC, are e- 
if. qual one to the other. 
| For AD a—BC a—BELF, add E — 2 34 1. 
A DE common to both, ö. then 
1 is AE DF. But alſo AB a DC, and the angle Ac c 29, 1. 
'N CDF. 4 Therefore is the triangle ABE DCF. d 4 1. 
; take away DGE common to both triangles, e then is e 3. ax. 
the Trapezium ABGD = EGCF, add BOC common to 
both, f then is the parallelogram AB CD = EBCE. f 2. ax. 
| W hich was to be demonſtrated. 
| The demonſtration of any other caſes, is not unlike, 
{ but much more plain and eaſy. | 
= Et | Schol. 

If the fide AB of a right angled 
parallelogram ABCD be conceived 


hs D 
to be carried along perpendicular- | | 


mn — acct emnn 
L 8 7 
a WAS” 
6 _ 
72 
— 
— 


ly thro the whole line BC, or BC EY 
thro the whole line AB, the area 

or content of the rectangle ABCD 12 
ſhall be produc'd by that motion. = 


Hence a rectangle is ſaid to be made | 
1 by the drawing or multiplication 8 "2, 
7 | of two contiguous ſides For example; let AB be ſup- 


poſed four foot, and BC three : draw three into four, 
3 there will be produced twelve ſquare feet for the area 
al of the heron | 
3 This being ſuppoſed, the dimenſion of any parallelo- 
gram (EB CF) is found out by this theorem. For * See the 
the area thereof is produced from the altitude BA drawn fo. f 
into the baſe BC. For the area of the rectangle AC — Prop 35. 
parallelogram EBCF, is made by the drawing of BA | 
into BC, therefore, &c. 


—_ : PROP. 


. 
7 < — . =. 
I — — * Me I 
* 


. * 


26 


A 31. I. 
b 34. 1. 


K 35 1. 
a2 7, ax. 


The firſt Book of 
| PROP. XXVII. 
| 1 Parallelugrams B CDA, 
GHFE, ſtanding upon equal 
2 baſes 3c, GH, and betavixt 
| the ſame ' parallels AF, BH, 


are equal one to the hey, 


1 — BE and — 1 BC a — GH b—ELPF, c 


therefore is BCFE a parallelogram. Whence the pa- 


rallelogram BCDA d= BCFE d—=GHFE,. "0" hich was 
to be demonſtrated. 


f PR OP. XXXVII. 
Triangles, BCA, BCD, 


— 2 22 upon the ſame baſe 
[N BC, and between the ſame 
N parallels BC, EF, are equal 
ße one to the how: | 

B C a Draw BE parallel to 


CA, 2 and CF parallel to BD. 'Then is the triangle 

BCA 6 = half Pgr. BCAE c — half BDFC V= BCD. 
I hich was to be demonſtrated. 

and between the ſame arch. 

lels GH, BF, are equal the 

. is triangle BCA a — half Pgr. BCAG þ —half 

EDHF EFB. W/bich wwas to be demonſtrated. | 

PROP. XXXIX. 

Equal triangles BCA, 

the ſame farallels AD 

8 f 

if 


PROP. XXXVIII. 
Trianzles, BCA, EFD, 
A one to the after 
Draw BG parallel to CA, 
Schol. 
If the baſe BC be greater than EF, then is the tri- 
BCO, ſtanding on the 
ſame baſe BC, and on the 


ſet upon equal baſes BC, EF, 
C „ and F H parallel to E D 

angle BAC > EDF, and fo on the contrary. 
ſame ſide are alſo betaveen 


: * 3 G T * 
. - > " 3 : 4 - 7 — — ; - S 7 .% 
- oo oo 8 . , 25 A oY — ; 
7 ? rr ro” 7 n * * 7 = 
* — 1 bi ines Shs", > 9 
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If you deny it, let another line AF be parallel to 


BC; and let CF be drawn Then is the triangle CBF a a 37. 1. 
—CBA b CBD. c Which is abſurd. b hyp. 
| PROP. XL. c 9. ax. 


ET ual triangles 'B CA, 
„ ſtanding ion equal | 
baſes ot EF, and on he A. 
ſame ſide, are betwixt the 
ſame parallels. | 
If you deny it, let ano- 
ther [ine AH be parallel B TH "F 
to BF, and let FH be drawn. Then is the triangle a 38. 1. 
EFH a=BCA b—EFD. c Which is abſurd, b hyp. 
or XL - „ CP 
If a Por. ABCD have the ſame 
baſe BC with the triangle BCE, 
and be betaveen the ſame parallels 


AE, BC, then is the Per. ABCD 0 
double to the triangle BCE. 

Let the line AC be draun B 2 
Then is the triangle BCA 2 —BCE, therefore is the a 37. 1. 
Pgr. ABCD Y —2BCA c=2BCE. Which was to be de- b 24. I. 
monſtrated. | c Ga 


| Sohol. 

From hence may the area of any triangle BCE be 
found, for whereas the area of the Per: ABCD is produ- 
ced by the altitude drawn into the baſe, therefore ſhall 
the area of a triangle be produced by half the altitude 
drawn into the baſe, or half the baſe: drawn into the 
altitude; thus, if the baſe BC be 8, and the altitude 7, s 
then is the area of the triangle BCE 28. 


PROP: XLIL 
A x: 


D 


To make a Per ECGF equal to a triangle given ABC in 
an angle equal to a right-lined angle given D. " 
Through! 0 


_ F 
* — . _ 
* * PRA 5 — Py 2 4 
A r 


28 


a 31. I. 
b 23. 1. 
c 10. 1. 


d 38. 1, 
e 41. 1. 


2 42 1, 
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Through Az draw A parallel to BC, b make the 
angle BCG=D, c biſect the baſe BC in E, and draw 
EF parallel to CG, then is the problem reſolved. 

For AE being drawn, the angle ECG is equal to D 
by conſtruction, and the triangle BAC 4 —2 AEC e = 
Per, ECGF. Which was to be dope. 


PROP. XLII. 


_=D: In every Per. ABCD, the com- 
B plements D „ GB, of thoſe 
Pers, HE, FI, which ſtand a- 
1 bout the diameter, are equal one 

| to the other. 
For the triangle ACD a — 
ACB, and the triangle AGH. 


2 AGE, and the triangle GCF a = G CI. b There- 
fore the Pgr. D6==BG. Which cwas to be demonſtrated. 


PROP. XLIV. 


To a given rig hi- line A, to apply a pavallelogvam FL, 
equal to a given triangle B, in a given angle C. 

a Make a 2gr. FD equal to the triangle B, ſo that 
the angle GF E may be equal to C. Produce GF till 
FH be equal to the line given A. Through H 6b draw 
IL parallel to EF, which let D E produced meet in I, 
let DG produced meet with a right line drawn from I 
through F in che point K, thro' K b draw KL parallel 
to GH, which let F.F drawn out meet at M, and I H 
at L. Then ſhall FL be the Pgr. required. 

For the Pgr FLC FDB, d and the angle MFH 


1. GFE-C Which was to he done. 


P ROE. 


Euci ip E Elements, 


P ROP. XIV. 
= EK 
NI 

. D 72 T K 


don a right line given FG, and in a given angle E, fo 
make a Per. F L, equal to a right lined figure given 
ABCD. 

Reſolve the right-lined figure given into two triangles 
BAD, BCD, then @ make a Pgr. FH == BAD, fo that 
the angle F may be equal to FI being produced, 
a make on HI the Pgr. IL = BCD. Then is the Pgr. 
FLC =FH-þI L c=ABCD. Which was to be done. 


Se hol. 


1 


: 


Hence is eaſily found the exceſs, HE, whereby any 
right-lined figure, A, exceeds a leſs right-lined figure, 
B; namely, if to ſome right-line, CD, be applied the 
Per. DFA, and D —ÞB | 


F 
E 


PR OP. XLVI. 


Upon a right line given AD ; 
to Acre phy e AC. B ä — C 
a Erect two perpendicu- 
lars AB, DC, „ equal to the 
line given AD; then join 
B C, and the thing required 
is done. . 8 
For, whereas the Angle A 7 0 1 
--D :=two right, d therefore are AB, DC parallel. 
But they are alſo e equal; f therefore AD, C are both 
parallel and equal; therefore the figure AC is a Pgr and 
equilateral Moreover the angles are all right, g becauſe 
one A, is right; / therefore AC is a- ſquare. I hich 
was to be done. | After 


4 


a 44. 1. 


b 19. az. 


c conſtr. 


- 


g cor. 29 1 
h 29. def. 
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30 


A 12. ax. 
b 29 def. 
e 41. 
d 41. 1. 
e 6. ax. 


f 2. NN. * 


2 ABD, and the Pgr. d BG— 2 FBC (for N 
right line by Hypotheſis, and 14. 1.) e therefore is the 
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After the ſame manner you may eaſily deſcribe a rect- 
angle contained under two right lines given, 


PROP. XLVII. 


In right - angled 
#riansles BAC, the 
ſquare B E, which 
is made on the fide 
BC that ſubtends the 
right angle BAC, 
is equal to both the 
ſquares BG, CH, 
evhich are made on 
the ſides AB, AC, 
containing the right 
angle. 


AD; and draw AM 

ot * * parallel to CE. 
Becauſe the angle DBC a—FBA, add the angle 
ABC common to them both; then is the angle ABD 
FBC. Moreover, ABbþ—FB, and BDh BC ; e there- 


fore is the triangle ABD FBC. But the Pgr. BM 4 — 
GAC 15 one 


Per. BM BG. By the fame way of argument is the 
Per CM CH. Therefore is the whole BE=f BG 


CH. FW hich was to be demonſtrated. ; 
Schol. 


This moſt excellent and uſeful theorem hath deſer- 
ved the title of Pythagoras his theorem, becauſe he 
was the inventor of it. By the help of which the addi- 
tion and ſubtraction of ſquares are performed; to which 
purpoſe ſerve the two foilowing problems, 


PRO. 


vin AE, and 


Ho . r 
ow bc * Ea FD A = 
. EE 


Euc iI DES Elements. 


PROBLEM 

To make one ſquare equal 
fo any number of ſquares gi- 
Den. 

Let three ſquares be gi- 
ven, whereof the fides are 
AB, BC, CE a Make the 
right angle FBZ, having the 
fides infinite; and . on them 
transfer = & BC ; join AC. 
then is b —ABq-[- . 
'Then transfer AC — . 
X, and CE the third fide gi- 
ven from B to E; join EX. 
b Then is EXq—EBq(CEq)+ 


I. 
B 
* 
F | 
1 8 
| A wt 
JE 92 
FA E B 


BXq (ACq) c =CEq-j-ABq --BCq. M hich <vas to be done. © 2. ar. 


PROBLEM IL 


Two 2 7 right lines being 
given AR, BC, to make a ſquare 
equal to the difference of the two 


ſquares of the given lines AB, BC. 


From the center B, at the 
diſtance of BA, deſcribe a cir- 


E 


NN 


— 


«= 


cle; and from the point C erect a perpendicular CE 
meeting with the circumference in E; and draw BE. 


a Then is BEq (Bag) = BCq + Eg. b Therefore p f. 1. 
BAgq—BCq=zCEq. | W hich was to be done. 3˙ 


PROBLEM III. 


Any two ſides of a right ang led 
triangle ABC, being known, to find 
out the third. 

Let the ſides AB, AC, encom- 
paſſing the right angle, be, the 
one 6 foot, the other 8. There- 
fore, whereas ACq-|-ABq —64 -þ- 
36 =109 —BCq, thence is BG 
Y 100=—10. 

Now, let the ſides AB, BC, be 
known, the one 6 foot, the other 


10. Therefore fince BCq — ABq ' 


=—I00—26—=64—ACq, thence is 


ACV A=. Mich was to be done 
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PROP. XLVVIII. _ 
DB If the ſquare made upon one ſide BC 
Fa triangle be equal io the ſquares 
: made en the other ſides of the triangle 
AgB, AC, then the angle BA C com- 
12 Prehended under the tavo other ſides of 
C the triangle AB, AC, is a right angle 

91 0 5 AB, and join CD. 
Now 1s 4 AD -E ACq = ABq+ACq—BCgq. 
* Therefore is CD=BC. And _— the Ry 
CAB, CAD, are mutually equilateral. Wherefore the 
angle CAB b—=CADc—a right angle. V hich was to 


be demonſtrated. | 
EY Schol. 


We aſſumed in the demonſtration of the laſt Propo- 
ſition, CD BC, becauſe C Dq was equal to BCq: 
Our aſſumption we prove by the following theorem. 


THEOREM. 
VVV 


- 


*  KE TA 
The ſquares AF, CG of equal rieht lines AB, CD, are 
equal one to the other : And the ſides IK, LM, of equal 


' (quares NK, PM, are equal one to the other. | 
1. Hypctheſis. Draw the diameters EB, HD. Then 
it is evident that AF is a equal to the triangle EA B 
twice taken, and 5 equal to the triangle HCD twice 
taken, and equal to a CG. Which was io be demonſtrated. 
2. Hyp If it may be, let LM be greater than IK. 
Make E'T—IK, and let LS a =LTq. Therefore is 
LS NKL. d Which is abſurd. 
| | Cordlth | 
After the ſame manner any e equilateral one 
to another, are demonſtrated to be alſo equal. 


The End of the firft Book 
The 
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C 


ELEMENTS. 


Definitions. 
B — 
— — D 


J. Very right angled Parallelogram APC D, 
| is ſaid ro be contained under two right 
lines AP, AD, comprehending a right 
angle 

 T herefore when you meet cvith ſuch as theſe, the rect. 
angle under BA, AD, or more briefly the reftanole 
BAD, or BAxAD (or 2. A, for Z. Xx A) the rectangle 
meant is that which is contained under the right lines B A, 

AD, ſet at right angles. 


* 7 


LE — 


I 


IT. In every Pgr. FHIK, any one of thoſe paral- 
lelograms nich are _— the diameter, together with 
its 
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its two complements is called a Gnomon. As the Pgr. 
FP4-BI4+ GA (EHM) is a Gnomon; and likewiſe the 
Pgr. F 3 +BI-|EM (GKA) is Gnomen. 
I 
E F tevo right lines AF, AB, are 
27 given, and one of them A B divided 
into as many paris or ſegments as 
you pleaſe, the rectangle compre- 
DER hended under the tao whole right 
lines AB, AF, {ball be equal to all 
the rectangles contained under the whole line AF, and the | 
ſeveral ſegments, AD, DE, EB. | 
a N. I- a Set AF perpendicular to AB. Thro Fa draw an in- 
finite line FG perpendicular to AF. From the points 
| D, E, B, erect perpendiculars DH, EI, BG. Then is 5 
AG a rectangle comprehended under AF, AB, and is k 
| b 19 ax 1. b equal to the rectangles AH, DI, EG, that is (be- 3 
c 34. 1. cauſe DH, EI, AF, c are equal) to the rectangles under 
AF, AD, under AF, DE, under AF, EB. hich was 
to be demonſtrated. 


Schol. 

TIF tao right lines given are both divided into how many 
parts ſoever, one whole multiplied into the other ſball bring 
ont the ſame product, as the parts of one multiplied into the 

parts of the other. 
For let Z. be =A A- B + C, and Y=D-þE; then, 
ET becauſe DZ. a=DA-DB+4- DC, and EZ. a2 — EA + 
LE. EB-þEC, and YZ, a=DZ.+EZ, & ſhall ZV be DA. 
DB DCA EAA EB f EC. Hhich was to be de- 


. | | 2 
rom hence we have a method of multiplying compound 1 
lines into compound ones. For if the rectangles of all the 1 
parts be taken, their ſum ſhall be equal to the rectangle of v 1 
the <wholes. | | | # 
But whenſoever in the multiplication of lines into = #2 
themſelves you meet with theſe figns—intermingled with '2 ** 
| theſe +, you muſt alſo have particular regard to the 4 of 
ſigns. For of + multiplied into—ariſeth= ; but of — = 


25 7 nfs jab we ths FR 1 ws” 85 


into— ariſeth P. ex. gr. let + A be multiplied into 4 
B.- C; then becauſe +A is not affirmed of all B, but onl 1 = 
of that part of it, whereby it exceeds C, therefore A 1 
muſt remain denied; fo that the product will be AB— 

* 1 2. AC. Or thus; becauſe B conſiſts of the parts C and 


B — C, * thence AB=AC-þA x B C, take away AC ö | 4 
from both. then AB-AC=A x B=C. In like man- 1 2 
. ner 


* 
f 


CE} LI VS Wen VT 


— 


1 
* 
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her, if -= A be to be multiplied into g. C, then fince 
virtue of the ſign =, A is not denied of all B, but 
only of ſo much as it exceeds C, therefore AC muſt 
remain affirmed, whence the product will be —AB - 
AC Or thus; becauſe AB —AC+A x B =C; take 
away all from both fides, and there will be — AB — 
—AC-AxB—C; add AC to both, and it will be 
his being ſufficiently underſtood, the nine fol- 
lowing propoſitions, and innumerable others of that 
kind, ariſing from the comparing of lineg multiplied into 
themſelves (which you may find done. to your hand in 
Feta, and other analytical Writers) are demonſtrated 
with great 2 by reducing the matter for the moſt 
part to almoſt a ſimple work 
Furthermore, * it appears that tlie product ariſing 
from the multiplication of any magnitude into the parts 
of any number is equal to the product ariſing — 
the multiplication of the ſame into the whole number: 
pes nigh * A= 12 A, and 4 Ax 5A ＋ AAA AAx 
12A. Wherefore what is here delivered of the multi- 
plying of right lines into themſelves, the ſaine may be 
underſtood of the multiplying of numbers into them- 
ſelves, ſo that whatſoeyer is affirmed concerning lines 
in the nine following Theorems, holds good alſo in 
numbers ; ſeeing they all immediately depend on, and 
are deriv'd from this firſt, | 


. PROP It 


If a right line Z. be di- | 
vided any wiſe into tævo parts, — 
the 3 comprehended BA . 
under the whole line Z, and | 
each of the ſegmenti A, E, are equal to the ſquare made 
of the avhole line 2, | 
I fay that ZA-þZE =Zq. For take B=; a then 
is BA + BEB Z, that is (becauſe B=) ZA -þ ZE 
=Zq. Which was to be demonſtrated. ; 


PROP. III. 


It a right line 5 be divi- . atm. = 
ded any wiſe into tao parts, — 9 


the rectangle comprehended un- 8 3 
| , C 2 oo 
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der the avhole line Z, and one of the ſegments E, is equal to 


the rect angle made of the ſegments A, E, and the ſquare de- 


ſcribed on the ſaid ſegment E. 


als. 2: 
b 2* 2. 
c I. ax. 


— 8 UI K 
. 
— me > 
. 


* FC OO A. 
Ip 
8 
— 


I ſay ZE—AE-|-Eq. à For EZ EAT Eg. 
. 
IF a right line Z be cut any 


rig + Rn — iſe into tao parts, the ſquare 

A. E deſcribed on the whole line Z, is 

equal to the ſquares deſcribed on the ſegments A, E, and to 
zavice a rectangle made of the ſegments A, E taken together. 

I fay that Zq —Aq + Eq-j- 2AE. For ZAA --Aq + 

AE, and ZE. a Eq “- EA. Therefore whereas Z. A- 

ZE b Aq, c thence is Zq—Aq + Eq {-2AE. Which 


abas to be demonſtrated 
| F . 


E b Otherwiſe thus ; Upon the right 
| line AB make the ſquare AD, and 
| draw the diameter EB; thro' C, 


H Cir divided, draw the perpendicular 
CF; and thro' the point G draw 
© HI parallel to AB. | 


B | 

Becauſe the angle EHG — A is a right angle, and 
AEB is d half a right, e therefore is the remaining 
angle HGE half a right angle. Therefore is HE f — 
HGg—EFx# = AC, ſo that HF þ is the ſquare of the 
right line AC. After the ſame manner is CI proved to 
be CBq. Therefore AG, GD, are rectangles under 
AC, CB, wherefore the whole ſquare AD —= ACq - 


: CBq -|- 2ACB. Which was to be demonſtrated. 


Coroll | 
1. Hence it appears that the Pgrs which are about 
the diameter of a ſquare are alſo ſquares themſelves. 
2. That the diameter of any ſquare biſects its angles. 
3. That if A—+ Z, then is Zq= 4 Aq, and Aq = 
+ Z. As on the contrary, if Zq=4 Aq, then is A= 
Z. | 


<4 

1 

7 . | 

A 1—1— If a rieht line AR be cut 
"00: 8 into equal parts AC, CB, 


and into unequal parts AD, DB, the rectangle compreben- 
ded under the unequal parts AD, DB, together <uith the 
ſquare that is made of the difference of the parts CD, is 
equal to the ſquare deſcribed ox the half line CB. 


I ſay 


the point wherein the line AB is 


fo 


ne 


Eu CLIDE'S Elements, = 
I fay that CBq ADB CDꝗ 
CB 


For theſe are q a CDqCDB -+-DBqCDB. 

all equal ; CDq |- 4+ CBD (c AC x BD-CDB 

| * CDqþ+d ADB. | 

This theorem is ſomewhat differently expreſs'd and 
more eaſily demonſtrated thus; 4 Rectangle made of the 
ſum and the difference of tao right lines A, E, is equal to 
the difference of the ſquares of thoſe lines | 

For if A E be multiplied into A E, * there ari- 
ſeth Aq—AE-|EA Eq A- E. Which was to be 
demonſtrated | 

| | S 

If the line AB be divi- — — bn o 
ded otherwiſe, (viz, ) near- A C5 2 
er — 2 point of biſection, in E; then is AE B © 
ADB. | | 

For AEB a = CBq (Eq, and ADBa — CBq — 
CDq. Therefore, whereas CDq--—CEdq, thence is AEB 


C ADB. Which as to be demonſtrated. 


Coroll 
1. Hence is ADq + DBq — AEq+-EBq. For ADq 


Therefore becauſe 2AEB ©*2ADB, ſhall ADq4- DBq 


AE EBq. Which was to be demonſtrated. 


2. Hence is ADq . DBA AEq c — EBqzz2 AEB 
2 ADB. . 9 
. V 
If a right line A be divi- - 
ded into tæuo equal parts, and 555 a 
another right line E, added 2 | l 


to the ſame directly in one vieht line, then the rectangle com- 

prehended under the <vhole and the line added, (viz. AE,) 

and the line added E, together with the ſquare which is 

made of '. the line A, is equal to the ſquare of 2 AE taken 

eue 4Aq (@ Q. 4 A 

that 7 £9 A F — JF. 7 

AE. a For, Q. ACE; ATEN AE Which 
was to be demonſtrated. | 

| | Coroll 
Hence it follows, that if 3 right lines E, E- IA, E+ 


A be in arithmetical proportion, then the rectangle 


contained under the extreme terms E, E4 A, to- 


ether with the ſquare of the difference + A, is equal to 


the ſquare of the OE TY * PRO. 


a5 2.8 


3 AX, 
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PROP, VII. P 

: | IF a right line Z be divide 
ee eee any wiſe into tabo parts, the 
A E * ſquare of the quhole line Z, to- 
gether with the ſquare made of one of the ſegments E, is 


3 ho a double rectangle comprehended under the whole line 
„and the ſaid ſeg ment E, together with the ſquare mado 


715 DA e oe Zo mm Ago 1 
4. 2. ay that Zq Eq 2 - q- For a — A | 
b 352. Eq2AE, and 2 ZEb —2 Ed Lz AE. Which wasto ö 
g be demonſtrated. 
Coroll. | : V 
Hence it follows, that the ſquare of the difference of . 
any two lines Z, E, is equal to the ſquares of both the 14 
lines leſs by a double rectangle comprehended under the =_ 
. c For Zq+Eq-2Z7E—Aq — QZ -E. 4 
7 ana ROP VII. 


3. ax. 


1 : If a vight ine Z beds © + 
” | ided any wiſe into tao - 
2 wi y 

— — Ba, 


parts, the rectangle com- 


1 ehended under the aubole 
line Z, and one of the ſegments E four times, together with 
the ſquare of the other ſegment A, is equal to the ſquare of 
the. whole line Z, and the ſegment E, taken as one line 

E, | 


a7. 2. and I ſay that 4ZE4AqzQ. Z. LEE. For 2 ZE a=Zq 
4 255 . Aq. Therefore 4 ZE+-Aq=Zqb-E4F2ZE 6 
942 —Q Z+E. Which was to bedemonſtrated. 
| ET „ 4 5 
— — : IF a rieht line be di- 
A  ©-.-D 2 — equal parts A C, 
CB, and into unequal parts AD, DB, then are the ſquares f 
| of the unequal parts AD, DB, together, double to the ſquare I 
of the half line AC, and to the ſquare of the difference CD. ” 
I fay that ADq+DBq =2 ACqÞ2 CDq. For ADq | 
4 2. -DBqa = ACq-+ CDg z ACD+DBgq But 2ACD 
hyp. (5 2BCD) 1-DBq c =CBRq (ACq)+ CDq. 4 Therefore 
. 2 ADq+DEq=—=2 ACqþ 2CDq. I bich was to be de- 


- 
/ 
2. ax. monſtrated. 


S > 45: 


This may be otherwiſe delivered aud more eaſily de- 
monſtrated thus; the aggregate of the ſquares made of the "6 
ſum and the difference of tao right lines A, E, is equal A . 
to the double of the ſquares made from thoſe lines. * 2X t 
or i 1 


— N 


o 8 6 — — „ A * * 
- a 4 a £ 
. 4 — © 3 on Re 00 * * Cl bs 
PO Ons 2 2 


* - 2 
— — ''!» . ——— 


— 
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For Q: AE 2—Aq +Eq +2AE, and Q: A- Eb a 4. 2. 
==A 34. AE. Theſe added her. Fo 2 Ad b cor. 7. 2. 


A-2Eq. Which was to be demonſtrated. 
PROP. x 


ff a rigbi line A be di- 
vided into two equal parts, A F 
and another line be added — — 
in a right line with the ſame, then is the ſquare of the whole 
line together with the added line (as being one line) together 
with the ſquare of the added line E, double to the Square of 
balf A, _ By 1. AE taken > 5 line 
ſay that a ie. a AqpÞ2 Eq 2 AE = ag 2. 
2 Q. 2 Aþ2Q ATE. For * a : Ag. And bcor. 4, 24 
2 Q. ATEC =; Aq2Eqp 2AE. Which eas ta be c 4. 2. 
demonſtrated. | 


PROP. XL 


To cut 4 right line gi- FRE 
ven AB, in a point G, ſo C | B 

that the rectangle com- 
prehended under the whole 1 7 


line AB, and one of the 
ſegments BG, ſball be e- 

qual to the ſquare that is D — 
— the other ſeg- E 
ments AGW. 

Upon AB a deſcribe the ſquare AC. 6 Biſect the fide à 46: 1. 
AD in E, and draw the line EC; from the line EA b 10. 1. 
produced take EE EC On AF make the ſquare AH. 

Then is AH—AB x BG. | el 

Py or 3 drawn out to I; the ch _ 4 
qc =EPq d—EBqe —BAq-- EAq: Therefore 1s © . 2. 

DHFf — BAq = to the —_— G "Take away Al d confer. 

common to both, then remains the ſquare AH C, © 47+ J. 

that.is, AGq=AB x BG, hich was to be dong. f 3. ax. 


4 
F 


Schol. 


» o q 8 
This propoſition cannot be performed by numbers; 
for there is no number that can be ſo divided, that 1 
the product of the whole into one part ſhall be equal. to 6, 15 
the {quare of the other part. | _ 


$4 PROP: 


1 
{ 
! 


+ 
1 
0 
4 

'F 
18 
"0 
# ; 
} 

| 
1 
1 


1 

; 
4 
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PROP. XII | f 


In obtufe-angled triangles ABC, the 
ſquare that is made of the fide * C, 
ſubtending the obtuſe angle A BC, is 

8 than the ſquares of the ſides 
5 D- (, AB, that contain the obtuſe 
angle ABC, by a double rectangle contained under one of the 
fides BC, which are about the obtuſe angle ABC, on which 
fide produced: the perpendiculay AD falls, and under the 
line BD, taken without the triangle from the point on which 
the perpendicular AD falls to the obtuſe angle KBC. 

ſay that ACq — CB ABq 2 Cb x BD, 


q. 4 
For theſe are d a CDq | ADg. : 
allequal S8 2CBD | RBDq-+ADg. * 


. 9 * — CB D +c ABq. 
Scholium. 


Hence, we ſides of any obtuſe angled triangle ABC being 
known, the ſegment BD intercepted betavixt the perpendicular 
AD, and the obtuſe angle ABC, as alſo the perpendicular 
it ſelf AD, ſball be eaſily flund out 

Thus, Let AC be 1c, AB 5, CB 5. Then is ACq 100, 
ABq 49, CBq 25. And ABq+ CBq = 74. Take that 
out of 100, then will 26 remain for 2 CBD Where- 
fore CBD ſhall be 13; divide this by CB 5, there will 
2; be found for BD. Whence AD will be found out 
by the 47. 1. | 


PROP. XIIL 


In acute angled triangles ABC, 
the ſquare made of the fide AB, 
ſubtending the acute angle A CB, 
7s leſs than the ſquares made of 
the ſides AC, CB, comprehending 
the acine angle RCB, by a double 
rectangle contained under one of the 
fides EC, evhich ave about the acute angle ACB, on aubich 
the perpendicular AD falls, and under the line DC, taken 
abithin the triangle from the perpendicular AD, to the acute 
angle ACB. 8 I ; 


Eucr1ipz's Elements, 41 
1 fay that ACq-|-BCq ABA 2 BCD. 
1 | ACq |-BCg. *q 


| 
For theſe are ) 2 ADq  DCq | BCq. a 47. 1. 
equal. 5 þ AB L. BIS . BED. 5 
| - c ABq +2 BCD. C 47.4 
2 Coroll. | ; 
Hence, the ſides of an acute-angled triangle ABC being . 


known, you may find out the ſegment DC, intercepted betævixt 
the perpendicular AD, and the acute angle ABC, as alſo the 
perpendicular it ſelf AD. | 

Let AB be 13, AC 15, BC 14. Take ABq (169) from 
ACq+ BCg, that is, from 2254-196 =421. Then re- 
mains 252 for 2 BCD, wherefore BCD will be 126, di- 
vide this by BC 14, then will 9 be found out for DC. 
From whence it follows, AD=y : 225 —$1=12. 


7 PROP. XIV. 
. NM NN ol | 
A 4 


E 
B 


2 
N 
—4 


To find a ſquare ML equal to a right lined ggure given A. 
7 Maid the 1 A 3 the great- 
er ſide thereof DC to F, ſo that CF CB, b biſect DF, 
in G, about which as the center at the diſtance of GF 
deſcribe the circle FHD, and draw out EC, till it meets 
_ circumference in H. Then ſhall be CHq—ML 


& 9 
— 
O 
— 


1 
C conſtr. 


For let GH be drawn. Then is A c=DB c=DCF d 4 5. 2. and 


. 10 FR S : 3. ax. 
—GFq GCq e =HCqc =ML. OY Was to be done. ? 47. Lond 


3. ax. 


The End of the ſecond Book. 
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92 Definitions. 


B 
G 
A | 
I. Y Qual circles (GABC, HDEF) are ſuch 


whoſe diameters are equal ; or, from whoſe 
centers right lines drawn G A, HD, are 
equal. 


C 


II. A right line AB, is ſaid 
to touch a circle FEDC, when 
touching the ſame, and being 

roduced, it cutteth it not. 
The _— line FG cuts the 
circle FEDC. 


III. Circles DAC, ABE (and alſo FBG, ABE) are 
faid to touch one t he other, which touch, but cut not 
one the other | he 


Eucripz's Elements. 

The circle BFG cuts the circle FGH. 
IV. In a circle GAB D, 
right lines FE, KL, are ſaid 
to be equally diſtant from the 
center, when perpendiculars 
GH, GN, drawn from the 
center G to them, are equal- 
And that line B& is ſaid to be 
furtheſt diſtant from it, on 
which the greater perpendi- 

cular GI fills, 


V. A ſegment of a circle : . 
(ABC) is a figure contained A 
under a right line AC, and a 
portion of the circumference 


of a circle ABC. 


(2 


| | D 

VI. An angle of a ſegment CAB, is that angle which 
is contained under a right line C A, and the circumfe- 
rence of a circle AB. ; 

VII. An angle ABC is ſaid to be in a ſegment ABC, 
when in the circumference thereof ſome point B is taken, 
and from it right lines AB, CB, drawn to the ends of 
the right line AC, which is the baſe of the ſegment ; 


then the angle ABC contained under the adjoined lines 


AB, CB, is ſaid to be an angle in a ſegment. 
VIII. But when the right lines AB, BC, comprehending 

the angle AB C, do receive any periphery of the cir- 

cle ADC, then the angle ABC is ſaid to ſtand upon that 
erip 8 ; . 

, It Var of a circle (ADB) 

is when an angle ADB is ſet at the A 

center D of that circle; namely, that & 

figure ADB comprehended under the 

right lines AD, BD, containing 

the angle, and the part of the cir: 4d 

cumference received by them AB, 


X. Like 


. 


%. 


Andr. 
2. 22 


X Like ſegments of a circle (ABC, DFE) are thoſe 
which include equal angles (ABC, DEF;) or, in 


which the angles ABC, DEF, are equal. 


circle ABC. 
Y 
in F; the point F ſhall be the 


Draw a right line AC any- 
wiſe in the circle, which biſect 

LS center. = 
f If you deny it, let G, a point 
D without 6s” line BD, be the 


PROP. L 
Ws To find the center F of a given 
inE; thro' E draw a perpen- 
dicular DB, and biſect the ſame 
center (for it cannot be in the line BD, ſince that is 
divided unequally in every point but F;) let the lines 


GA, GC, GE, be drawn. Now if G be the center, 4 


then is GA—GC, and EEC, by conſtruction, and 
the ſide GE common. h Therefore are the angles GEA, 
GEC, equal, and c conſequently right. d Therefore the 
angle EEC FEG. e Which is abſurd. | 


"EG Coroll. 
Hence, if in a circle a right line BD biſect any right 
line AC at right angles, the center ſhall be in the cut- 


ting line BD. 


The center of a bircle is eaſily found out 15 applying the top 
of a ſquare to the circumference thereof. For if the right 
line DE that joins the points D, E, in which the fides > 
85 | + ts 
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ſects any other line AC, not drawn 


Evcrivpe's Elements, 45 
the ſquare QD, QE, cut the circumference, be biſec- 
ted in A, the point A ſhall be the center The demon- 
ſtration whereof depends upon Prop. XXXI. of this 
Book. a 


PROP. II. 


in the circumference of a circle 
CAB, any tavo points A, B, be taken, 
the right line A B, which joins thoſe 
tæuo points, ſhall fall within the 

Fd Ae} 88 

8 * ake in the right line AB an 
* point D; from hy center ys 
CA, CD, CB. Becauſe CA a CB, therefore is the à 15.def-1. 
angle A 6 = B. But the angle CDB S A. therefore b 5. 1. 
is CD B A= B, therefore CBd CD But CB C 16. 1. 
only reaches the circumference, therefore C D d 19. 1 


comes not ſo far; wherefore the point D is within 


the circle. The ſame may be proved of any other 


point in the line AB. And therefore the whole line 


AB falls within the circle. hich vas to be dem. 


Coroll. | $0 
Hence, if a right line touch a circle, ſo that it cut 
it not, it touches but in one point. 


PROP. III, 


If in à circle EABC, a rigbt 
line BD drawn thro the center, bi- 


thro the center, it ſhall alſo cut it 
at right angles: And if #t 
cuts it at right angles, it ſhall alſo 
biſect the ſame. 

From the center E let the 
lines EA, EC, be drawn. 

i. Hyp Becauſe AF a FC, and EA U EC, and a hyp, 
the fide EF common; the angles EFA, EFC, c ſhall b I 5 def. 1. 
be equal, and d conſequer:tly right. hich wwas to be c 8 1. 
demonſtrated d 19 def 1. 

2 {Hyp. Becauſe EFA e—EFC, and the angle EF ff e hyp and 
ECF, and the fide EF common; # therefore is AF 12 ax. 
—FC. Therefore AC is cut into two equal parts. f 5. 1. 
W hich was to be demonſtrated. g 26. 1. 
| | Coroll. 
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| | 5 | 
Hence, in any equilateral or Iſoſceles triangle, if a 
line drawn from the vertical angle biſe& the baſe, that 


line is perpendicular to it. And on the contrary, a per- 
pendicular drawn from the vertical angle biſects the baſe; 


PROP, IV. 


| ff in a circle ACD, iwo riobt 

lines AB, CD, cut each other, 

E and neither of them paſs thro' the 

| Center E, they ſhall not cut each o- 
| | ther into equal parts. 


does not paſs thro the center. | 
If cher of them paſs thro' the center, then from 


the center E draw EF; now if AB, CD, were both 
iſected in F, then a would the angles EFB, EFD, be 
right, and conſequently equal. b ¶ bicb is abſurd. 


PRO . V. 


B 
cut each other, they ſball not 
bave the ſame center E. 

For otherwiſe the lines 
EB, EDA, drawn from E 
the common center, would 
be DEa—EBa—£4,b 
W hich ts abſurd. 


PROP. VL 


If two circles BAC, B DE, 
inwardly touch each other (in B) 
they have not one and the ſame 
F E center F. 
For otherwiſe the right lines 
Fzg, FDA, drawn from the 
center #, would be FD a — 
FBa =FA. b Which is abſurd, 


P ROE. 


1 For if one line paſs thro” the 
ax center, tis plain 10 cannot be 


biſected by the other; becauſe by hypotheſis, the other 


If tes circles BAC, BDC, 


* 9 * , » 8 vor 
" 2 8 1 0p n e 8 
— 5 * » - 4g.) 2-307 ' 2 * 1 e a 
o 5 — ä 4 2 
D . 
n 
* 


wo e OI — 


cle the greateſt line ſhall be that 


lines, the lins GC, neareſt to that bie b was drawn 


. - | d 
Do FB (FE) 3 GESGF. Therefore FG, which '© 20. 1 


| that no other line GD from the point G, can be equal 
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PROP. VII. 


If in AB the diameter of a A 
* ſome point G be taken, which 8 
is not the center of the circle, and 
from that point certain right lines 
GC, GD, GE, fall on the cir- 9 


(GA) in which is the center F; the 
leaſt, the remainder of the ſame i 
line (G B.) And of all the other 


thro the center is always greater than any line farther re- 
moved G D; and there can but two equal lines fall from © 
the ſame point on the circle, viz. one on each ſide of the leaſt 
G B, or of the greateſt GA. 
From the center F draw the right lines FC, FD, 
FE ; * make the angle BFH—BEFE. : *23c 66 
I. GF4FC (that 1s GA) a C= GC. Which was to be 2 20. 1. 
demonſtrated. | 
2. The fide FG is common, and FCb— FD, and b 15 def.s 
5 G Fc c; d wherefore the baſe L C g. ax. 


24. 1. 


is common, being taken away from both, there re- f &. as. 
mains BG a 205 id ' EM 
4. The fide #G is common, and FE FH, and the 
angle BFH g BFE; b Therefore is GE — GH. Bur 5 conſt. 
f | 1 
to GE, or GH, is already proved. Which was to be de- 2 
monſtrated. | | 


PROP. 
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PROP. VIII. 3 
IF ſome point A be taken I 
without a circle, and from 
that point be drawn certain 
right lines Al, AH, AG, 
AF, to the circle, and of 
thoſe one Al, be drawn 
thro* the center K, and the 
others any wiſe ; of all thoſe 
lines that fall on the concave 2 
of the circumference, that is . 
the preatef® AI, quhich is 
drawn thro the center; and 
| the others, that (AH) which . 
is neareſt to the line that p 
1 * paſſes thro the- center, is : 
greater than that which is more diſtant AG. But of all 
thoſe lines that fall on the convex part of the circle, the 4 
leaſt is that (AB) which is drawn from the point 4, to the 1 
diameter IB; and of the others, that (AC) which is 
neareſt to the leaſt, is leſs than that which is farther diſtant 
AD. And from that point there can be only tævo equal right 
lines AC, AL, drawn, which ſhall fall on the circum- 
7 on each ſide of the leaſt line A B, or of the greateſt 


From the center K, driw the right lines K H, KG, 
KF, KC, K D, K E, and make the angle A KIL — 
A KC. | » 

2. The ſide AK is common, and KH — KG, and the 
angle AK HC AKG; b therefore the baſe A H = 
AG. 


3. Ka K+ CA. From hence take away K C, 
KB, which are equal; then will remain AB, d A. 
4 AC CKe-a AD DK Take from both, CK, 
DK, which are equal; then remains 40 f A | 
5. The fide. KA is common, and KI. KC, and the 


| 

angle AKLg— AKC; h therefore LA CA. But that | | 
no other line could be drawn equal to theſe, was proved 
above. Therefore, Qs. | ; 
| ; 
PROP f 

g 1 


1 


wy r abi Do dana ee 


. % * «a &.% 


. inwardly, and their centers 
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PROP, IX. 


27 in a circle B C K, a point A 

ze taken, and from that point more B 
than two equal right lines A B, 
AC, AK, can be drawn to the 
circumference, then is that point A 
the center Ml the Circle, 

For a from no point without 
the center can more than two C 
equal right lines be drawn to K 

the circumference Therefore 5 
A is the center. Which was to be demonſtrated. 


FROP: X 
A circle TAKBL, Ls 


not cut another circle 
IEKFL, in more than 
tho points. 

Let one circle, if it 
may be, cut the other 
in three points I, K, L, 
and IK, K L, being 
join d, let them be bi- 
 ſefted in M and N. 4 
Both circles have their 
centers in their perpen- 
diculars MC, NH, and in the interſection of thoſe per- 


pendiculars which is O. Therefore the circles that 


cut each other have the ſame center. Which is falſe, 
by Prop. 5. 3. = 
RE PROP. XL 


If tavo circles GAD 2. 
FAB C, touch one the other 


be taken G, F; a right line 
FG joining their centers, and 


produced, ſhall cut the cir- F 
rumference in A, the point of 

contact the circles. | * 
Ik it can be, let the right | 

line FG produced cut Cl. 

the eireles in ſome other B | poiti 


49 
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| right line. Let the line GA be drawn Now, becauſe 
a 15 def. 1. GD@=GA, and Gg bþ=> GA (fince the right line FGB 
b , 3: you thro F, the center of the greater circle) there- 
C9. ax. fore is GB. D. c Which is abſurd. . 


PRA?P,  X>- 


If tavo circles ACD, BCE. touch one the other outwardly, 
the right line AB, <ubich joins their centers A, B, ſball paſs 
thro' the point of contact C. FE ns 

If it may be, let ADEB be a right line cutting the 
circles, not in the point of contact C, but in the points 

apo. 1. D, E; draw AC, Es, then is AD-þEB (AC- CB) 4 
b 9. ar. — ADEB. bW hich is abſurd. . e 


PROP. XIII. 


A i A circle CAF cannot 
Touch à circle BAH in 
more points than one A, 
evhether it be inwardly or 
outwardly. 

1. Let one circle (if 
it can be) touch ano- 
ther in two points A, 
H. 4 Then will the 
right line CB, that joins 
the centers, if it be 
produced, fall as well 


C4 


cauſe CH . CA, and 
ES BH ©- CH, therefore 
C15 def.1, | is BA (c BH) = CA. 


4 9. ar. 8 | d Which is abſurd. 
2. If 


point than A; ſo that not FGA, but FGDB, ſhall be a 


in A as H. Now be- 


9 


Jen &©&© 


2 


— 
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2. If it be ſaid to touch outwardly in the points E. | 
and F, then draw the line EF, e which will be in both e 2. 3. 
circles. Therefore thoſe circles cut one the other; 
which is againſt the Hyp, 


"PROP. = 


In à circle EABC, equal right 
lines AC, B D, are equally di- 
fant from the center E. and right 
lines AC, BD, which are equally 
diſtant from the center, are equal 
among themſelves. | 
From the center E, draw the 
perpendiculars EF, EG, a which 
will biſe& the lines AC, BD, 
join EA, EB. | | | - 
1. Hyp. AC = BD; therefore {4 F b—BG. But alſo b. ar. 
EA—EB ; therefore FEqc=EAq — 4Fq= EBq —BGq c 47. I. 
c =EGq. d Therefore FE=EG, | and 3. at: 
2. Hyy. EF=EG. Therefore A Fq e = E4q—EFq | 
= EBq— EGq—BGq. Therefore AH d= GB, and d /chol. 
e conſequently ABD. Which ævas to be demonſtrated. 48. 1. 
| e 6. at 


PROP XV. 


In à circle GABC, the R 
greateſt line is the diameter FAEB 
AD; and of all other lines, 
that FE, which is neareſt to 
#he center G, is greater than 
any line B C farther diftant 
from it. | | 
1 Draw GB, and GC. 
The diameter AD (4 GB - 
GC) DNC. 1 

5. Let the diſtance GI be — GH. Take G VN 
GH Thro' the point N draw K L perpendicular to 
G1: join GK, GL. Becauſe GK = GB, and GL C. 


and the angle KGL BGC; c therefore is KL (FE) c 24. 1 


EA. hich was to be demonſtrated. 


„ PRO P. 


A 19. 1. 


b. 19 


I. 
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PROP. XVI. 
A line CD, drawn 


from the extreme pdini 
of the diameter HA, 
of a circle BALH, 
perpendicular to the 
ſaid diameter, ſball 
fall- without the cir- 
cle; and betaveen the 
ſame right line and 
the circumference, can- 
not be dragun another 
line AL. And the 
FE: | angle of the ſemicircle 
H AI, is greater 
7 than any right-lined 
acute angle BAL; and the remaining angle without the 
circumference D AI, is leſs than any right-lined angle. 

1. From the center B, to any point F, in the right 
line AC, draw the right line BF. The fide BF ſubtend- 
ing the right angle BAF, is à greater than the fide BA, 
which is oppoſite to the acute angle BFA. Therefore, 
whereas BA, (BG) reaches to the circumference, BF 
ſhall reach further; and ſo the point F, and for the 
ſame reaſon any other point of the line AC, ſhall be 
without the circle. | 5 | 

2. Draw BE perpendicular to AL. 'The fide BA, op- 


oſite to the right angle EEA, is b greater than the ſide 


E, which ſubtends the acute angle BAE; therefore 
the point E, and ſo the whole line EA, falls within 
the circle. | 

3 Hence it follows, that any acute angle, to wit, 
EAD, is greater than the angle of contact D AI, and 
that any acute angle BAL ts leſs than the angle of a ſe- 
micircle BAI. FF bich was to be dem. 


Coroll. | 
Hence, a right line drawn from the extremity of the 
diameter of a circle, and at right-angles, is a tangent 
to the ſaid circle. 

From this propoſition are gathered many paradoxes, 
and wonderful conſectaries, which you may meet with 
in the interpreters, | 

PROP. 
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' PROP. Xun. 


From a point given A, to 
draau a right line AC, which ſhall 
touch a circle given D BC. 

From D, the center of the 
circle given, to the given 
point A, 'let the line DA be 
drawn, cutting the circumfe- 
rence in B, from the center D, 
deſcfibe another circle thro” . 
the point A; and from B, draw a perpendicular to 
AD, which ſhall meet with the circle AE in the point 
E; and draw ED meeting with the circle BC, in the point 
C. Then a line drawn from A to C, ſhall touch the 
circle DBC. 


20 


For DB a= DC, and DE 2A, and the angle D 3 15. def. I. 


is common; 6 therefore the angle ACD — EBD and 
was to be done. | | 
PROP. XVIII. 


IF any right line AB touches a © 
circle FEDC, and from the cen- I 
ter to the point contact E, a | 
rigli line FE be drawn; that 
line FE ſhall be perpendicular to 
the tangent AB. 

If you deny it, let ſome o- 
ther line FG be drawn from 
the center F, perpendicular to 
the tangent, and à cutting the 


E 


b 4. 1. 
right. c Therefore AC, touches the circle in C Which © cor. 16 3. 


a def. 2.3. 


circle in D. Therefore, whereas the angle FG E is b cor. 17. 
ſaid to be right. b thence is the angle FEG acute; C 19. 1. 


fo that FE (FD) c- FG. d Which is abſurd. d 9. 4. 
Fe D 3. PROP: 
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' PROP. XIX. 


If any right line AB touch a 
circle, and from the point 
comact C, a right line CE. be 
erected at right angles to the 
tangent , , the center of the 
circle {hall be in the line CE. ſo 
erected ts | 
If you deny it, let the cen- 
| ter be withour the line CE, 
in the point F; and from F, to the point of contact, 
let FC be drawn, Therefore the angle FCB is right, 
and 2 conſequently equal to the angle ECB, which was 
right by Hypotheſis. b hich is abſurd. 


PROP. Ad. 


In a circle DABC, the angle BDC at the center is double 
of the angle BAC at the circumference, when the ſame arch 
of the circle BC, is the baſe of the angles. 

Draw the Diameter ADE The outward angle BDE 


a= DAB DBA b—2DAB : In like manner the an- 


gle EDC—2DAC. Therefore in the firſt caſe c the 
whole angle BDC — 2 BAC, and in the third caſe the 
remaining angle BDC 4 2 BAC, Which was to be de- 


PROP. XXI. 
In a circle EDA C, the an- 
gles DAC, and DBC, which 
are in the ſame ſegment, are e- 
qual one to the ot her 
I. Caſe. If the ſegment 
DAB C be greater than a ſe- 
micircle, from the center E 
draw ED, EC, Then is 
' twice the angle A E A 
2B. Which was to be demonſtrated, © OE 
„ N 2. Caſe 


| monſtrateds 


22 ³² b ATT 
2 
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2. Caſe. If the ſeg | 
ment be leſs than a Pre. 
circle, then 1s the ſum 
of the angles of the tri- 
angle ADF equal to the 
ſum of the angles of the 
triangle BCF, from each 
let AFD equal to BFC, 5 b 15. 1. 


and A DBS = ACB, be | c by the 1ſt 
taken away, then remains DAC=DBC. Which was to caſe. 


be demonſtrated. PROP. XXIF 


The angles ADC, ABC, B 
of a quadrilateral figure | | 


ABCD, deſcribed in a cir- 
cle, which are op poſite one to 


the ot ber, are equal to two 


right angles. | | 
Draw ASD The A C 
angle A BCA RR 
BACa — 2 right. But Wu . 
BDA'ds = BCA, and EE 1 


BDC b BAC. c There- * 
fore ABC-j-ADC—2-right angles. V hich was to be de- 
* bo 8 Ne : 

1. Hence, if one fide of a quadrilateral, deſcri- 
bed in a circle, be produced, the — angle EBC s 4 on the 
is equal to the internal apgle ADC, which is oppoſite 8 8 
to that ABC, which is adjacent to EBC, as appears by 9 
13. J. and 3. ax. 

Me circle cannot * deſcribed about a Rhombus 
e its oppoſite s are greater, or leſs 
right angles. IM wn: * = 

If in a quadrilateral 
ABCD, the angles A, and 
C, which are oppoſite, be e- 
qual to two right, then 4 
circle may be deſcribed about 
hat quadrilateral. 

For a circle will paſs 
through any three angles 
B, C, D, (as ſhall appear L 
by 5-4.) fay that it ſhall D 
alſo paſs thro A the 4th angle of ſuch a quadrilateraÞ : 


J. AX» 


For if you deny it, let the circle paſs thro F: There- 


D 4 fare 


a 10. def. 3 
b 16. I. 
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fore the right lines BF, FD, BD being drawn, the an- 
gle C4+F a= 2 right b CAA; wherefore Ac is e- 


qual to F. 4 bich is abſurd. 


PROP. XXIII. 

Teo like and unequal ſeements 
of circles ABC, ADC, cannot be 
ſet on the ſame rigbt line AC, 
and on the ſame ſide therecf. 


For if they are ſaid to be like, draw the line CB 
cutting the circumferencesin D and B, join AB and AD, 
Becauſe the ſegments are ſuppoſed like, a therefore is 
the angle ADC—ABC. b Fbich is abſurd. 


- PROP, XXIV. 


| Like ſegments , 
circles ABC, DE 
, upon equal right lines 
A: —CD— F AC, DF, are equal 
„ baſe AC being laid on 


the baſe D F, will a- 
gree with it, becauſe 


AFB ef E AC DPF. There- 


8 23. Zo 


b 10. 3. 
E 8. ax. 


fore the ſegment AB C ſhall agree with the ſegment 
DEF (for otherwiſe it ſhall fall either within or yith- 
out; and if ſo a then the e, are not like, which 
is contrary to the Hypotheſis, and at leaſt it ſhall fall 
partly within and partly without, and ſo cut in three 
points, ö which is abſurd. Therefore the ſegment 
ABC DEF. MWhich was to be demonſtratee. 


PROP. XXV. 


A ſegment of a circle ABC, be- 
ing given, to diſcribe the whole cir- 
cle whereof that is a ſegment. | 

Let two right lines be drawn 
AB, BC, which biſe& in the 
points D and E. From D and E 
draw the perpendiculars DF, EF, 

| meet- 


one to the other, he 


W Ws wot MH. a@ ** 


9 


4 


renne 


on 2 parts of the circumference, A 


At diTfnAi 01 wO 
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meeting in the point F. I fay this point ſhall be the 
center of the circle. | | 
For the center ſhall be as well in DF as EF, there- a cor. 1. 3 
fore it muſt be in the point F, which is common to them 
both. V hich quas to be done. IE: * 


| PROP. XXVI. 


F 
In equal circles GBC, HDEF, equal aneles fand up- 
. ; f 0 DF; * thoſe 
ag = be made at the centers G, H, or at the circumferences, 
"Becauſe the circles are equal, therefore is GA—HD, 
and GC — HF ; alſo by Hypotheſis the angle GH; 
a therefore ADF. Moreover the angle Bb =$G c= 2 * 
+ Hb —E. d Therefore the ſegments ABC, DEF are h 20 3. 
like, and e 7 equal, f whence the remain- . 755. 


ing ſegments alſe AC, DF, are equal. W hich was to be d 16 def 3 
dem. e 24 3 
S:hot, f 3. ax. 
In a circle ABCD, let an arch A 

AB be equal to DC; then ſhall AD D 

be parallel to BC, For the right 

line AC being drawn, the angle 

ACB a = CAD; wherefore by - a6 
27. 1. the ſaid ſides are paral- B - 3a 
. | * | 

PROP. 


A 26. 3. 
b hyp. 
c . ax. 


A 27. 3 


b yp 


44. 1. 
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PROP. XXVII. 


E In equal circles 
GABC, HDEF, 7he 
angles ſtanding upon 
equal parts of the c ir- 
cumference. AC, DF, 


| themſelves, a«vhether 
they be made at the centers G, H, or at the circumferences, 


By if it he poſſible, let one of the angles AGC be 


— DHEF, and make AGI —DHE ; thence is the arch 
AI DF b=AC. c Which is abſurd. 
Schol. 
A right line EF, which, 


4 | 
DE = 8285 being draqun from A the 
Za 2 NC 


middle point of any peri- 
phery BC, toucheth the cir- 
cle, is parallel to the right 
line BC, ſubtending the 
ſaid periph 

F. 3 "the center D 
draw a right line DA to 
the point of contact A, 
and join DB, DC. 


The fide DG is common, ard DB = DC, and the 


PROF XXYHL 


In equal circles GA- 
BC, HDEF, equal 
right lines AC, DF, 

cut off equal parts of the 

circumference, the grea- 

teſt ABC, equal to the 
DEP 


greateſt „ and the 


From 


1 8 wij Uo 


F are equal betaueen 


fra; "ws 
n 


— EG N "A 
488 1 9 3 F 
7 * 
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From the centers G, H, draw GA, GC, and HD, HE. 
Becauſe GA —HD, and GC—HF 5 and AC a — DF 5 A byp. 
therefore is the angle G=H ; c whence the arch AIC p. 1. 
—DKF ; d and fo the remaining arch A BC DEF. c 26. 3. 


Which was to be demonſtrated. i d 3. ax. 
But if the ſubtended line AC be or A than 


DF, then in like manner will the arch A C be tt or 


—) than DF. 
PROP. XXIX. 
In equal circles & A- RB 
BC, II DEF, the right . 2 H 


lines AC, DF, hich 
ſubtend equal peripheries - ID 
* DEF, ee — 

Draw the lines GA, 1 2 
GC, and HD, HF. Becauſe GA—HD, and GC= 0 
HF, and (becauſe the arches AC, DF are 4 equal) the 4 hyp. 
angle GHH, e therefore is the baſe AC—DF. F hich b 27. 3. 
vas to be r gp | : | c te 

This and the three precedent” propoſitions may be 
underſtood alſo of the ſame circle. 


PROF: XA 
To cut a Periphery given ABC B 


into tao equal parts. : 
Draw the right line AC, -and | 
biſect it in D; from D draw a 


perpendicular DB meeting with E ©”'S | 


the arch in B, it ſhall biſect the | 


ſame. 


- 


For join AB, and CB. The fide DB is common, and 


ADa—DC, and the angle ADB Y — CDB. c 'There- a confer. 


fore AB=BC ; d whence the arch AB = BC lich b 12. ax. 


Was to be done. CRY 
PROP. XXXI. a 20s Þ 
In a circle the angle ABC, 

which is in the ſemicircle, is a 

"_ angle ; but the angle, 

Which is in the greater ſegment 

BAC, is ben —_ honey 

and the angle which is in the 

leſſer ſegment B F C is great- 
er than a right angle. More- 
over, the angle of the greater ſegment is greater than a right 
angle, and the angle of the leſſer ſegment is le ſs than a right 
angle. 83 From 


a 5 1. 
b 2. ax. 
4.32 1. 


d io def Is 


E COP. I Jo 1. 


E22. 3. 


g 9. ax. 


from this prop and 21. 1, 
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From the center D draw DB, Becauſe DB = DA, 
therefore is the angle A 4 — DBA, and the angle DCB 
a= DBC, b therefore the angle ABC = A+ ACB, 
c = EBC, d fo that ARC and EBC arg right. angles. 
Is. IJ. to be dem. e Therefore BAC is an acute _ 


. to be dem. And further, whe 


$BACHBEC f 


= 2 right, therefore BF C is an obtiy gle. Laftly, . 
the angle contained under the right inis CB, and the 


arch FAC is greater than the right angle ABC; but 
the angle made by the right line CB, and the periphe- 


of the leſſer ſegment BFC g is leſs than the right 


angle EBC. I hich «vas to be demonſtrated. 
| Schol. FOOT. MW. 

In a right ang'ed triangle ABC, if the ee (or 
line ſul tending the right angle) AC be biſected in D, a circle 
Aacun from the center D through the point A ſball alſo 
paſs through the point B; as you may eaſily demonſtrate 


PROP. XXXIL 


E ; Fa right line AB touch a 
circle, and from the point of 

contact be drawn à right line 

CE, cutting the circle, the an- 

gles ECB, ECA, which it 

makes with the tangent line, 

are equal to thoſe angles EDC, 

EFC, which are made in 

ni the alternate ſegments of the 
58 circle | | 


Let CD, the fide of the 


angle EDC be perpendicular to AB ( a for it's to the 


ſame purpoſe) b therefore CD is the diameter, c there- 


fore the angle CED in a ſemicircle is a right _ 
ee 


d and therefore the angle D+ DCE=to a right ang 
—ECB-|DCE. F Therefore the angle D=ECB, ¶ hich 


cba to be dem. | 


Now whereas the angle ECB+ ECA g = 2 right 


h —D + F, from both of theſe take away ECB and 
D, which are equal, & then remains ECA—F. I bich 


was to be dem. 


8 


C 5 | 
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G Upon a right line AB 
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PROP. XXXIIL 

=p I 
to deſcribe a ſegment 
of a circle ATEB 


which ſball contain an 
angle AIB, equal to 


a right lined angle gi- ES 

ven C. OH = wy 4 
a Make the angle BAD=C. Through the point A 423. © 

draw the line AE perpendicular to HD. At the other 

end of the line given AB make an angle ABF — BAF, 

one of the ſides of which ſhall cut the line AE in F; 


from the center F through the point A, deſcribe a 


circle, which ſhall paſs through B. (Becanſe the angle 
FBA b — FAB, and c therefore FB FA) AIB is b conftr. 
the ſegment ſought. For becauſe H D is perpendicular C 6. 1. 

to the diameter AF, therefore HD 4 touches the circle d cor 16.5 
which AB cuts. And therefore the angle AI Be = © 32 5 
BADf = C. I hich was to be done. f confer. 


PROP. NXXSIV. 


From a circle given ABC. 
to cut off a ſegment ABC 


containing an angle B equal 0 
to & right lined angle given | 

hich ſhall h 2 a 175 
whic touch the cir- 75 
cle given in A, i let Ac be F d 23. f. 
drawn alſo making an angle FAC D. This line ſhall < 32 5 


a Draw a right line EF 


cut off ABC containing an angle B =CAF4q4 =D. d cage 


FW bich was to be done. 


PROP. XXXY; 

If in a circle DBCA tao rio ht 
lines AB, DC cout each other, 
the rectangle camprebended under 
the ſegments AE, EB, of the one, 
Hall be equal to the rectang e com- 
prebended under the ſexments CE, 
E D of the other | 

1. Caſe. If the right lines cut 
one the other in the center, the 
thing is evident. 


ä Dee third Book of . 


A 2. Caſe If one line AB paſſes thro- 
the center F, and biſects the other 
1 line CD, then draw FD. Nov 
a f. 2 . F | the rectangle AEB + FEq a= 
C47. -Þ D d —CED-+FEq. e Therefore the 
d byp. rectangle AEB — CED, Which 
e 3. ax. æbas to be demonſtrated. 


3. Caſe. If one of the lines AB 
be the diameter, and cut the o- 
ther line CD unequally, biſect 
ec CD by FG a perpendicular from 


the center. 


G 
E D 
„ Tue rectangle AEB--FEq. | 
- X Theſe J fFBq(FDq) 
8 * are s FGq-GDq 
. qual FGg++ GEq-Reftng. CED. 
801 K FEq-CED. 


13. ar. Therefore the rectangle AEB CED. | 
4. Caſe. If neither of the 

right lines AB, CD paſs thro* 
the center, then through the 
point of interſection E, draw 
the diameter GH. By that which 
hath been already demonſtrated. 0 
it appears that the rectangle 1 
AEB—GEH—CED. I hich was 1 


10 be demonſtrated | 

More eaſily, and generally, 
thus ; join AC and BD, then 
— the angles a CEA, 


a 15. 1. 
b 21. 3 DEB, and b alſo C, B (upon 
the ſame arch AD) are equal. 
thence are thetriangles CEA, 
c cor. 32.1 BED, c equiangular. d $ 
d 4.6 Wherefore CE, EA:: EB, 3 
e 16 6. ED, and e conſequently CE & 


: x ED—AE x EB. Which was 
to be demonſtrated, 


Pl 
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The citations out of the 6. Book, both here and in 
the following prop. have no dependance on the ſame ; ſo 
that it was free to uſe them. 


PROP. XXXVI. 


If any point be taken wit bout a circle EB C, and from 
that point tevo right lines DA, DB, fall upon the circle, 
evhereof one D A cuts the circle, the other D B touches it, 
the rectangle compre hended under the whole line D A that 
cuts the circle, and DC, that part which is taken from. the 

point given D to the convex of the periphery, [hall be equal 
to the ſquare made of the tangent line. 


C ; Is Cafe If the ſecant AD paſſes 

| thro' the center, then join EB, 
this 2 will make a right angle a 18. 
with the EB E Co 1555 
D d ( )b — b 7. I. 
c — 5 DC +ECq. - 'There- c Cs 
fore AD x DC DR. Fbich d z. ax. 
A. was to be demonſtrated. 


43 
7 


2. Caſe. But if AD paſſes not 

thro' the center, then draw EC, 

EB, ED, and EF perpendicular 
to APD, 2 wherefore AC is bi- a 3. z. 


4 2 uſs BD +EBq b —DEq 

4 cauie 9 | = .. 

= 6—EFq+EFDq E 9+ ADC 6. 2. 
| 7 +EFCq 4 —ADC + CEꝗ (EB) d 47. 1. 

9 e Therefore is BDq— ADC. e 3 ak 
i W hich was to be demonſi rated. | 
9 More eaſily, and generally | 
| 1 thus; draw AB and BC. Then, | 
* becauſe the angles A, and D- 4 
> BC a are equal, and the angle a 32 3. { 
ſ $ D common to both, thence | 
1 are the triangles BDC, DB ù b 32. x. | 
E 1 equiangular c WhereforeAD, c 4. 6. | 
a bl DB:: DB, CD, and d conſe- d 17. 6. | 

«I 12 AD x DC — DB. \ Fl 

4 | hich was to be demonſtrated. = 


a 36. 3. 


E 2+ cor. 


The third Book of 


Coroll. 


1. Hence, If from any point A, 
taken without a circle, there be 
ſeveral lines AB, AC drawn which 
cut the circle; the rectangles com- 
prehended under the whole lines 
AB, *AC, and the outward parts 
AE, AF, are equal between them- 
ſelves. 

For if the tangent AD be drawn, 
then is CAF = ADq a BAE. 

2. It appears alſo from hence, 
that if two lines AB, AC, drawn 
from the ſame point do touch a 
circle, thoſe two lines are equal 
B cone to the other. 

For if AE be drawn cutting the 
circle, then is ABq a =—EAFb = 
ACq. 8 


E 


3. It is alſo evident, that from a point A taken with- 
out a circle, there can be drawn but two lines AB, AC 
that ſhall touch the circle g 

For if a third line AD be ſaid to touch the circle, 
thence is AD c=AB c=AC. d Which is abſurd. 

4. And on the contrary, it isplain, that if two equal 
right lines AB, AC, fall from any point A, upon the 
convex periphery of a circle, and that if one of theſe 
equal lines AB touch the circle, then the other AC 
touches the circle alſo. a 

For if poſſible, let not AC, but another line AD, 


touch the circle; therefore is AD e =AC f— AB. 
g Which js abſurd. 
PROF: 


od. IR 24.5 Be : ö 
A 3 , 


20 fel ws aac . iii... 


7 ; 
ö Eucripe's Elements, 3. 63 
1 | PROP. XXXVII. 
. IF without a circle EB F any 
k bk point D be taken, and from that 5 
5 Fioint tevo right lines DA, DB fall! 
4 6 | on the circle, whereof one line DA = 
"Yi 9 cuts the circle, the other DB falls 
je 4 rpon it; and if alſo the rectanole B 
vt 1 comprebended under the whole line 
* = that cuts the circle, and under 
1 that part of it DC which is taken 
„ betwixt the point D and the con- 
4 vex perignery, be equal to that A 
* 3 ſquare which is made of the line DB falling on the circle, I 
1 ſay that that line DB ſo falling ſhall touch the circle 
„ 7 . A 
given. : | 
"oy From the point D 4 let a tangent DF be drawn, and à 27. 3. . | 


1 5 from the center E draw ED, EB, EF. Now becauſe h hyp. 
| uy DBq 6b = ADCc—DEFq, therefore is DB ADF: But « 36. 4; 
= EB EF, and the fide ED common; e therefore the d I. ax. ft 
5 angle EBD — EFD; but EFD is a right angle, and F ſch. 4. 1. 
— 7 therefore EB D is right alſo; and g therefore DB eg, 1 
3 touches the circle, hich was to be dem. f 12. ax; 
g cor. 16.3. 


Coroll. 
2 From hence it follows that the 5 angle EDB. ELF. þ 8. x. 
le 3 
al Y | 
he 825 
= E The End of the third Book, 
I 
B. ; 
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CE 
ELEMENTS. 
Definitions. ” 
L Right-lined figure 1s ſaid to be inſcribed in 
a right-lined figure, when every one of the 


angles of the inſcribed figure touch every 
one of the fides of the figure wherein it is 


inſcribed. 

; A So the triangle DEF is inſcribed in 
the triangle ABC. | 

'D II. In like manner a figure is ſaid 

to be deſcribed about a — when 

"cv every one of the ſides of the figure 

circumſcribed touch every one of the 

angles of the figure about which it is circumſcribed. 

Fo the triangle ABC is deſcribed about the triangle DEF. 1 


III. A right-lined figure is ſaid to be inſcribed in a A 
circle, when all the angles of that figure which is in- 1 
ſcribed do touch the circumference of the circle. 1 
IV. A right-lined figure is ſaid to be deſcribed about Z 

a circle, when all the ſides of the figure which is cir- 2 
cumſcribed touch the periphery of the circle. 3 
V. After the like manner a circle is ſaid to be inſcri- Y 
bed in a right-lined figure, when the periphery of the 3 


circle touches all the tides of the figure, in which it is 4 
inſcribed. VIA 3 


TP. @@ aA =wS 


| . to a right line given 
9 
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VI. A circle is ſaid to be deſcribed about a figure 
when the periphery of the circle touches all the angles 
of the figure, which it circumſcribes, 

VII A right line is ſaid to be 
fitted or 2 in a circle when 
the extremes thereof fall upon 
the circumference; as the right 


line AP- : 


PAOP.L 


In a circle given ABC 
to apply a right line AB 


which doth not exceed 
AC the diameter of the 
circle. 
From the center A at 
the diſtance AE DA „ a 3. poſt. & 
deſcribe a circle meeting with the circle given in B, 3. 1 
draw AB. Then is AB B= AE c =D. hich was to b 5 def. 1; 
be done. | | C confer. ; 


PROP. IL 


In a circle given 


D &_ 
ABC to deſcribe a | 
triangle A BC, equi- 
angular to a triangle | 
given DEF. E | 2 
Let the right line E 
D 


GH 2 touch the cir- A 4 17. 3. 

cle given in A; h make the angle HAC=E, B and the b 23. 1. 

angle GAR, then join BC; and the thing is done. © 3% 8. 
For the angle Bc—HAC AE, and the angle C= d conſtr 

SAB AF; e whence alſo the angle BAC -D. There- 32 1. 

fore the mag BAC inſcribed in the circle is equi- 

angular to DEF. 7H hich was to be done. 


E 2 PROP. 
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PROP. II. Fr 


About a circle given IAB C to deſcribe a triangle L NM 
equiangular to a triangle given DEF, 

Produce the fide EF on both ſides ; at the center I 4 
make an angle AIB-DEG, and an angle BIC=DFH. 
Then in the points A, B, C, let three right lines LN, 
b 17.3- LM, NM, b touch the circle, and the thing is done. 

| For it's evident that the right lines LN, LM, MN, 
c 13.4X, will meet and make a triangle, c becauſe the angles 
1. 3. LAI, LBI are right; ſo that if the 4 right line AB 
was drawn it would make the angles , LBA, leſs 

than two right angles. 
e ſc. $2.1 Since therefore the angle AIB4L e— 2 right moos 
Ff 5 > f= DEG+DEF, and AIBg —DEG; h therefore 
conftr is the angle L= DEF By the like way of argument 
ar. the angle M = DFE. & Therefore alſo the angle 
kc 25 4 N= D. And therefore the triangle LNM deſcribed a- 
baut the circle is equiangular to EDF the triangle given. 


FW hich 4vas to be done. 
PROP. IV. 

In a triangle given ABC, 
| to inſcribe a circle EFG. 
19. 1. a Biſect the angles B 

and C with the right lines 
b 12. I» 


HA circle deſcribed 
C from the center D thro 
E, will paſs through G and F, and touch the three ſides 
of the triangle | 


c cnſer. For the angle DBE c = DBF; and the angle DEB 4 


4 12. ax. — DEB; and the fide DB common, e therefore DE 
(26. J. | , . 


| BD, CD, meeting in the 
point D, ô and draw the. 
1 DE, DF, 


triangle. 


Eucrivpe's Elements, 


DF. By the like argument DG =DF The circle there- 


fore deſcribed from the center D paſſes through the 
three points E, F, G, and whereas the angles at E, F, 
G, are right, therefore it touches all the ſides of the 


hich was to be done, 
Schol. 


Hence, The ſides of a triangle being known, their ſeg- 
ments which are made by the touchings of the circle inſcribed, 
ſhall be found, Thus ; 

Let AB be 12, AC 18, BC 16, then is AB-|-BC—28. 
Out of which ſubduct 18 — AC==AE -j- FC, then re- 
mains 10=BE+BF. Therefore BE, or BF = 5; and 
conſequently FC, or CG — 11. Wherefore GA, or 


y = j* 


PROP. V. 


Allout a triangle given ABC, to deſcribe à circle FABC: 
a Biſect any two ſides BA, CA with perpendiculars 


DF, EF, meeting in the point F. I ſay this ſhall be 


the center of the circle. 


For, let the right lines FA, EB, FC be drawn. Now 


Pet. Herig 


a 10. & 
11. 1 


becauſe AD b — DB, and the fide DF common, and b conſt. 
the angles FDA c = FDB, therefore is FB4— FA. c conſt. & 
After the ſame manner is FC=FA. Therefore a circle 12. ax. 


deſcribed from the center F ſhall paſs through the an- 
gles of the triangle given (vix.) B, A, C. V hich «vas 
to be wone.. 

| | E 3 


Coroll. 


d 4 1. 
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* 31. Zo 


à II. 1. 


b 26. 3. 
G 29. 3. 


„ 


29. def. r. 


The fourth Book of 
| Coroll. 
* Hence, if a triangle be acute-angled, the center 


ſhall fall within the triangle; if right-angled, in the 
ſide oppoſite to the right angle, and if obtuſe angled, 


without the triangle? 


Schol. 


By the ſame method may a circle be deſcribed, that 
ſhall paſs through three points given, not being in the 
ſame ſtrait line. 


PROF, VI. 


In a circle given EABCD 
zo inſcribe a ſquare ABCD. 

a Draw the diameters 
AC, BD cutting each other 
at right angles in the cen- 
ter E. Join the extremes 
of theſe diameters with the 
right lines AB, BC, CD, 
DA. And the thing is 
done. | 
| : Now becauſe the four 
angles at E are right, the þ arches and c ſubtended 
lines AB, BC, CD, DA, are equal; therefore is the 
figure ABCD equilateral, and all the angles in ſemi- 
circles, and ſo d right, e Therefore ABCD is a 
ſquare inſcribed in a circle given. I hich cvas to be 
done. | 


FRO. VII. 


EAC, ro deſcribe a ſquare 
FHIG. Yee 

Draw the Diameters 

AC, BD, cutting one the 

other at right angles; 

through the extremes of 

H theſe diamerers a draw 

0 1 — meeting in F, H, 

I, C, then I ſay it's done. 

| For 


About à circle given 


4 1 


. 85 J 


fore is FG parallel to Hl. 


Fvucripe's Elements. 


For becauſe b the angles A and C are right, c there- b 18 
After the ſame manner is c 28 1. 


FH parallel to GI, and therefore FHIG is a Per. 
and alſo right angled. Ir. is equilateral becauſe FGd d 34 r. 


= HA Be =CAd= FH4-= Gl. : 
Wherefore FHIG is a F ſquare circumſcribed to the f 29.def. 1. 


circle given. W hich was to be done 


Schol. 


A ſquare ABCD deſcribed about a 
circle is double of the ſquare EFGH 


inſcribed in the ſame circle. 


For the rectangle HB —2 HE F 
and HD —2 HF by the 41. 1. 


P.ROP. VIIL 


In a ſquare given AB CD, 
to inſcribe a circle IEF GH. 

Biſect the ſides of the ſquare 
in the points , E, F, G, cut- 
ting one the other in I, a circle 
drawn from the center I thro 
H ſhall be inſcribed in the 
{quare. | 


For becauſe AH and BF 


are 4a equal and b parallel, 


A 


E 


B 


r vo 
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e 15 def. I. 


a 7. AX, 


c therefore is AB parallel to HF, parallel to DC. Af. b hype 
ter the ſame manner is AD parallel to EG, parallel to c 33. 1. 


B C; therefore IA, ID,. IB, IC, are 


arallelograms. 


Therefore AH A AE e = HI— EI = FI —IG. The d 1. ax. 

circle therefore deſcribed from the center I through II, e 34 1. 
ſhall paſs through H, E, F, G, and touch the ſides of 
the ſquare ſince the angles II, E, F, G, are right. 


FE bich avas to be done. 


E 4 


PROP, 


A 4. cor. 
32. I. 
b 6. 1. 


| 2 1. 

1 
Kk 1. ax. 
I 6. 1. 


Twas to be done. 


The fourth Book of 
PAOE 1% 


ABCD, to deſcribe a circle 
EABCD 
Draw the diagonals AC, 
BD, cutting one the other 
in E. From the center E 
through A deſcribe a cir- 
cle, I ſay this circle 
is circumſcribed to the 
ſquare. 
For the angles ABD and 
BAC are a half of right angles, ö therefore EA=EB. 
After the ſame manner 15 EA ED = EC. The circle 
therefore deſcribed from the center E paſſes through 
A, B, C, D, the angles of the ſquare given. hich 


RN 


To make an Iſoceles 
triangle ABD, ba- 
ving each angle at the 
baſe B, and ADB 


ing angle A. 
Take any right 
line AB, and divide 


x BC may be equal 
to ACq. From the 
center A through B, 
deſcribe the circle 
TH | ABD; aud in this 
circle b apply BD AC, and join AD; I fay ABD 
is the triangle required. 
For draw DC, and through the points C, D, A, c 


draw a circle, Now becauſe AB x BC ACq = BDq, d 


it is evident that B D touches the circle ACD which 
CD cutteth ; e therefore is the angle B DCA, and 
therefore the angle BDC C DAF A+ CDA R — 
BCD. But BDC ＋ CDA B DAY CBD, k 


therefore the angle BCD = CBD, and therefore DC 1 


— 
Bm 
* 
* 
_ _ 2 N wag MI 1 2 = 3 
A Af TT 


About a ſquare given *© 


double to the remain- 


it in C, a ſo that AB 


4 1 
"IF. 
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right angles, it's evident that A 


5 Fuciipe's Elements. #3 


= un AC, u wherefore the angle C DRA = A m confer. 
e ADBB — & A—AB D, W hich Was n 5. I» 


fo be done. 


Coroll. 


A, B, D, 5 make up two h 32. 1. 


Whereas all the angles W 


right angles. 
PROP, XL. 


O 


In a circle given AB CDE to inſcribe a Pentagon 
ABCD E equilateral and equiangular. 

a Deſcribe an Iſoceles triangle FG II, having each a 10. 4. 
angle at the baſe double to the other; to the circle, 5 b 2. 4. 
inſcribe a triangle CAD equiangular to the ſaid tri- 
angle FGH. © Biſect the angles at the baſe ACD c 9. 1. 
and ADC with the right lines DB, CE meeting with 
the circumference in B and E, join the right lines 
CB, BA, AE, ED. Then I ſay it is done. 

For it is evident by conſtruction, that the angles 
CAD, CDB, BDA, DCE, ECA, are equal ; where- 4 
fore the d arches and e the lines ſubtending them DC, 46. 45 
CB, BA, AE, DE, are equal. Therefore the penta- Gi * 
gon is equilateral, and equiangular, F becauſe the an- 1 27 3. 

les of it B AE, AED, Ec. ſtand on equal g arches 8 2 0 

CDE, ABCD, &c. 


A more eaſy practice of this problem ſhall be deliver'd 
=. 19 | 
| Coroll. 
Hence, each angle of an equilateral and equiangular 
pentagon is equal to three fifths of two right angles, 
or ſix fifths of one right angle. | 


- Schok. 
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Schol. 


Pet. Herig. Generally all figures whoſe number of ſides is odd, are 


a1. 4 


inſcribed in circles by the help of Tſoſceles triangles, whoſe 
angles at the baſe are multiples of thoſe at the top : and 

gures Whoſe number of ſides is odd, are inſcribed in a circle 
by the help of 1ſoſceles triangles, whoſe angles at the baſe are 


multiples ſeſquialter of thoſe at the top. 


As in the Itoceleſs triangle CAB 

Cc if the angle A= g C—B, then 

will AB be the ſide of a heptagon. 

If A=4C, then is AB the fide 

of an Enneagone. But if A—5 

C, then is AB the ſide of a ſquare. 

A 12 And if A= 23 CA B will ſub- 


LY 


ference, and likewiſe if A= 3 = then will AB be the 
fide of an octagone 


PR OP. XII. 


Aout a circle given FAB CDE, to deſcribe a pentagon 
HIK LG, equilateral and equiangular. 

a Inſcribe a pentagon A 5 CD E in the circle given; 
and from the center draw the right lines FA, FB, FC, 
FD, FE ; and to thoſe lines draw ſo many perpendicu- 


lars GAH, HBI, ICK, KDL, LEG, meeting in the 


b cor. 16 3 points H, I. K, L, G, then I ſay it is done. For be- 
o 2. cor 30. cauſe GA, GE from the ſame point & h touch the circle, 


d 8. 1. 


c therefore is GA—GE, and d therefore the angle GFA 
— GFR. 


tend the ſixth part of a circum- 


bh, + 

"XN 

3 
{ ef 
5 2:4 1 
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FE, therefore the angle AFE— 2GFA, After 

the ſame manner is the angle AFH = HFB, and conſe- 

quently the angle AFB --2AFH. e But the angle e 27. 3. 
AFE -- AFB, f therefore the angle GFA AF H. f 7 ax. 
But alſo the angle FAH g. FAG, and the ſide FA is com- g 12. ax. 
mon, þ therefore HA=AG-:GF., EL, &c k There- h 26. 1. 
fore HG, GL, LK, KI, 1H, the ſides of the pentagon k 2. ax. 
are equal, and ſo alſo are the angles, becauſe double of 

the equal angles AGF, AHF, therefore, &c. 


Coroll. 


After the ſame manner, if any equilateral and equi- 
angled figure be deicribed ina circle, and at the extreme 
points of tlie ſemi-diameters drawn from the center to 
the angles, be drawn perpendicular liues to the ſaid dia- 
meters, 1 {ay that theſe perpendiculars ſhall make ano- 
ther figure of as many equal ſides and equal angles, cir- 
cumſcribed to the circle. 


PROF. XL. 


In an equilateral and e- 
guian ular pentagon given 
ABC! 4 to inſcribe a circle 
FGHK. 

a Biſect two angles of 
the pentagon A and B, 
with the right lines AI, 
BK, meeting in the point 
F. From F draw the per- 
5 FC, FH, Fl. FK, | 
IL. Then a circle deſcribed from the cen 
G wil! touch all the ſides of the pentagon, oy” OO 

Draw FC, FD, FE. Becauſe BAb—B C, and the b py. 
ſide BF common, and the angle FRA S FBC, d there- 45 


fore is AF FC, and the angle FAB — FCB, but the c conſtr. 
0 7 — 5 . 
angle FABe-— 5 BAE. = BCD Therefore the angle 4. I. 


FCB => 20D. After the ſame manner are all the whole wh 
angles C, D, E biſected. Now whereas the angle FGB F 12 

= FHB, and the angle FBH --- FBG, and the fide FB 8 
is common, g therefore is FG --FH. In like manner g 26 
are all the right lines FE, FI, FK, FL, FG equal. 3 
Therefore a circle deſcribed from the center F through 


G paſſes through the points I, I, K, L, and þ touches 


h cor. 1 6.3. 
the | 


The fourth Book of 


the ſide of the pentagon, becauſe the angles at thoſe 
points are right. I hich cvas to be done. 


Coroll. 


Hence, if any two neareſt angles of an equilateral and 
equiangular figure are biſected, and from that point in 
which the lines meet that biſect the angles be drawn 
right lines to the remaining angles of the figure, all the 
angles of the figure ſhall be biſected. : 


Schol. 


— 


By the ſame method may a circle be inſcribed in any 


equilateral and equiangular figure. 


PROP. XIV. 


About a pentagon given ABCDE equilateral and equian- 
gular to deſcribe a circle FABCDE, 

Biſect any two angles of the pentagon with the right 
lines AF, BF, meeting in the point F ; the circle de- 
ſcribed from the center F through A ſhall be deſcribed 
about the pentagon. 

For let FC, FD, FE be drawn. a Then the angles C, 


5% 3.4 P, E are biſected; h and therefore FA, FB, FC, FD, 


. 


FE are equal; therefore the circle deſcribed from the 


center F paſſes through A, B, C, D, E, all the angles 
of the pentagon  H hich was to be done. 


Schal 


af 
J. 


fe 


„ 
WT. 


to inſcribe an Flexagone (or ſix 
fided faure) ABCDEF equila- 


teral and equiangular. 


Eucrip#®'s Elements. 
Schol. 


By the ſame method 1s a circle deſcribed about any 
figure which is equilateral and equiangular. 


PROP. XV. 
In a circle given GABCDEF 


Draw the diameter AD; 
from the center D through 
the center G deſcribe a circle 
cutting the circle given inthe 
points C and E. Draw the 
diameters CF, EB; and join 
AB, BC, CD, DE, EF, FA. 
T hen [ ſay it's done | 

For the angle CGD a — 


+ of 2 right a = DGE 


AGF B= AGB. c Therefore BGC g of 2 right = 
FGE ; therefore the d arches and e ſubtenſes AB, BC, 
CD, DE, EF, are equal. Therefore the hexagon is e- 
quilateral ; but it is equiangled alſo, f becauſe all the 


the angles of it ſtand upon equal arches. 


Coroll. 


1. Hence, the fide of an hexagon inſcribed in a circle 
is equal to the ſemidiameter. 


2. Hereby an equilateral triangle ACE may very eaſi- 


ly be deſcribed in a circle given. 


Schol. Probl. 


To make a true bexagon upon & vight line given CD. - 
a Make an equilateral triangle CGD upon the line 


given CD; from the center & through C and D deſcribe 


a circle. That circle ſhall contain the hexagon made 
upon the given line CD. | 


PROP. 


A COM. 32 it. 
b 15. I. 
C cor. 13.1 
d 26. 3. 


2 29 3s 


f 27. Zo 


And. 
Ta. 
1 6 


a 11 4. 


b 2. 4. 


C conſtr. 


d 27. 


A 


- 3 
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PROP. XVI 


26 
, D 
7 


Va 
= —— 


In a circle given AEBC, to inſcribe a quindecagon (or ff- 
teen ſided figure) equilateral and equiangular. 

a Inſcribe an equilateral pentagon AEFGHin the cir- 
cle given, and b alſo an equilateral triangle ABC, then 
I = BF is the fide of the quindecagon required. 

or the arch AB c is 4 org of that periphery where - 
of AF is 3 or 2, therefore the remaining part BF is 
A of the periphery; and therefore the quindecagon, 
whoſe fide is BF, is equilateral ; but it is equiangular 
alſo d becauſe all the angles inſiſt on equal arches of a 
circle, whereof every one +3. of the whole circumfe- 
rence. Therefore, G. 


Schol. 


A circle is geo- ( 4, 8, 16, &c. by 6, 4, and 9, 1. 
metrically di- 3, 6, 12, &c by 15, 4, and 9, I. 
vided into 5, 10, 20, &c. by 11, 4, and 9, 1: 
parts 15,30, 60, &c. by 16, 4, and 9, I. 


Any other way of dividing the circumference into 
any parts given is as yet unknown; wherefore in the 
conſtruction of ordinate figures, we are forced to have 
recourſe to mechanick artifices, concerning which you 
may conſult the writers of practical Geometry. 


THE 


* 


— 1 — - _ — 1 LEAD ODE : 4 S ks 3c,” 5 r. * * 
* W m 7 a * * en Cn 8 8 D » r. G7 NN * Wi Sy, + * SIA, . oo — . - - 1 * * 1 De th 8 „ 
2 + 2 . 88 8 5 7 1 3 2 8 * 7 > 14 Phat Y 8 5 l 8 Fe 4 — 8 y — . . 
„ j y e r DOPE To Rt MEE Es: 2 
8 * ws n 4 — 3 21445 9 een N » Ban 3 9 * * — * . . 2 n e wp"? Dog \ 88 X 8 5 > 8 * N * YL” - 
„ „00000 T CES MATTY INTEEY To T3 e a BEER \ Vc WAS 8 . e C * N e : 
7 0 8 1 A1 — * on E > = * <P . 5 ä * 2 0 ok ve Ad 8 
2 1 AG.” L — * . s * ren Wt HD. 5 2 'X 4 2 ER 2 4 3 =” 
93 . 0 Y 4 % 0 A x * . * > 8 8 7 > 8 8 * oy Reg ES BS 
* oY . 7 ** „ 4 8 1 2 — n rt. Wer 
- * . . r 
5 * « . 8 . N + >. 3 * 


els 


r 
3 
OCT — 8 


B. $4 


7 ++ 
The Fir TH BO OR 


4 E L E M ENT S. 
A Definitions. 
9 Part, is a magnitude of a magnitude, a leſs 
* of a greater, when the leſs meaſureth the 
by: greater 
#6 II. Multiple is a greater magnitude in 
1 reſpect of a leſſer, when the leſſer meaſureth the great- 
ir- "I" Ratio is the mutual habitude or reſpect of two 
zen | magnitudes of the ſame kind each to other, according 
3 to quantity. | 
re - 1 In every ratio that quantity which is referr'd to another 
"is | quantity is called the antecedent of the ratio, and that to 
on, * evhich the other is referr'd is called the conſequent of the 
lar ratio, as in the ratio of 6 to 4, 6 is the antecedent and 4 
f a 4 the conſequent. | | 
e- Note, T he quantity of any ratio is known by dividing the 
9 antecedent by the conſequent; as the ratio of 12 to 5 * ex- 
A preſſed by 5; or the quantity of the ratio of A to B is 3 : 
: 1 I herefore, often for brevity ſake cve 2 the quantities ef 
; A A - 
, 9 wvatio's thus - = FI Or =,0r — —. that 755 the ratio 
N 3 A to B is greater, equal, er leſs than the ratio of C to 
A D. I hich muſt be well olſerved by thoſe who would under- 
the ftand this Books | | 
18885 Concerning the divers ſpecies ratio s, you may pleaſe 
* to conſult interpreters 

IV. Proportion is a fimilitude of ratio's. 

T hat <vhich is here termed proportion, is more rightly 
| * Ccalled proportionality or analogy ; for proportion commonly 
19S | * denotes no more than the ratio betævixt tævo magnitudes 
8 = V. Theſe 


- 
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V. Thoſe numbers are ſaid to have a ratio betwixt 
them which being multiplied may exceed one the other. 


E, 12. jA, 4. B, 6.1 G, 24. VI. Magnitudes are ſaid 
F, 30 C, 10 5575 IR. 60. to be in 1 ſame ratio, 
the firſt A to the ſecond B, and the third C, to the fourth 
D, when the equimaltiples E and F of the firſt A, 
and the third C compared with the equimultiples 
G, N, of the ſecond B, and the fourth D, according 
to any multiplication whatſoever, either both together 
E, F are leſs than G H both together, or equal taken 
together, or exceed one the other together, if thoſe be 
taken E, G, and F, H, which anſwer one to the o- 
ther. | | 

T he note hereof is : :; as A. B.:: C. D. That is, as A 
is to B, ſo is C to D. which ſignifies that A to B, and C to 


D, are in the ſame ratio. We ſometimes thus expreſs it 
C SD 


— —, that is, A. B:: C. D. 
B Do: 
C. 


VII. Magnitudes that have the ſame ratio (A. B :: 


D. are called proportional. 


E, 30. A, 6. B, 4'G, 28 VIII When of equimul- 

F, 60. C, 12. D, 9. H, 6.3 tiples, E the multiple of 
| the firſt magnitude A ex- 

ceeds G the multiple of the ſecond B, but F the mul- 

tiple of the third C exceeds not H the multiple of 

the fourth D, then the firſt A to the ſecond B has a 

greater _—_ than the third C to the fourth D. 

A 


If ” — = „it is not neceſſary from this definition, that 
E ſhould always exceed G, when F is leſs than H; but 
it is granted that this may be. 

IX. Proportion conſiſts in three terms at leaſt. 


WW hereof the ſecond ſupplies the place of t<vo. 


KX. When three magnitudes A, B, C, are proportional, 
the firſt A is ſaid to have a duplicate ratio to the 
third C, of that it hath to the ſecond B: But when 
four magnitudes A, B, C, D are proportional, the 
firſt A is ſaid to have a triplicate ratio to the fourth 
D, of what it has to the ſecond B; and ſo always in 
order one more, as the proportion ſhall be extended. 


Dupli- 


thy 


* .. — — 3 "=o 
Evcripx's Elements. 
A A 8 
Duplicate ratio is thus expreſſed 72 = 3 twice, that is; 


the ratio of A to C is duplicate of * ratio of A to B. 
A 
Triplicate ratio is thus expreſſed ; 5 — = thrice ; that 


is, the ratio of A to D is triplicate of the ratio of A to B. 
== Denotes continued proportionals; as A, B, C, D-=, alſo 
2, 6, 18, 54, — are continual proportionals. | 

XI. Homologous, or Magnitudes of like ratio, are 
antecedents to antecedents, and conſequents to conſe- 
er that is, F A. B:: C. D; A and C; as well as 

and D are called homologous magnitudes. 8 

XII. Alternate proportion is the comparing of ante- 
cedent to antecedent, and conſequent to conſequent. As 
if A. B: : C. D. therefore alternately, or by permutation, A. 
C:: B. D. by the 16. of 5. | 1 

In this definition, and the five following, names are gi- 
ven to the ſix ways of arguing which are often ſed by Ma- 
thematicians : the force of which inferences depends on the 
propoſetions of this book, which are named in their explica— 
tions. f 

XIII. Inverſe ratio is when the conſequent is taken 
as the antecedent, and ſo compared to the antecedent 
as the conſequent ; as A. B:: C. D; therefore inverſly B. 
A:: D. C. by cor: 4. 5. 

XIV. Compounded ratio is when the antecedent and 
conſequent taken both as one are compared to the con- 
ſequent it ſelf. 4s A. B:: C. D; therefore by compoſition 
AB. B:: CD. D. by 18. 5. - 

XV. Divided ratio is when the exceſs wherein the 
antecedent exceedeth the conſequent, is compared to 
the conſequent. 4s A. B:: C. D; therefore by diviſion, 
A—B. B:: C-D.D, by 17. 5. | 

XVI. Converſe ratio is when the antecedent is compa- 
red to the exceſs wherein the antecedent exceeds the 
conſequent. As A. B:: CD; therefore by converſe ratio 
A. AB:: C. C—D: by the coroll. of the 19. of the 5. 
XVII. Proportion of equality is where there are ta- 
ken more magnitudes than two in one order, and alſo 
as many magnitudes in another order, comparing two 


to two being in the ſame ratio; it cometh to paſs that 


as in the firſt order of magnitudes, the firſt is to the 


lift, ſo in the ſecond —_ of magnitudes, is the firſt — 
tne 
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the laſt: Or otherwiſe : it is a compariſon of the ex- 

tremes together, the mean magnitudes heing omitted. 

T hus let A, B, C, be three magnitudes and D, E, F, 
three others, and taking them tauo by tæwo, let them be in 
the ſame proportion, that is, let A. B:: D. E, and B. C:: 
E. F; now if it be inferr'd that A the firft of the firſt or- 
der, is to C the laſt, as D the firſt of the ſecond order, is 
to F the laft, this form of arguing is ſaid to be ex æquo, 
or from equality. ; 

XVIII. Ordinate proportion is, when antecedent is 
to conſequent, as antecedent to conſequent, and as the 
conſiequent is to any other, ſo is the conſequent to any 
other. As when A. B:: D. E. alſo B. C:: E. F. and 
then it ſhall be A. C:: D. F. by the 22. of the 5. 

XIX. Perturbate proportion is, when three magni- 
tudes being put, and others alſo, which are equal to 
theſe in multitude, as in the firſt magnitudes the antece- 
dent is to the conſequent, ſo in the ſecond magnitudes 
is the antecedent to the conſequent : and as in the firſt 
magnitudes the conſequent 1s to any other, ſo in the 
ſecond magnitudes is any other, to the antecedent. T hus 
if A, B, C, and E, F, G, are two ſets of magnitudes, if 

A the firſt of the firſt ſet, is to B the ſecond, as F the ſe- 

cond FL ſecond ſet, is to G the laſt; and alſo if B the 

ſecond of the ff ſet is to C the laſt, as E the firſt of the ſe- 
cond ſet is to F the ſecond, ſuch is called pertubate proportion, 
and by the 23. 5. A. C:: EAW. 

XX. Any number of magnitudes being put; the pro- 
portion of the firſt to the laſt is compounded out of the 

proportions of the firſt to the ſecond, the ſecond to the 
third, and the third to the fourth, &c. to the laſt. 

Let there be any number of magnitudes A, B, C, D 


ä 
by this definition — = Xx — x — 
7 

Axiom. 


: Equimulciples of the ſame, or of equal magnitudes 
ate equal to each other 5 N 
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Fucripe's Elements. 


PRO P. I. 
2 4 Þ Ex 
. 


If there be any number of magnitudes AB, CD, equimult;- 
es to a like number of magnitudes E, F, each to each; 
aubat ever multiple one magnitude AB js of one E, the ſame 
multiple is all the magnitudes ABC to all the other mag- 
nitudes E1-F. 

Let AG, GH, HB, the parts of the quantity AB, be 
equal to E, and alſo let QC IK, KD, the parts of the 
quantity CD be equal to F. The Number of theſe are 


a and GH IK=E+F; 2 and HB EKD 
F, it is evident that ABCD doth ſo often contain 


EA as one AB contains E, Which was to be done. 


PROP. II. 


If the firſt AB be the ſame mul- 

| tiple of the ſecond C, as the third DE 
is of the fourth F, and if the fifth 

BG be the ſame multiple of the 7 

| C, as the ſixth EH is of the fourth F; 
then ſhall the firſt and fifth taken to- 
* gether ( AG) be the ſame multiple of 


G 


” 


H— 


B 


the ſecond C, as the third and ſixth 
talen together (DH) is of the fourth 


| | | The number of parts in AB egrial 
AC DF each to C is put equal to the num. 

5 bers of part in DE, whereof each 

part is equal to F. Likewiſe the number of parts BG 
is put equal to the number of parts in EH. Therefore 


the number of parts in AB-þ-BG is equal to the num- 
ber of pw in DE-- EH. 4 That is, the whole line 


AG is the ſame multiple of C, as the whole line DH is 
of F. Which was to be demonſtrated. 
Fg 


F 2 PROP. 


a2. 


pu equal to thoſe. Now whereas AG ＋ CI 2— 2835 a 2. al 


4 


—— . ꝗ— — æG—ꝛ—— —————— Lu fas — 22 Jn 
_— — 2 at 
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PROP. II. 


= If the firſt A be the ſame multiple 

; a | of i ae B, as the third C is f 

the fourth D, and there be taken El, 

| f PL EY equimultiples of the firſt and third, 

: H then 4vill each of the magnitudes taken 
a E be equimultiples, the one El of the ſe- 
8 cond B, the other FM of the fourth D. 

Let EG, GH, HI, the parts of 
the multiple EI be equal to A, 3 

: 2 alſo let FK, KL, L M, the parts A 
EY = of the multiple FM be equal to C, | 
a the number of theſe is equal to 

a p. [ the number of thoſe. Moreover 


4 

* »* 
| | 

F 


17 


A (that is) EG or GH or HI is put 

the ſame multiple of B, as C, or 

EAB EOD F K, &c. is of D. b Therefore 

a EGS -OH is the ſame multiple of 

5 the ſecond B, as FK ＋ KL is of 

the fourth D. c By the ſame way of arguing is EI (EH 

A-HT) the fame multiple of B, as FM ( LN) is of 
D. Which was to be demonſftrateds - © 
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the ſame ratio to G and H the equimulti- 4 
ples of the ſecond B and the fourth D, ac- | 


and K are taken the ſame multiples of 


demonſtrated, 


EucLlipe's Elements; 
PROP. IV. 


If the firſt A have the ſame ratio to the 


ſecond B, as the third C to the fourth D; © 5 


then alſo E and F the equimultiples of 
the firſt A and the third C, ſhall have 


cording to any multiplication, if ſo taken 
as they aw each to other (E.G:: | | 
F. H.) : | 
Take I and K equimnltiples of E | 1 N 
L & 
E 


and F; and alſo L and M equimulti- 
ples of G and II. 4 Then is I the L 
ſame multiple of A, as K is of C; à and 

alſo L is the ſame multiple of B, as Mof KFC 

D. Therefore whereas it is A.Bb:: has | 


C.D; according to the fixth defini- 
tion, if I be , =, L, then con- o& 
ſequently after the ſame manner is K 
, = = M, Therefore when I 


E and F, as L and M of G, andH, then T | 
will 1t be * the ſeventh definiti- 
on E. G:: F. H. Which was to be 1 


Coroll. 


From hence is wont to be demonſtrated the proof of inverſe 
ratio f | 

For becauſe A. E:: C. D, therefore if E=, — 
— G, then is c likewiſe Fc, , ; there. 
fore it is evident, that if G c, =, E, then is 
H-=, =, 38; 4 therefore RR:! ne. 
Was to be demonſtrated. 


Par . 


If a magnitude AB : 1 
le the ſame 3 of * Es 
a magnitude „ as a — LT | 
part taken from the one ” 

AE is of a part taken from the other CF; the reſidue of 
the one EB, [ball be the ſame multiple of the reſidue of the ot hen 
FD. as the whele AB 5s of the <vhole CD. 


F 2 


4. 3. 5. 


b byp. 


c 2. def. 5. 
d 6. def. 5 


3 Take. 


A 3. ax. 
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Take another GA, which ſhall be the ſame multi- 
tiple of FD the reſidue, as AB is of the whole CD, or 
as the part taken away AE, 1s of the part taken away 
CF. à Therefore the whole GA + AE is the ſame 
multiple of the whole CF-+FD, as the one AE is of 
the one CF, that is, as AB is of CD; therefore GE 5 
AB; and c ſo AE which is common being taken away, 


there remains GAEB. Therefore, &c. 
PRO P. VI. 


If tavo magnitudes AB, CD, are equi- 
multiples of two magnitudes E, F; and 
ſome magnitudes AG and CH equimul- 
tiples of the ſame E, F, be taken away ; 
then the reſidues GB, HD, are either e- 


Q 


| equimultiples of them, | 
> 2 For becauſe the number of parts in 
AB, whereof each is equal to E, is 
put equal to the number of parts in 
CD, whereof each is equal to F; and 
PO Aalfo the number of parts in AG equal 
| to the number of parts in CH; If from 
one you take AG, and from the other CH, à then re- 
mains the number of parts in the remainer GB equal 
to the number of parts in HD; therefore if GB be 
once E, then is HD onceC; if GB be many times 
E, then is HD ſo many times C. Which was to be de- 
monſtrated. | ' 


PROP. VII. 


Equal magnitudes A 
and B have the ſame 


A—D—— 
pes 

B— Et a a proportion or ratio to 

„ | the ſame magnitude 


C. And one and the ſame magnitude C hath the ſame 
ratio to equal magnitudes A and B. 
Take 5 and E equimultiples of the equal magnitudes 
A and B, and F any multiple of C; then is D a —E. 
Wherefore if DC, —, F, then allo E will be 
c, — F, b therefore A. C: B. C; and c by 
inverſion C. A: : C. B. Which was to be demonſtrated. 
| | | | Schols 


qual to theſe magnitudes E, F, or elſe 
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: Schol. 


If inſtead of the multiple F, two equimultiples be 
taken, it will be the ſame way proved that equal mag: 
nitudes have the ſame ratio to any other magnitudes that 
are equal between themſelves. | 


PROP. VIIL 


os PF ww > "34 % 


Of unequal magnitudes AB, AC, the © 
greater A B hath a greater ratio to the | 
ſame third line D, than the leſſer AC; and F B 
the ſame third line D hath a greater ratio ll # 67 
zo the leſſer AC, than to the greater AB Ho 
Take EF, EG equimultiples of the L 
ſaid AB, AC, ſo that EH a multiple of ; 
D may be greater than EG, but leſſer | 
than EF, (which will eaſily happen, if IN 
both EG and GF be taken greater than | 
D.) It is manifeſt from $ def. 5. that 
AB AC D D 
— — — and — — , 
D D AB AC 
FW hich was to be demonſtrated. 
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Magnitudes which to one and the ſame mag- 
nitude have the ſame ratio, are equal the one 
to the other. And if a magnitude have the 
fame ratio to other maguitudes, thoſe mag- 
avtudes are _ one to the other. | | | 
1. Hyp. If A. C:: B. C; I fay that A | 
B. For * A be * or leſs than C. CBA 
; a4) thenis = aw 1 hbich is contrary to + % © 


= whe Hypotheſes. | | 
4 2. Hyp. If C. B 8 CG 228 ſay that A=B. For let A 


: 3 be © B, bthen ” t rs W hich is againſt the Hy- b ;. 
| : 3 patbeſss. | | 


The fifth Book of 


PROP. X. 


Of magnitudes having ratio to the ſame 
magnitude, that which has the greater ra- 
| tio, is the greater magnitude : and that mag- 
| nitude to which the ſame bears a greater ratio, 
| is the leſſer magnitude. 
A 


AB C 1. Hyp. If 2 I fay that Ac B. 


47.5 For if it be ſaid that A=B. a then A.C :: B. C J/vich | 
b 8. 5. is contrary to the Hypotheſis, If A A B, ö then is 
— —2— Thich is alſo againſt the Hypotheſis. — 
5 | | 9 1 
C C 
2. Hyp. 3 = I fay that B A; for if 


TL SHO 6 a A. i 


1 on 


you ſay B=A, it's againſt the Hypotheſis, for it will 
© 7.5- c follow 2 9 C. B:: C. A. If you ſay B g A, d then 
d 8. 5. C = 
__ is — — _ . Which is alſo againſt the Hypotheſes. 

Woe. A ' SY ; ; ; ; 


| PROP. XL 


"WD wwe a £A a6 a; 4. 


A C E — 


* L « M 


Po Proportions which are one and the ſame to any third, are RR. 

| alſo the ſame one to another. | | 4 

Let A. B:: E. F, and C. D:: E. F. I ſay that A. 83 
:: C. D. Take G, E, I, equimultiples of A, C, E; 
and K, L, M, equimultiples of B, D, F. Now a be- 
a yp cauſe A. B:: E. F; if GC, =, K, b then after 
| the ſame manner Ic, =, = M. And likewiſe + 
| b 6 def: becauſe E F:: C. D, if Ic, = M, b then is 
| 6 4 5 Hlikewiſe , =, L. c wherefore A B:: C.D. 
5 . 5. W bich wa to be demonſtrated. 8 
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Fucrip ES Elements. 


Schol. 


Proportions that are one and the ſame*to the fgme 


proportions, are the ſame betwixt themſelves. 


PROP. XII. 
—_— — H — — 1 —— — — aac 
A C E 


If any number of magnitudes A, B; C, D; E and F be 
proportional; as one of the antecedents A is to one of the conſe- 
quents B, ſo ave all the antecedents A, C, E, to all the 
conſequents B, D, F. 

Take G, H, I, equimultiples of the antecedents, and 
K, L, M, of the conſequents. Becauſe that one G is 


the ſame multiple of one A, à as all G, H, I, are of a 1. 5. 


all A, C, E; and becauſe one K is the ſame multiple 
of one B, as all K, L, M, are of all B, D, F: More- 
over becauſe A. B:: C. Dhĩ:: E. FE, if & be , , 
or A K, then will H likewiſe be no, , L, and 
I&), =; DIM; andforf Go, =, = K, mike 
manner will GH I be Cr, =, aK4+L+M; 
c wherefore A. B:: A+C+E. B-|-D+F. hich ævas 


to be demonſtrated. 


Coroll. 


Hence, if like proportionals be added to like pro- 
portionals, the wholes ſhall be proportional, 


PROF. XUE 
A C E 
K — L —— es M —— 


F the firſt A have the ſame ratio to the ſecond B, t hai 


Ihe third C hath to the fourth D, and if the third C have 


a greater proportion to the fourth D, than the fiſth E to 


the, 


b hyp. 


C 6. def. 5. 


90 Pe filth Book of 
ibe foxth F; then alſo ſball the firſt A have à g eater 


proportion to the ſecond B, than tbe f{th E to the fixth F. 
Take G, H, I, equimultiples of A, C, E, and K, L, 
M, equimultiples of B, D, F. Now - becauſe that A. 
B:: C D, if HL, a then is GK; but becauſe 
a 6. def. 5. CB :. | 
Fc, — = 2, bit may be that H c L, and yet I not c 
b 8. def. 5 8 | * 


„ | 
e 8. def. 5. M. c Therefore 1 Which epas io be demon. 


Schol. 
E . 
But if — "Iv, then alſo is = — —. Alſo, if 
98 B F | 
C E K * 
c — = 2, then is —- A — . And if —— 
D F. 8 B 
E K 
—, then is = — —. 
F B F 
PROP. XIV. 


FE. 


TM 


ol OX 


Ff the firſt A have the ſame ratio to the 
ſecond B, that the third C bath to the 
| | fourth D; and if the firſt A be greater , 
than the third C; then ſball the ſecond B © all, 
be greater than tbe fourth D. But if the , 
firſt A be equal to the third C, then the ſe- | and 
= cond B ſhall be equal to the fourth ; but if 7 A. 
* ; A be leſs, then is B alſo *.. | : — 
if | + - 1 
4 a 8. 5. f Let At- C; a then - cg — b but 0 
b byp. SER N B B | 
+ ARCD. AC V8 | 
- z ctherefore = ©” =» c therefore {a "of 
B | | x 
B — D. By the like way of argument, if A > C, 3 con 
d 10 5. q then is B — D But if A be put equal to C, then I 
3 C. B: : e A. BF:: C. D. g Therefore B =D. F hich 4 


© / 
| f byp. was-to be demonſtrated, 
wee _” 


1 
i | . 5 
[ = 

[ 
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Schol, 


A C 
By an argument 4 fortiori, if = 25 and A c C, 


then is B C= D. Likewiſe if A=-B, then is C=D, and 
if At, or 2B, then alſo is C c or -aD. 


| PROP. XV. 

Parts C and F are in the ſame ratio, 2 
n thair lids. eee AB and DR f | 
taken corre pondently, (AB. DE:: C. F.) Be | 

Let AG,. GB, parts of the multiple AB | E 
be equal to C; and let DH, HE, parts of a 1 ; 
the multiple DE be equal to F. 4 The | a hyp. 

number of theſe parts is equal to the num x 
ber of thoſe. Therefore whereas ö AG, | b 7. f. 
C:: DEL F, and GB. C:: IE. F; there- en 
fore is c AG IL GB(AB)DH HE (DE) ACDE 
:: C. F. Which was to be demonſtrated. 


PROP. XVI. 


If four magnitude A, B, C, D, are proportional, they 
alſo ſball be alternately proportional (A. C:: B. D) 

Take E and F equimultiples' of A and B; take alſo G , 1 5. 5. 
and H equimultiples of C and D. Therefore E. Fa: : h . 
A. BI:: D.:: H A if Bo, =; ( 
Y G, then likewiſe is Fc, =, H d Therefore 14 5. 

A. C:: B. D. Which was to be demonſtrated. d 6 def. 5. 


S & 


Schol. 
'© Alternate ratio has place only when the quantities are 
of the ſame kind For heterogeneous quantities are not 
compared together. 


8. 3 2 


PROP. 


8. 
2 
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PROP. XVII 


N If magnitudes compounded are 
proportional (AB. CB: : DF. FE.) 
- they ſhall be e proportional alſo when ' 

] te, (A DF. FE.) 
; TS Take GH, HL, IK, KM, in 


PROP, 


. order equimultiples of AC, GB, 

M— DF, FE; and alſo LN, MO, 

© equimultiples of CB, F E. The 

4 1. 5 whole GL is a the ſame multi- 

le of the whole AB, as one 

b conſtr. i GHi is of one AC, 5 that i is, as 

„% ww. IK of DF, c or as the whole IM 

E of the whole DE. Alſo HN 

d 2. 5 # COT 1s d the ſame multi- 

— pl eof CB, as KO, (KM 

| | | | Mo is of FE. "Therefore, 

whereas b * Hyp. £ AB. 3. BO : : DE. 

K-05 | n =, IBN, 
| 4 likewiſe e will IMA, = == KO. Ws: L 
e. def. 5. from theſe HL, K M, that are equal; and if the re- f 
| mainder GH be — , = LN, f then will IK * 
f 5. ar. =, —, MO, g whence AC. CB: : DF. FE. hich 5 
g 6. dof. 5 was to * denfirated. iſt; 

P R OP. XVIIL 

| If magnitudes divided ave 88 
F (AB. BC:: DE EF,) the ſame alobeine MW © 
| 5 Pall be Proportional ( C. CB F 85 
81 DF. EE) I yp" 

- For if it can be, let AC. G:: DFF . ( 

a 17. 5. | FG -a FE. 4 Then by diviſion will 4 js 
b by, & By TE AB. BC: : DG.GF; b that is, DG.GF zs 
# : DE. EF, and fince UG "DE, e , 
3 the 
C 14 5. 7 - therefore i is GF EF. Which is ther 
d 9. ax abſurd. The like abſurdity will follow 0. 
| A D if it be ſaid AC. CB: DF. GFN bh” 
FE. f 
Ver 


Evcripe's Elements. 
PROP. XIX. 


If the whole AB be to . 
tbe aubale DE as the part A —1—B3 — 
taken away AC is to the | F E. 
part taken away DPF, - ĩð 
then ſball the reſidue CB be to the reſidue FE, as the whole 


AB is to the whole DE. | 
Becauſe a AB. DE:: AC. DF, 5 therefore by per- a hyp. 


mutation AB. AC:: DE. DF, „ and thence by diviſion b 16. 5- 
AC. CB: : DF. FE ; b wherefore again by permu- c 17. 5. 
tation AC. DF :: CB. FE; d that is, AB. DE:: CB. FE. d hyp. & 
F bich was to be demonſtrated. II. 5. 


Coroll. 


Hence, If like proportionals be ſubtracted from like 
proportionals, the reſidues ſhall be proportional. 
2. Hence is converſe ratis demonſtrated. | 
Let AB. CB : : DE. FE, I jay that AB. AC:: DE. | 
DF. For by a permutation AB. DE CB. FE, b a IG. 5. 
therefore AB. DE: : AC. DF, whence again by per- b 19. 5+ 


mutation AB. AC:: DE DF. hich was to be demon- 


ſtrated. | 
PROP. XX. 


If there ave three magnitudes A, B, 
C, and others D, E, F, equal to thoſe 
in number, which being taken two and 
two in each order are in the ſame ratio, 
(AB:: D. E; and B. C:: E F,) 
and if ex æquo the firſt A be greater than 
the third C; then ſball the fourth D 
be greater than the ſixth F. But if 
the firſt A be equal to the third C, 
then the 3 D Dall be equal to 
= you 3 and if A be leſs than C, then ſball D be leſs 
than F. 
I. Ey. I AC. Becauſe a 3 b in- bang | 
verſion it ſhall be F,E :: C. B. c But — .d there- 8. 544 

| WO d ſch. 13. 5. 
Te wa” 


94 The fifth Book of 
5 F A: 00 3 
e 10. 5. —_ 2 =; or ny e therefore Dc. F. Which wat 


to be demonſtrated. | 
2. Hyp. By the ſame way of arguing, if A AC, it 
F will appear that D F. on, 
. 3. Hyp. If AC. Becauſe F. E:: C. B:: f AB:: 
g 11. 5 D. E. g therefore is DF. I hich was to be dem. 


Ed P.ROP. XXI. 


If there are three magnitudes A, B, 


C, and others alſo D, E, F, equal to 


| 1 them in number, auubich taken two 
ö | and two are in the ſame ratio; and 
| their proportion "oy qa (A. B:: EF, 
= and B. C.:: D. E.) and if ex æquo 
| | the firſt A be greater than the third C, 
| then is the fourth D greater than the 
{ fixth F; but if the firſt be equal to the 
A BCDEF third, then is the fourth equal to the 
; fixth; if leſs, ſo is the other likewiſe. 
a Py I Hy. If A © C; then 3 888 1 „ es 


b 8. 5. therefore inverſely E. D:: C. B, but 5 5 =D; 


B 
E. A = 
ech. 13.5. „therefore — ps that 1s, than 5 d therefore 
D | | 


2. Hyp. By the like argument, if ADC, then is 
"Dy 775 | 
5 5 3. Hyp. If A — C; then becauſe E. D: : e C. B 
JP: ::e A. B:: FE. F, g therefore is DS F. Which was 
89 5 tobe demonſtrated. 


PROP. 
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vas PRUFT. XAT 
; If there be any number of | 
2 1k magnitudes A, B, C, and o- r 5 
| thers equal to them in number | 
s D, E, F, which taken two 
and two are in the ſame ratio { | | 
(A. B:: D. E and B C:: E. AB CNDEF O 
F.) they ſball be in the ſame ra- 
—_ FA uality (AC +: D. F.) G1 L H KM 
B, ake ed H, equimultiples | 
to of A, D; and I, K, of B, E; | 
F110 and alſo L, M, of E. F. 3 8 1 
and Becauſe A. B. D E, 82 
F, therefore G. I:: H. K; and 1 * 
quo in like manner I. L:: K. M. | . 
C therefore, if & Ea L, d6 22 
the e then is H , , M, 4 | « OREN? 
the therefore A. C:. D. F. By z | ] 
the the ſame way of demonſtra- | 
. tion if further C. N: F. O, 
C, then by equality A N: D. O. | 
W bich was to be demonftra- | 1 


ted. 
PROP. XXBL 


If there ave three magnitudes A, B, 
C, and others D, E, F, equal to 
them in number, which taken two and 
zo are in ſame ratio, and their pro. 
portion perturbate (A. B:: E. F, and 
B. C: D. E) they ſhall be in the 
N ratio alſo by equality (A. C:: D. 


A B 
) G H 
Take G, H, I, equimultiples* of | | 


A, B, D; and alſo K, L, M, equi- 
multiples of C, E, F. Then G. II 
: :4 A. B:: b E. F. :: L. M. More- 
over becauſe b B. C:: D E, thence 
is c H. K:: I. L; therefore G, II, 
K, and I, L, M, are as in 21. 5. 
Therefore if G be c-, . = 
K, then is likewiſe I To, , 25 
M, and fo d conſequently A. C: D. 
F. HW hich was to be demonſtrated, 


4 1 
b. Yb. 


2 


d 6. def 5. 


The fifth Book of 
If there are more magnitudes than three, this way of de- 
monſtration holds good in them alſo. 2 


Coroll. 


From hence * it follows, that ratio's compounded of 
the fame ratio's, are among themſelves the tame ; as al- 
ſo that the fame parts of the ſame ratio's, are among 
themſelves the ſame. 


PROP. XXIV. 


A—— — — 6 | if the firſt magnitude AB, 
C | has the ſame ratio to the ſe- 
D— E — H cond C, qwhich the third DE, 
F — has to the fourth F; and if 


the fifth BG has the ſame ra- 
#i0 bs the ſecond C, which the ſixth EH has to the fourth 
F; then ſball the frf compounded with the fifth (AG) have 
the ſame ratio to the ſecond C, <uhich the third compounded 
vith the ſixth (D ) has to the fourth F. [os 
For becauſe à AB. C:: DE. F, and by the Hyp. and 
inverfion C. BG : : F. EH; therefore by b equality AB. 
BG :: DE. E'H, whence by compounding, AG. BG: : 
DH. EH. Alſo c BG. C:: EH. F. Therefore again by 
b equality AG. C: DH. F. Which was be de monſtra- 
ted. . 


PROP. XXV. 


B | If four magnitudes are propor- 
D tional (AB, CD:: E. F) the great- 
eſt AB and the leaſt F ſhall be 

greater than the reſt C, D, and E. 


G Make AG—E, and CHF. 
| Becauſe AB. CD : : a EF. b AG. 
; + I CH, & thence is AB. CD:: GB. 
25 X | HD; d but AB = CD, e there- 

" 0: fore GB — HD. But AG - 
„ F—E - CH, therefore AG +, 


. F+ GBE-þCH + HD 
that is, AB+ Fc. ECD. F hich was to be demonſtra- 
ted. | 

| T beſe propoſitions which follow are not Euclide's, but ta- 
ken out of other Authors, and bere ſubjoyned becauſe of their 
frequent uſe. | PROP. 
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PROP, xXXVI. : 
If the faſt have a gres. A———C— 

er proportion to the ſecond, B — D— 

than the third to the fourth; —— —ę—̃— 

then by converſion, the ſe- 

rond ſhall have a leſs proportion to the firſt, than the fourth 


to the third. | 
5 B D 
Let — £—, I fay that — 2—. For conceive 
B- D A C | 
8 . 
— ==; a therefore — -; b hence Ac E, c there- : 1 — 5: 
DB B B O. 5. 
VG C 6s. 25 
fore — —, d or —: FW hich <vas to be demonſtrated. dor. 4+ 3. 
1 C 
PROP. XXVII. 
If the firſt have à greater pro- A 0 —— 
portion to the ſecond, than tbe B —— D—— 
third to the fourth; then alter= E 
nately the firſt [ball have a great- | 
er proportion to the third, than the ſecond 2 fourth. 
A 
Lat —£* then I fay — ——. For conceive 
| 0 G 
E 5 
— , 4 therefore AE, 5 and therefore — (>> — . 2 10. 5. 
B D E 
c or 5 ] bich was to be demonſtrated, © 16. 54 


PROP. XXVIIE 


R 5 

A * 
ir the firſt have a Sake proportion to the ſecond than the 
third to the fourth, then the firſt compounded with the ſecond. 
all have a greater pro portion to the ſecond, than the third 
compounded with the fourth, to 2 fourth, 12 


5 — — — — 
as Lam OA. — a5 4 _ L I _ er 


* p 7 * : * 
r 


4 10. 5. 


b 5. ax. 


c d. 4. 
d 17. 5. 


' The fifth Book of 
AS: DS DF 
Let — c. I ſay that . For 
555 EF ; BC EF 


GB DE 
conceive —— =; & therefore is, AB GB, add 
BC EF: 


BC to each part, then b will AC c GC, c therefore 
AC GC DF 


— = —, dthatis, ll 
BC BC 
E: oy R O . XXIX. * 


G——D, Cl, | 
A. 2D 4a 


If the firſt compounded with the ſecond has a preater pro- 


portion to the ſecond, than the third compounded with the 
fourth bath to the fourth; then by diviſion the firſt ſhall have 
a greater proporticn to the ſecond, than the third to the fourth. 


: AC DF AD DE 
Let — ＋ t, then I fay — For 
BC EF | EF 
| GC... AF 
conceive ——— „a therefore ACC” GC. Take 
BC EF 


away BC, which is common; then þ remains AB = 
AB GB DE : 


GB; c therefore — d or « Which was 
BC BC 
to be demonſtrated 

FROP. XXX 
B - If the firj amp 
— — — C with the — has, a 
D- — | — F greater proportion to the 
E ſecond, than the third com- 


pounded qwwith the fourth, hath to the fourth, then by converſe 
ratio ſball the firft compounded with the ſecond have a leſſer, 
ratio to the firſt, than the third compounded with the fourth 
all have to the third. | 


„„ „„ 
Let —— 2 —. Then I ſay that 
BC  - BF | AB DE. 


For 


87 
2 


8 5 ph. 

© v8 
Po 
3» E 
Frog 
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1 AG DEF 
For becauſe that — a © 5 btherefore by diviſion a 5p. 
= EF 


b 29. 5. 

AB DE | 16 | 
— > , by converſion c therefore —— — c 26. 5. 
BC EF AB DE | 

| „ - DF | 
and d therefore by compoſition C om 2 . Which d 28.5. 


was to be demonſtrated. 
PROP. XXXI. 

If there ave three mag- A —— D 
nitudes A, B, C, and o- B 
thers alſo D, E, F, equal C = 
to them in number; and G 
if there be a greater pro- II — 
portion of the Fa of the | 
former to the 8 1 5 there is of the firſt of the laſt to 
their ſecond (5 = 150 and there be alſo a greater 
proportion of the ſecond of the firſt magnitudes to the third, 
_ there is of the ſecond of the laſt magnitudes to their third 
: ( <E © 2 T ben by equality alſo ſhall the ratio of 


the firſt of the former magnitudes io the third, be greater 
than the now of the firft of the latter magnitudes, to the third 


A — 
(Fr E) 
Conceive ———, a therefore is B UL G, and bthere- a 10. 5. 
G& © | bs. 5. 
a | HB. : 
fore — c.. Again conceive = = Ec therefore c 13. 5. 
0 4 5 
— 2, therefore much more — "3 ,d wherefore d 10. 5. 
. ; 8 N | 
II, e and conſequently— , for —. e T4 
; C C ; F f 22. 5. 


& 2 PROP: 
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PROF. XXXII 
* . If there be three mag 
— 1— nitudes A, B, C, and 32 
— — others D, E, * equal tat 
— rr——_—_— to them in number; 
122 —— and there be a greater 
. . | proportion of the firſt of _ 
the former magnitudes to the * than there is of t ſe- 72 
cond of the latter to the third (= = =p ) and alſo the 
E ratio of the ſecond of the former to the third be 98 reater wow 
the ratio of the firſt of the latter to the ſecond [= SW 2 FE 
then by equality alſo Shay the proportion of the fir rſt of the | othe; 
former to the third, ED _ han that of the N of the | in 11 
latter to the third ( & TOP 7 | 7 
—— * ſecon 
à 10. 5. cd — — = therefore is 2 B U G, and there- nel 
E | tude. 
bs 5. A A 3 2 K | 2 
c ſchol. fore b -A. Again, Suppoſe ; therefore is c 5 
13. 5 Po. ; 7 firſt 
H - & | great 
2, and conſequently a A U H, and thence 6 1 Y 
| 1 — 8 ſtrati 
d 13. 5 . 4 or — . hich «vas to be demonſtrated. and! 
GC F 1 
PROP. XXXII : 
E i IF the proportion of the awhole AB ts . ; 
A——}—B the "whole CD be greater than the 
C—-1-D portion of the part taken away 4 
F the part taken away CF ; then ſhall 


alſo the ratio of the remainder E B to 
the remainder F D bs greater than that of the whole AB to 
the whole CD. 
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lere- 


e is c 


ce 6 


AB to 
e pro- 

fo 
ball 
B to 


AB to 


cauſe 


'Fucr1 pe's Elements. 101 p 
as: 1 
Becauſe that — 4 — b therefore by permu- a þyp. by 
00 Wy „ i 

© i 8 AB = 
tation C*—; c therefore by converſe ratio = c 35. 3. 
CD; AB mn © | 
, and by permutation again "I——, | 
_ _ "0D 


—— 
— 


——— —u— — 2 ww ABI rae rr 'S 


IW hich was to be demonſtrated. 
PR OP, XXXIV, 


S — — Fromm 


G — — H— 


If there be any num- 
ber of magnitudes, and 
others alſo equal to them 
in number; and the pro- 
portion of the firſt of the 
former to the firſt of the latter be greater than that of the 
ſecond to the ſecond, and that greater than the proportion of 
the third to the third, and ſo fortuard : allthe former magni- 
tudes together ſball have a greater ratio to all the latter vo- 
gether, than all the former, leaving out the firſ?, ſball have 
to the latter, leaving out the firſt ; but leſs than that of tbe 
firſ# of the former to the firſt F the latter; and laſtly, 
greater than that of the laſt of the former to the laſt of the 
latter. 

Vou may pleaſe to conſult Interpreters for the demon- 
ſtration hereof, we having for brevity ſake omitted it, 
and becauſe tis of no uſe in theſe Elements. 


1 
— R —˙—ft . 


— 


* 


— — — Ʒ b l — —ä'nu — — — — 


„ — 8 I. — 
o 
l ——— —— = — * 


hens — WH 


The End of the fifth Book, 


K oY * — eld . — 7 
— 
. A ⁵— mu OR . 


1 
* * 8 ” — 
* .. 


N . — * rn _ * . 
—— — — — —— 
rr ˙—ÄATT i ES 


G 3 


[12] 


| „The SixTH Book 
= 
TWO ECL ED ES 


ELEMENT s. 


Definitions. 


A 


LY "OY 
J. Ike right. lined figures (A B C, D CE) are 
25 ſuch whoſe ſeveral angles are equal one to 
the other, and alſo their ſides about the 
a equal angles, proportional. 
be angle B = DCE, and AB, BC: : DG. CE. 
Alſo the angle A = D, and BA. AC: : CD. DE. Laftly 
the angle ACB — E, and BC. CA:: CE. ED. 


II Reciprocal figures are 


= | (BD, BF) when in each of the 


figures there are-terms both an- 
tecedent and conſequent (that 
is, AB. BG : : EB. BC.) 


2 


; F to be cut according to extreme 

and mean proportion, when as 

+ 4 | 2 120 the whole AB is to the greater 

| ſegment AC, ſo 1s the greater 
ſegment AC to the leſs CB (AB. AC: : AC, CB) 


IV. The 


III. A right line AB is faid 


C0] 


are 
e to 
the 


aft 


arc 


the 


h an- 


(that 


ſaid 


reme 
en as 
eater 
eater 


Fuctivne's Elements. 
IV. The altitude of any figure RS 


ABC, is a perpendicular line AD 


| drawn from the top A to the baſe 


BC. | 


11 
V. A ratio is ſaid to be compounded of ratio s, when 


the quantities of the ratio's, being multiplied into one 
another, do produce a ratio. As the ratio of - to C is 


B 
compounded of the ratio s ef A to B and B 10 C. * * 0 


Triangles ABC, A CD, 
and parallelograms BCAE, A. 
CDFA, which have the ſame 
height, are to each other, as 
their baſes, BC, CD. | 

. * wy any as you 

eaſe, „G, equal to | 
10 BC: and 4e BI C H B C D 
and join AG, AH, AL 


/ 
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5 The r ACB, ABG, AGH, are equal, and b 38. 1; 


b alſo the triangle ACD=ADI. Therefore the triangle 
ACH is the ſame multiple of the triangle ACB, as the 
baſe HC 1s of the baſe BC; and the triangle ACI the 


ſame multiple of the triangle ACD, as the baſe CT is of 


CD. But if HC E,, , 55 CI, c then is likewiſe the c /ch. 


38.1. 


triangle AHC Tn, , "23 ACI; and 4 therefore BC. d 6. def. 5. 
CD: the triangle AB C. AC:: © CE. 7 85 
H, bich was to be demonſtraeds 


15.5 


Wy Sobot. 


e Per, CE. CF. e 41. 1. 
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The fixth Book of 
Schol. 


Hence triangles, ABC, DEF, and Pers. AGBC, DEFH, 
whoſe baſes BU, EF are equal, are to each other as their 
altitudes, RI, DK. 

a Take IL — CB, and K M= EF; end join LA, 
LG, MD, MH. then is it evident, that the triangle 
ABC DEF : : b ALI. DKM :: c Al. DK: d Pgr. 
AGBC. DEFH. * V hich was to be demonſtrated. 

5 PROP. H. 

F io one fide BC of a triangle ABC, 
be drawn a parallel right line DE, the 
ſame ſhall cut the ſides of the triangle pro- 
fortionally (AB. BD: : AE EC.) And 
if the ſides of the triangle are cut propor- 

D . aac (AD. BD : 4 E. EC) — 4 

riot line DE, joining the points of ſect- 
N ion D, E, ſhall be parallel to BC, the 
cther ſide cf ihe triangle. Draw CD and BE. 

1. Hyp. Becauſe the triangle DEB a—=DEC, 5 there- 
fore ſhall be the triangle ADE. DBE + ADE. ECD. 
But the triangle AED. DBE. : c AD. DB, and the tri- 
zngle ADE. | EC 6's AE. EC, a therefore AD. LDB 22 
AE. EC. 


2. Hyp. Becauſe A D. DB : : AE. EC, e that is the 


triangle ADE DBE : : ADE. ECD; f therefore is the 
triangle DBE —ECD; and ꝗ therefore DE, BC are pa- 
rallels, Which <vas to be demonſtrated, 

| OW, Schol, 


If there are drawn ſeveral 
lines DE, F G parallel to one 

ſide B C of a triangle, all the 
ſegments of the tides ſhall be 
proportional, 


For 


0 2, DO na HR SAtp 


DS > i Map R/T}. 


. 
— 


* 


Euclipz's Elements. 


For DF. FRA:: EG. GA; and compounding and 
inverting, FA. PA:: GA. EA; a and DA. DB : : EA. 
EC, therefore by equality DF. DB:: EG. EC. WW hich 
was to be demonſtrated. 

| Coroll. 5 

If DF. DB:: EG: EC; @ then BC, DE, FG, ſhall 

be parallels. a | 


PROP. III. 


IF an angle BAC of a triangle | 
BAC be biſected, and the right line 
AD, that biſects the angle, cut the N 
baſe alſo; then ſball the ſegments © | 
of the baſe have the ſame ratio that 
the other ſides of the triangle have, — 
(BD. DC. AB. AC) And C 
ſegments of the baſe have the ſame ratio, that the other ſides 
of the triangle have (BD. DC:: AB AC) then a right line 
AD drawn from the top A to the ſection D, [ball biſect that 
angle BAC of the triangle | 

Produce BA, and make AE—AC, and join CE. 

1. Hyp. Becauſe AE — AC, therefore 1s the angle 
ACE a = Eb— half BAC e DAC; d therefore DA, 
CE are parallels. e Wherefore BA: AE ( AC): : BD 
DC. 

2. Fyp. Becauſe BA. AC ( AE): : BD. DC, F there- 
fore are DA, CE parallels ; and g therefore is the angle 
BAD = E; and the angle DAC g = ACE þ E, k 
therefore the angle BAD = DAC. Wherefore the an- 
gle BAC is biſected. IF hich qvas to be demenſtrated. 


PROP. IVV. 

Of equiangular triangles ABC, 
DCE, the ſides are proportional 
which are about the equal angles, B, 
DCE, (AB. BC: 5 CE, &c) | 
And the fides AB, DC, &c cubich hy 
are ſubtended under the equal angles I 
ACB, E, &c. are homologons, or ef C 
like ratio. 

Set the ſide BC in a direct line to the fide CE, ang 
produce BA and ED till they a meet. 
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f 16. 5. 
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T he ſixth Book of 


| Becauſe the angle B5 ECD, «© therefore BF, 
CD are parallel: Alſo becauſe the angle BCA b-— 
CED, e therefore are CA, EF parallel. Therefore the 
figure CAFD is a Pgr d therefore AF — CD, and AC 
— 4 FD. Whence it is evident, that AB. AF (CD): : e 


BC. CE. f by permutation therefore AB, BC :: CD. CE, 
alſo BC: CE. : : FD (AC.) DE. f and thence by permu- 
tation BC, AC : CE. DE. g Wherefore alſo by equality 
AB. AC: : CD. DE, Therefore, &c. | 


Coroll. 
Hence AB. DC:: BC. CE : : AC. DE. 
Schol. 
Hence, if in a triangle FBE there be drawn AC a 
arallel to one fide FE, the triangle ABC fhall be 
0 the whole FBE. | 
N 


IF 240 triangles ABC, 
D D EF, have their ſides pros 


DF) thoſe triangles are e- 
getiangular, and thoſe angles 
equal under which are ſub- 


DOG 


terded the homologons ſides. | 

At the fide EF a make the angle FEG—B, and the 
angle EFG — C; b whence the angle G — A. There- 
fore GE. EF c:: AB. BC:: d DE. EF. e and therefore 
GE = DOE. Likewiſe GF. FE. c:: AC. CB: : d DE. 
FE, e therefore GF—DF, Therefore the triangles 
DEF, GEF, are mutually equilateral. f Therefore 
the angle D Gg A, and the angle FED f = FEG 


B, and g conſequently the angle DFE C. There- 


tore, Ec. 


PROP. 


portional (AR. BC : : DE. 
=p. awd AC BC: : DEF. . 
EF, and alſo AB.AC : : DE. 


* 
* 
8 n 
r 


Eucripe's Elements. 107 
PROP. VI. 


IF tavo triangles ABC, 
DEF have one angle B 
equal to one angle DEF, 
and the ſides about the 
equal angles B, DEF pre- 
portional (AB BC: : DE. 
EF) then thoſe triangles 
ABC, DEF, are equiangu- , 
lar, and have thoſe angles equal, under which are ſubtended 
the homologous ſides. | 

At the fide EF make the angle FEG —B, and the 
angle EFG C; a then will the angle G=A. There- 59 2 2 
fore GE. EF : : b AB. BC :: DE. EF, d and therefore 1 1 
DE GE. But the angle DEF e —B f=GEF; 5 55. 
therefore the angle Ds —=G—4, h and conſequently 80 4 5 
the angle EFD—=C. Which was to be demonſtrated. f ped Er. 


| g 4. I. 
PROP. VII 1 


If tao triangles ABC, c D 
DEF have 8 angle A Fl 7. 
qual to one angle D, and 
the ſides about the other an- fe: 

gles ABC, E, proportional | 
(AB. BC .: DE EHF) and B C Þ E 
if they have the remaining 
anlges C, F, either both leſs or both not leſs than a rigbt . 
angle; then ſball the triangles ABC, DEF, be equiangu- 
lar, and have thoſe angles equal about which the proportional 
ſides are. | 

For, if it can be, let the angle AB CCE, and 
make the angle A BG — E. Therefore, whereas the 
angle Az D 5 thence is the angle AGB — F. 
Therefore AB. BG c : : DE. EF ::4 AB. BC, e therefore 
BG — BC, F therefore the angle BGC ECG. g There- 
fore BGC or C is leſs than a right angle, and h conſe- 
quently AGB or F is greater than a right: Therefore 
the angles C and F are not of the ſame ſpecies or kind, 
which is againſt the Hypotheſis, : 
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| "PROP. vim. 1 


If a line AD be drawn 
. from the right angle 4, of a 
rigbt angled triangle A B C, 
perpendicular to the baſe B C; 
then the triangles A DB, 
ADC, on earch ſide the per- 
: pendicular, are like both to 
the whole AB C, and to one another, | 
a byp. For becauſe BAC, ADB are à right angles, b and fo 
b 12. * equal, and B common; the triangles B.A, ADB, c are 
C. * I. like. By the ſame way of arguing 5A C, ADC, are like; 
ih x d whence alſo ADB, ADC will be like. hich cas to 


r IEC r 2 Ups. 44 RE Ga 
2 GA 898 9 7 4 be 2 — 2 r 
Rn, . 8 VO a 2 


d vid. 2 1. 6. , demonſtrated | = 3 
| Coroll. > | 
1 Af 6. Hence, 1. BD.DAe:: DA. DC. 
22ꝙ. BG, AC: : AC. DC, and CB. BA:: BA. BD. 
15 PROP. IX is 


From a right line given 
AB to cut off any part | 
required, as one third 
(46) *. | 
From the point A. 
draw an infinite line 
A C any wiſe, in which 
3 * ys a take any three equal 4 
* 1 1 „ partk AD, DE, FE, 
join FB, to which from 


. b 21. 1. D© draw the parallel NG; and the thing is done. 
6. For GB. 4G: :c FD. A; whence by d compoſition 
f 18. 5. AB. A:: AF, AD, therefore ſince AD — one third 


- 0 AF, mall AG be Sone third of AB. I bich was 


to be done. > 


PROP. 


| Ev cCLIDE'S Elements, 109 
FROP. IF. 


To divide a given undivided 
rioht line AB (in F, G,) as 
another given right line is divi- 
ded (in D, E.) | 

Let a right line BC join 
the extremities of the line di- 
vided, and of the line not di- A. F GB 

vided; and parallel to this, 
from the points E, D, a draw EG, DF, meeting with à 3. x, 
the right line which is to be cut in G and F; then the ? 
thing 1s done. | 3 
For let DII be 4 drawn parallel to AB. Then AD b 2. 6. 
DE : : b AF. FG, and DE, EC U:: DI. IH: — c FG. GB C 34 I EP 
Which <vas to be done. . F. 


Sc hol. 


Hence aue learn to cut a right line given AB, into as many 
equal parts as ae pleaſe ( ſuppoſe 5;) which will be more 
eaſily performed thus. g | | 
Draw an infinite line AD, and another BEI parallel to 
it, and infinite alſo. Of theſe take equal parts, AR, RS, 
SV, VN; and BZ, ZX, XT, TL: in each line les 
parts by one, than are required in AB; then let the 
right lines LR, ITS, XV, ZN, be drawn ; theſe lines ſo 
drawn ſhall cut the right line given AB into five 


equal parts. 
For 


110 The /ixth Book f 

A 33- J. For RL, ST, VX, NZ, are à parallels ; therefore, 

b conſtr. whereas AR, RS, SV, VN are h equal; c thence AM, 

e 2. 6 MO, OP, PQ, are equal alſo. Likewiſe, becauſe that 
BZ, ZX, therefore is BQ = PO and therefore A B 
is cut into five equal parts. Which was to be done. 


F PRO, A 


12 Two right lines being 
D given AB, AD, to find 
out a third in propor- 

tion to them (DE) 

A. | B | Join BD, and from 
AB being produced take BC=AD. Through C draw 
CE parallel to BD; with which let AD produced meet 
in E, then is DE the proportional required. | 


| Or thus : make the angle ABCright, 
A and alio the angle ACD right, then 


b x C55. 8.6. * 
I c0#.8,6 Fd 5 AB. BC: : BC. BD. 


1 PROP. XII. 


. 
ee — — * 
— —— 2 


T bree right lines being given, DE, EF, DG, to find oui 
& fourth Faye GH. 
Join EG, and through F draw FH parallel to EG; 
with which let DG produced to H meet. Then it is 
evident that DE. EF a : : DG, GH; Which was to be 


2. 6. 
5 clone. 


PROF; 


à 2. 6. For AB. BC (AD) 4 :: AD. DE Which vas to be done. 


Eucrips's Elements. 


PR OP. XIII. 
co riobt lines being given 
AE, EB, to find a mean pro- 
portional EF. 1 | | 
Upon the whole line AB þ 
as a diameter, deſcribe a ſemi- | 
circle A FB, and from E erect a perpendicnlar FE 


EB. For let AF and FB be drawn; à then from the 
right angle of the right angled triangle AFB is drawn 
a right line FE. 35 ater to the baſe. b There- 
fore AE. FE: : FE. EB. Which avas to be done. 


Coroll. 


Hence, a right line drawn in a circle from any point 
of a diameter, perpendicular to that diameter, and pro- 
duced to the circumference, is a mean proportional be- 
twixt the two ſegments of that diameter. : 


PROP. XIV. 


Equal Parallelograms BD, 
BF, having one angle ABC, e- 
qual to one EBG, have the ſides 
zbhich are about the equal angles 
recip rocal (AB. BG : : EB. BC 
and thoſe parallelograms BD, BF, 
æohich have one angle ABC equal 
to one EBG, and the ſides which are about the equal angles 


9 are equal 

or let the files AB, BG, about the equal angles make 
one right line; x wherefore EB, BC, ſhall do the ſame. 
Let EG DC, be produced till they meet. 3 8 

1. Hyp. AB. BG b: : BD. BH: : c BF. BH: : 4 BE. EC, 


e therefore, Ec. 
2. Hyp BD. BH:: F AB. BG: : g BE. BC: : þ BF. BH. 
Per. BD = BF. V hich was to be de- 


k 'Therefore the 
mouſtrated, 


POP; 


EB 


3 with the periphery in F, then AE. EF: : EF. 
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PROP. XV. 
A | B ” angle ABC, equal to one DBE, 


their ſides which are about the 
equal angles are reciprocal 


(AB. BE: : DB. BC.) And 


angle ABC equal to one DBE, 
and have alſo the ſides that ave about the equal angles reci- 
procal (AB. BE : : DB. BC) are equal. 
Let the ſides CB, BD, which are about the equal an- 
les be ſet in a ftrait line; à therefore ABE is a right 
ine. Let CE he drawn. | | 
1. Hyp A's. BE: : b the triangle ABC. CBE c : : the 
triangle DBE. CBE: : 4 DB. BC, e therefore &c. 

2, Hyd. The triangle ABC. CBE : : F AB. BE:: g DB. 
BC þ: : the triangle DBE CBE. -k Therefore the tri- 
angle ABC — DBE. Which was to be demonſtrated. 


PROP. XVI. 
[B 5 
1 
HH 
AEECX BE 


If four right lines are proportional (AB. FG: EF CB) | 


the rectangle AC comprehended under the extremes AB, CB, 


is equal to the rectangle EG comprehended under the means 
FG, EF. And if the rectangle AC comprebended under the 


extremes AB, CB, be equal to the rectangle EG, compre- 


hended under the means FG, EF, then are the four right 
lines proportional. (AB FG : : EF. CB) 

i Hyp. The angles B and F are right, and à conſe- 
quently equal, and by hypotheſis AB. FG: : EF. CB, 
therefore the rectangle AC EG. 


2. Hpp. 


Equal triangles having one * 


ee e thoſe trianoles that have one 


— r I r 2 
n 5 1 gh <P mo 2 _ 2 = TEES 


to | 


| EucLtipe's Elements. „ 

2. Hy. The e Ace E, and the angle © Hp. 

B F j d therefore AB. FG : : EF. CB. Which was to d 14. 6. 
be demonſtrated. B54 x | 

Coroll. 


Hence it is eaſy to apply a rectangle given E G to a | 
_—_— given AB; (viz) e by making AB, EF: ; FG. e 12. 6. 


PROP. XVII. 


& —F 
F-————C 2 Ha 
— 8 N 

A. 'S 


If three right lines are proportional AB EF : : EF.CB) 
the rectangle AC made under the extremes AB, CB is equal 
to the ſquare E & made of the middle EF. And if the rect- 
angle A C, comprehended under the extremes A B, CB, be 
equal to the ſquare E &, made of the middle E F, then the 
three lines are proportional, (AB. EF : : EF. CB) | 
Take FG = EF . a 
i. Hyp. AB. EF: : a EF. (F G.) CB, therefore the a 0b. 
rectangle ACh —=E Gc EFEq. b 16. 6. 
2. Hyp. The rectangle AC d to the ſquare EG = c 29. def. l. 
EFq. e therefore AB. E F:: EG (EF.)BC. Which was d hyp. 
to be demonſtrated. _ E 16. 6, 


@ 


Coroll. 
Let Ax B — Cq, therefore A. C:: C. B. 


* PROP, 
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PROP. XVIII. 


E F 


{\ 


"I B D 


Upon a right line given AB, to deſcribe a right-lined figure 
AGHB, like and alike ſituate to a right-lined figure gi- 

ven CEFD. © 85 43 
a 23+ I. Reſolve the right-lined figure given into triangles ; 4 
Make the angle ABH-- D, à and the angle BAH == DCF, 
a and the angle AHG=CF+, à and the angle HAG = 
| FCE, then AGB ſhall be the right-lined figure ſought. 
b conſtr. For the angle Bb = D, and the angle BAH 6 DCF, 
C 32. 1. ce wherefore the angle AHB-— CFD, b alſo the angle 
HAG —FCE, and the angle AHG b—CFE, c wherefore 
d 2. ax. the angle G=F, and the whole angle GAB 4--FCD, 
and the whole angle GHB 4=E FD. The Polygons 
thereſore are mutually equiangular. Moreover becauſe 
e 4. 6. the triangles are equiangular, therefore AB BH e:: 
CD. DF; and AG. GI e:: CE. EF. Likewiſe AG. AH 
f 22. 5 : CE CF, and AH AR::CF.CD f From whence 
by my AG. AB:: CE. CD. After the ſame man- 
g 1. def. 6, ner GH HB:: EF. FD. Therefore the Polygons 
3 CDF are like and alike ſituate. Which avas 
to be done. 


PRO. 


Like trianoles ABC, 
I DEF, are 15 duplicate 
ratio of their homologous 

ſides, BC, E F. 
a Let there be made 
G EX F - BC.EF:: EF. BG, and 
« | | let AG be drawn. Be- 
b cor. 4. 6 cauſe that AB. DE b:: BC. EF e:: EF. BG, and the 
c conſtr. angle B= E, d therefore is the triangle AEG = DEF. 


4 11. 6. 


e 1. 6 


f 10. def. 5. 


2 8 
n 2 


1 r 
9 n N 
8 Gy 


— WW 


d 15. 6. But the triangle AB C. ABG :: BC BG, * = 


P 
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: | A 
twice; therefore 
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BG=EF F5: cn 


twice. Which was to be demonſtrated. 
Coroll. | 


Hence, If three right-lines (BC, EF, BG) are pro- 


portional, then as the firſt is to the third, ſo is a triangle 


made upon the firſt BC, to a triangle like aud alike de- 
ſcribed upon the ſecond EF; or 1o is a triangle deſcri- 
bed upon the ſecond EF, to a triangle like and alike de- 


ſcribed upon the third. 


PROP XX 


Like +. <0 ABCDE, FGHIK, are divided into equal 
triangles. ABC, FOH, and ACD, FHI, and ADE, FIK ; 
both equal in number and homologous to the wholes (ABC. 
FGH : : ABCDE. FGHIK : : ACD. FHI: : ADE. FIK.) 
And the Polygons AB CDE, FGHIK, have a duplicate 
ratio one to the other of what one homologous ſide BC hath to 
the other homo!gous ſide GH. 


1. For the angle B a=G, and AB. BC x : : FG. GH. 4 p. 


b Therefore the triangles ABC, F GH, are equian- 
ular. After the ſame manner are the triangles AED, 
like. Since therefore the angle BCA b —= GF, 

and the angle ADE b6—FIK, and the whole angles 


b 6. 6. 


646: 


BCD, GHI, and the whole angles CDE, HIK are c e- © p. 
qual, there remains the angle A CD dg FHI, and the d 


J* AX. 


angle ADC—FIH ; e from whence alfo the angle CAD © 32 l. 


—HEF1I, therefore the triangles ACD, FHI are like. 
Therefore, Oc. f 


2. Becauſe the triangles BCA, G HF are like, f 
is pa _ g vice, For the ſame reaſon is 7775 
JJC. 
HI twice; laſtly FE =I twice. Now where 


K 
H 


to 7 


48 


19 6. 
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g hyp; E as that BC: GH g : : CD. HI g:: DE. IK, þ therefore is 
16. 5. the triangle BCA. GHF : : CAD. HFI: : DEA. IKF * 


h cor. 23 5 : : the polygon ABCDE. FGHIK : E A twice. 


K 12. 5- GH 7 
Coroll. 2 
1. Hence if there are three right-lines proportional, 
then as the firſt is to the third, ſo is a polygon made 
. upon the firſt to a polygon made on the ſecond like and 
* alike deſcribed ; or ſo is a polygon made upon the 
ſecond, to a polygon made on the third like and alike 


Hence ave have a method of inlarging or diminiſbing 1 . 
any right-lined figure in a ratio given: For if you would =. «<5 
make a pentagon quintuple of that pentagon whereof 3 F 
CD is the fide, then betwixt AB and 5 AB find out a [7 1 
P 18.6. mean proportional, * upon this raiſe a pentagon like to 5 5 
that given, and it ſhall be quintuple of the pentagon . 
iven. | 
a 2. Hence alſo, If the homologous ſides of like figures 
be known, then will the proportion of the 3 e- 5 
vident, viz. by finding out a third proportional. 
b FROP, SEL | 
k | | t 
Nt B = — * ES . fo 
ſu 
A. Cc H 8G D 1 
| de 
Right lined figures ABC, DIE, which are like to the | * 
ſame rieht-lined figure HF G, are alſo like one to the othey. | p 
a I. def. 6, For the angle A a= H a=D; and the angle Ca 0 10 
2E; and the angle BA = FA I. Alſo a AB AC 5 di 


: : HF. HG: : DI. DE, and a AC. CB: : II G. F:: DE, | in 
EI. And AB. BC :: HF, FG: DI. IE. Therefore 5 l 
a ABC, DIE, are like. JF hich vas to be demonſtrated. 


PROP. 


$- 


Kas 


* 
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If four right-lines are proportional (AB, CD : : EF. GH) 
the right-lined fieures alſo deſcribed upon them being like and 
in like fort ſituate, ſhall be proportional (ABI. CD K:: 
EM. GO) And if the right-lined figures deſcribed upon 
the lines, like and alike ſituate, be proportional (ABI. CDK. 
:: EM. GO) then the right lines alſo ſball be proportional 
(AB. CD:: EF. GH ) 

A AS. "7; EM 

1. Hyp. CDF = TH vice Sa GR vice a=TO 
þ therefore ABI. CDK : : EM. GO. 

2 AB- -  - ABS. $M EF. 

» Hyp. twice a CDK b — EO =. 
twice Therefore d AB. CD: : EF. GH. Which was 
to be demonſtrated. - 


Se hol. 


Hence is deduced the manner and reaſon of multiplying 
ſurd quantities, ex. g. Let 5 be to be multiplied into 


4/3. TI fay that the product will be 15. For by the 


definition of multiplication it ought to be, as 1. ./ 5 


:: 4/5, to the product. 'Fherefore by this q. 1.9.43 :: 


V. q. of the product That is, 1. 3: 8 to the 
quare of the product, therefore the ſquare of the pro- 
duct is 15. Wherefore / 15 is the product of / 3 
into /. Which was to be demonſtrated. TE 


A 
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117 


A 19. 6. 


9 hyp. 


c 20 6. 
d cor. 25 f. 
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Pet. Herig. 


A. ſch. 15. 


bzo. def. 5. 
81: 6. 


” 


The ſixth Pook of 


THEOREM. 


E 


. 


If a vight-line AB be cut ar in D, the rectangle 
comprehended under the parts AD, DB, is a mean propor- 
tional betavixt their ſquares. Likewiſe the ref angle compre- 
bended under the aubole AB, and one part AD, or D B is a 
mean proportional betwixt the ſquare of the whole AB and 
the ſquare cf the ſaid part, AD, or DB | 

Upon the diameter AB deſcribe a ſemicircle ; from 


D erect a perpendicular DE, meeting with the periphe- 


ry in E, join AE, BE. 
It's evident that AD. DE:: DE. DB, 6 therefore 


Ad. DEA: : DEq DBq, « that is, ADq. ADB: : ADB. 


DBq. V hich was to be demonſtrated. 
Moreover BA. AE: : d AE AD, e therefore BAq. 


' AEq :: AEq. ADq. f that is, BAq. BAD : : BAD. ADg. 


After the ſame manner ABq. ABD: : ABD. BDq. I bich 
was to be demonſtrated 

Or thus: ſuppoſe Z.—A4-B. Ir is manifeſt that Aq. 
AE::aAE::a AE. Eq. alſo Zq. ZA::aZ. A:: 
Z. A. Aq, and Zq. £ZE::a Z. E:: ZE. Eq. | 


PROP. XXIII. 


Equianeular parallelagrams 
AC, CF, have the ratio one to 
the other, which is compounded of 


AC BC, DC 
the a . — A ED . 
ir ſides ( tm) 


4 Let the fides about the equal, 
| angles Cbeaſetin a direct line, 
and let the Pgr. CH be compleated. Then is the ratio of 
AC, AC , CH BC . 


D : | 
c = Tor oo tort bitt wank 


demonſtrated. Coroll. 


l 
1 
* 8 L 
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Coroll. 
Hence, and from 34. 1. i appears, I. T hat triangle: Andr. 


 ewhich have one angle equal (as at O) have a ratio compound- Tacg, 15.5 


ed of the ratio's of the righi-lines, AC to CB, ana LC to 


CF, ). containing the equal angle, - 
2. That all rectangles, and _ | 
* conſequently all parallelo= | „ 933. 
grams, have their ratio one to Ln X | 
the other compounded of the ra. 7 2 5B 
tio's of baſe to baſe, and alti- | 7 
tude to altitude. After the like 0 5 
manner you may argue in tri- ; 2 
angles N a 
3. From hence is apparent 5 Ma 


how to give the proportion of 
triangles and 'parallelograms., 
Let there be two Pgrs. X and Z, whoſe baſes are A C, 
CB, and altitudes CL, CF, Make CL. CF: : CB. O, 
* then will it be X. Z:: AC. O. 2 | 


PROP. XXIV. 
In every paralle oeram ABCD, 


the parallelagrams EG, HF which. 


are alout the diameter AC, are like E ＋ 
to the whole, and alſo one to the otber. 
For the Pgrs. EG, HF, have each N & 


of them one angle common with the 
whole; 2 therefore they are equi- 
angular to the Whole, and alſo one to the other Alto 

both the triangles An C, AEI, IHC a and the triangles a 29. 1. 
ADC, Al, IFC are equiangular mutually ; & there- 
fore AE.EI - ; AB. BC, and 6 AE, AI : AB. AC, and , 4. 6 

b AL. AG:: AC ZD. e Therefore by equality, AE. 22 5 
AG : : AB AD. 4 Therefore the Pgrs E G, 55 are q 1 * Pl 
like. After the ſame manner are HF, BD like allo. *. 
Therefore, &c. 


* 


H 4 PROP. 


Te fixth Book of 


PROP. XXV. 


T I. II N 2 


Uno the riglilined figure given ABE DC, to deſcribe ano- 
ther figure P, like and alike ſituate, which alſo ſhall be equal 
to anothey right-lined figure given F. | 

a Make the rectangle AL = ABEDC; b alſo upon 
EL make the rectangle BMF; betwixt AB and BH 
c find out a mean proportional NO; Upon NO d make 
the polygon P like to the right-lined figure given 
ABEDC. I ſay the polygon P ſo made, ſhall be equal 
to F. that was given. : 

For ABEDC (AL.) P:: AB. BH: : FAL. BM. 'There- 
fore Pgz BMF. Which «vas to be done. 


PROT: NATL 


If from the parallelogram ABCD, 
be taken away another parallelagram 
AGFE,, like unto the whole, and in 
like ſort ſet, having alſo an angle 
EAG common evith it; then is that 
parallelogram about the ſame diagonal 

ob C with the whole. - O 
Tf you deny AC to be the common diagonal, then let 
AHC be it, cutting EF in H, and let HI be drawn pa- 
rallel to AE, Then are Pgrs. EI, DB, à like, ô there- 


- 6, fore AE. EH :: AD. DC: : AE. EF, and d conſequent- 


o 
N 


W 


—— bin 


j 
| 
9 * 
1 
i 
J 
1 
2 
C1 
__ 
fl 
| 
ly o 
? 
5 i), 
y 
4 
* 
| 
# 3 
= 9 
7A 
» 4 
k | 
11 
0 ul 
„ N 
3 
1 
by = 
j ES 
c 4 
= 
& ] 
1 
_ 
; 
5 | 
3 2 
3 
* 
T0 1 z 
y 5 
v4 
Js 
1 
i iv 
"28 q 
3 
3 
29 
8 
_ 
: +28 
1 
1 . 
_ 
* 
FI 
LO 
WV 
o [1 
1 N 
+48 
LL 
ar 
9 "A 
WU | 
Yoo F 
WI 
KS : 
BR” . 
\ 
* 
Wo 
C | 
© . 
. 
Ws [2 
35] 
8 
1 
1 ' 
1 
14 
. ; 
A / 
A 
S 
Wo 
4 
11 
14 1 
1 ag 
wu 7 
173 
5 1 
& n 
; 1 
Wh. - 
"< 
1 N 
* : 
"FM f 
* 
7 1 : 
) 41. 
3 
* 
Ws. 
—F 
=> | 
1 4 
41% 
= * 
OF 
We | 1 
, p 
"1 1 
Be 
= 
+ L 
Jl 
by 
5 . 
18 
xt *L 
"0 * 
© 0 
. ; 
. na 
— 
il NM! | 
4 11 
n 4 F 
13 
1 
Wy. 
q 14 Fi 
1% 
" | 
F „ 
1 
" h 
WIN 
Wt | 
by " : 
«124 I 
[ 
41s 
3 ö 
1 
154 
4 
wo 17) 
ih 
l 
* ! ; 
L138 
4 ' 
. 


* it 

1 
j 
_ 
£ 
3 ' 
. 16 . 
. 1 
_— 
; l 
1 U 
N 1 

x [ 


PIR 


hater 


ly EH = EF. f Which is abſurd. 
| PROP. 
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PROP. XXVII. 


Of all parallelograms AD, | | 
AG ies to the ſame right H | D N_E. 


line AB, and wanting in figure L. 
by the parallelograms CE, Kl, N. 
like and alike ſet to the Per. F 


AD, which is deſcribed upon 5 
half line, the greateſt is that Ln. 
; which 5 applied to the A. C K B 
half line being like to the defect KI. 
or becauſe that GEA C, if KI which is com- a 43. r. 
mon be added, b then is K E CI AM, add CG b 2. ax. 
which is common, d then is AG=to the Gnomon MBL; c 36. 1. 
e but the Gnomon MBL i CE (AD.) Therefore d 2. ax. 
AG 5 AD, Which was to be demonſtrated. | e 9 ax. 


PROP. XXVIIL 


Toa right-line given A P, to apply a parallelogram P, 
equal to a right-lined figure given C, deficient by a parallelo- 
gram Z, R, which is like to another parallelogram given D; 
* but it is neceſſary that the right-lined figure given C, to * 27. 6, 
æohich the Pgr. to be applied AP muſt be equal, be not greater 
than the Pgr. A F which is applied to half the line, ſince the 
defects both of AF, <obich is apply d to half the line, and of 
AP the parallelogram to be 5 5 muſt be like. 

Biſect AB in E; upon EB à make the Pgr. E. G like a 18 6. 


to the Pgr. D; and b let EG=C+I. © Make the Pgr. b (ch. 45.1, 


NT — I, and like to the Pgr. given D, or EG; draw c 25. 6. 
the diameter FB; Make FO RN, and FQ KT; | 
thiro O and Q draw the pagallels SR, QZ. Then is 

the Pgr. AP that which was ſought, 1 


For 
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d conſtr S 
24 6 


d conſer 

e 24. 6. 

f conſtr. 
3. ax. 
1. 


E 43. 1. 


] 2, and 1. 


The ſixth Book of 
Far the Pgrs. D, EG, OQ, NT, ZR, are all d like 


one to the other, and the Pgr. EG e NTC —eOQ 


f wherefore C = to the Gnomon OBQ g =AO+ 


PG = hAO j-EP — AP. # bich auas to be done, 


) 
F 
F / M e array 

— 9 / 
R L ON ra Ny 


Upon a rig hi- line given AB, to apply a parallelogram AN 
equal to a rieht-lined figure given C, exceeding by a Pgr. 
P, ephich ſball be like to anot her Pgr. given D 
Biſect AB in E Upon EB. à make a Pgr. EG like. to 
the given one D, and blet the Pgr. HK EG- C, and 
like to the given one D, or to EG. Make FEL=c IH; 
and c FGM - IK. Thro' L, M, draw the parallels MN 
and RN; and AR parallel to NM. Produce ABP, 
GBO, draw the diameter FBN. Then is AN the pa- 
rallelogram required OS \ 
For the Pgrs. D, HK, LM, EG, are d like, e therefore 
the Pgr. OP is like to the Pgr. LM, or D. Alſo LM / 


IIK f= EG-|-C. g Therefore C to the Gnomon 


ENG. But AL þ—LBk BM; therefore CAN. 


* hich was to be done. 


PROP: 


. To cut a finite rigbi- line 
@ A given AB, according to 
extreme and mean ratio 

| (AB. AG:: AG. G9) 
_ Cut Ag in G, in ſuch 


wiſe that AB x BG AG. 
b Then BA AG:: AG. 


: 51 


PRO. 


GB. Which avas to be done. 


EO otter 


; 


Evcrlipe's Elements, 


PROP. XXXI. 


In right-angled triangles BAC, any Faure BF deſcri- 
bed upon the fide BC ſubtending the right angle BAC, is 


equal to the figures BG, AL, which are lite and alike ſitu- 


ate to the former BE, and deſcribed upon the ſides BA, 
AC, containing the right angle. | | 
From the right-angle BAC let fall the perpendicular 


AD. Becauſe DC. CA:: a CA. CB, b therefore AL. 
BF:: DC. CB. Alſo, becauſe DB. BA:: a BA. BC, 5 
therefore BG. BF:: DB. BC; c therefore AL＋BG. 
BF : : DC? DB (BC ) BC, 4 Therefore AL+ BG — 
BF. hich was to be demonſtrated 

Or thus: BG. BF:: eB Aq. BCq7 And e AL. BF 
: : ACq. BCq, f therefore BG+AL. BF:: BAq+-ACq. 
BCq. g Therefore whereas BAq+ ACq—+bBCq; 
b thence is BG -AL BF. Which æwas to be demonſtra- 
5 ___ | 25 | 


Coroll. 


From this propoſition you may learn how. to add 
ar ſubtract any like figures, by the ſame method that 
is uſed in adding and ſubtracting of ſquares, in Scbol. 
47+ I | 
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PROP, 


a 
b 
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co. 8, 6. 
cor. 20. 6, 
24 . 
d ſch. 14.5. 


22. 6. 
24. 5. 


ſch. 14. 35 
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PROP. XXXII. 


A \ 
Ig 
F 
(AB to DC, and AC to DE,) 


then the remaining ſides of thoſe triangles (BC, CE) ball be 


having two ſides proportional to 
two (AB. AC: 0. DE.) be 
ſo compounded. or ſet together at 
one angle ACD, that their ho- 


found placed in one ſtrait line. 


For the angle Aa = AC DA = D, and AB. AC:: 


DC. DE, c therefore the angle B = DCE., Therefore 


the angle BEA 4 ACE; but the angle BE-A-EACB e 
2 x". f therefore the angle ACE+ACB =2 right; 


3 therefore BCE is a right-line. Which vas to be de- 


mpnſtrated. 


PROP. XXXIII. 


In equal circles DBCA, HFGP, the angles BDC, FHG, 
have the ſame ratio <vith the peripheries BC, FG, on which 
they inſiſt ; whether the angles be ſet at the centers (as BDC, 
FHG) or at the circumferences, A, E: And ſo likewiſe 
have the Sectors BDC, FHG. 

Draw the right-lines BC, FG. Make CI. Cg, and 
GL = FG LP, and join DI, HL, HP. 

The arch BCA = Cl, a alſo the arches FG, GL, LP, 
are equal; b therefore the angle BDC==CDI, 6 and the 
angle FHG—GEHL—LHP. Therefore the arch BI is 
the ſame multiple of the arch BC, as the angle BDl is 
of the angle BDC, And in like manner is the arch FP, 
the fame multiple of the arch FG, as the angle FHP is of 
the angle FHG. Bur if the arch BI, , == FP, 
c then likewiſe is the angle BDI , =, = FHP. 
There 


If two triangles ABC, DCE 


mcologous ſides are alſo parallel 


2 
1 
| 
* 
fl 
| 
K 


4 
| 
| 
þ 


Therefore is the arch BC. FG: : d the angle BDC. FG d 6 def 5. 
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lg BDC : Eee :: A. E. Which <vas to be demon. 


#3: 0 1 e117 


Moreover, the angle BMC g = CNI; þ and there- f 20, 3. 
fore the ſegment BCM CIN E Alſo the triangle g 27. 3. 
BDC CDI; 7 wherefore the ſector BDCM — CDIN. h 24. 3. 
After the ſame manner are the ſectors F HG, GHL, k 4 1. 
LH P equal one to other. Therefore ſince accordingly 1 2 ax. 
as the arch BI c, =, FG, fo is likewiſe the 
ſector BDI , = F HP; m thence ſhall be the m 6. def. 5. 
ſector BDC. FHG : : the arch BC. FG. hiab avas to be 
demonſtrated. Coroll. 

1. Hence, As ſector is to ſector, ſo is angle to angle. IT: Fo 

2. The angle BDC in the center, is to four right angles, 
as the arch BC, on which it inſiſts, to the whole circumfe- 

Fence. 

For as the angle BDC is to a right-angle, fo is the 
arch BC to a quadrant. Therefore BDC is to four 
right-angles, as the arch BC is to four quadrants, that 
is, to the whole circumference. Alfo, the angle A. 
2 right:: the arch BC. periphery. | , 

3. Hence, the arches IL, BC, unequal circles which 
ſubtend equal angles, whether at the centers, as TAL and 
BAC, or at the periphery, ave like. 

For IL. periph. : angle TIAL (B AC.) 4 right. 

Alfo, Arch BC. age : : angle BAC. 4 right. There- 
fore IL, periph : : BC. periph. And conſequently the 
arches I L and BC are like. Whence | 


4. Two ſemidiameters AB, AC, cut F like arches IL, 
from concentrick pevipheries. , 


The End of the ſixth Book, 
THE 
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The SEVEN TH BO OR 
„ 


ELEMENTS. 


Definitions, 


I. Nity is that, by whieh every thing that is; 
is called One. | | 
IT. Number is a multitude compoſed of 
5 un i ts. | 

III Part is a number of a number, the leſſer of the 
greater, when the leſſer meaſureth the greater. 

Every part is denominated from that number, by which it 
meaſures the number whereof it is a part; as 4 is called the 
third part of 12, becauſe it meaſures 12 by 3. ; | 

IV. But when the leſſer number does not meaſure the 


greater, then the leſſer is call'd, not a part, but parts of 


the greater. : 

pry parts vhatſoever are denominated from thoſe two num- 
ters, Ly which the greateſt common meaſure of the tao num- 
bers meaſures each of them; as 10 is ſaid to be tavs thirds of the | 
number 15; becauſe the greateſt common meaſure, which 
is 5, meaſures 10 by 2, and 15 by 3. 

V. A multiple is a greaternumber compared with a 
lefler, when the leſſer meaſures the greater. 

VI. An even number 1s that which may be divided 
into two equal parts. | 

VII. But an odd number is that which cannot be di- 

vided into two equal parts; or that which differeth from 


an even number by unity. 


VIII. A number evenly even, is that whick an even 
number meaſureth by an even number | 

IX. But a number evenly odd, is that which an even 
number meaſureth by an odd number. 1 4 


Ec ID Rs Elements. 


X A number oddly odd, is that which an odd num- 
ber meaſureth by an odd number 

XI. A prime (or firſt) number is that which is mea- 
ſured only by unity. | 

XII. Numbers prime the one to the other, are ſuch as 
only unity doth meaſure, being their common meaſure. 

XIII A. compoſed number 1s that which ſome certain 
number meaſureth. 

XIV. Numbers compoſed the one to the other, are 


thoſe, which ſome number, being a common meaſure 


to them hoth, doth meaſure, 

a In this, and the preceding definition, unity is not a num- 
er f 

XV. One number is ſaid to multiply another when 
the number multiplied is ſo often added to it ſelf, as 
there are units in the number multiplying, and another 
number 1s produced. | 

Hence in every multiplication unity is to the multiplier, as 
the e ee to the product. 5 

Obſ T hat many times, when any numbers are to be mul- 
tiplied (as A imo B) the conjunction of the letters denotes the 
product: Sv AB Ax B, and CDE = Cx DxE. © 

XVI. When two numbers multiplying themſelves 
produce another, the number produced is called a plain 
number ; and the numbers which multiplied one ano- 
ther, are called the ſides of it: So 2 (C) x3 (D) =6= 
CD is a plane number. : 

XVII. But when three numbers multiplying one ano- 
ther produce any number, the number produced is 
| termed a ſolid number; and the numbers multiplying 
one another, are called the ſides thereof: So 2 (C)x3 
(D) x 5 (E) = zo = CDE is a ſolid number. 

XVIII. A ſquare number is that which is equally e- 
qual; or, which is contained under two equal numbers. 
Let A be the ſide of a ſquare; the ſquare” is thus noted, 
AA, or Ag, | | 

XIX A Cube is that number which is equally equal 
equally ; or, which 1s contained under three equal num- 
bers. Let A be the ſide of @ Cube; the Cube is thus noted, 
AAA, or Ac. 


ber. | 
XX. Numbers are proportional, when the firſt is 
the ſame multiple of the ſecond, as the third * = 
ourth; 


In this definition, and the three foregoing, unity is num- 
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fourth ; or, the ſame part ; or, when a part of the firſt 


. number meaſures the ſecond, and the ſame part of the 


third meaſures the fourth, equally : and vice verſa. So 
A. B. : C.D, tbat is, I. 
XXI. Like plane, and ſolid numbers, are thoſe which 


have their ſides proportional: Namely, not all the ſides, 


; but ſomes 5 
XXII. A perfect Number is that which is equal to 


o 


its own parts. 


As 6, and 28. But a number that js leſs than it's parts 


is called an Abounding number; and one which is great- 
er, a Diminutive: ſ 12. is an aboundine, 15 a diminutive 
number. | | 

XXIII. One number is ſaid to meature another, by a 
third number, which when it either multiplies, or is 
multiplied by the meaſuring number, produces the num- 
ber meaſured. 

In Diviſion, unity is to the quotient, as the diviſor is to 
the dividend. Note, that a number placed under another 


A | 
 evith a line between them, ſignifies diviſion : 50 72 Adi. 


vided by B, and = = CxA divided by B. 


Thoſe two numbers are called the Terms or Roots of 


a Proportion, than which leſſer cannot be found in the 
ſame proprtion, : 


Poſtulates, cr Petitions. 


dE Hat numbers equal or multiple to any number 


may be taken at pleaſure. 
2. That a number greater than any other whatſoever 
may be taken. 
That Addition, Subtraction, Multiplication, Di- 
8 and the Extractions of Roots or ſides of ſquare 
and cube numbers be alſo granted as poſſible. 


Axioms. 


Is | Hatſoever agrees with one of many equal 


numbers, agrees likewiſe with the reſt, 
2. Thoſe parts that are the ſame to the ſame part, or 
parts, are the ſame among themſelves. 
3. Numbers that are the ſame parts of equal num- 
bers, or of the fame number, are equal among them- 


ſelves. | 4 Thoſe 


Eei iDEN Elements. \ 


4. Thoſe numbers, of which the ſame number or e- 
1 numbers, are the ſame parts, are equal amongſt 
themſelves. . BY ; | 

J.. Unity meaſures every number by the units that 
are in it; that 1s, by the ſame number. 

6. Every number meaſures it ſelf by unity. 

7. If one. number multiplying another, produces a 
third, the multiplier ſhall meaſure the product by the 
multiplied ; and the multiplied ſhall meaſure the ſame 
by the multiplier. 

Hence, No prime number is either a plane, ſolid, ſquare, 

or cube number. 
8. If one number meaſures another, that number by 
which it meaſureth ſhall meaſure the ſame by the units 
that are in the number meaſuring, that is, by the num- 
ber it ſelf that meaſures. 

9. If a number meaſuring another, multiply that by 
which it meaſureth, or be multiplied by it, it produ- 
ceth the number which it meaſureth. 

10. How many numbers ſoever any number meaſureth, 
it likewiſe meaſureth the numbers compoſed of them. 

11. If a number meafures any number, it alſo mea- 
ſureth every number which the ſaid number mearſureth. 

12. A number that meaſures the whole and a part ta- 
ken away, doth alſo meaſure the reſidue. 


| PROP. I. 
Tao unequal numbers AR, A. „ 5 3 
CD, being given, if the leſſer C. F. . D $i 
CD, be continually taken from HI 


the greater AB (and the reſidue 3 | 
EB from CD, &c.) by an alternate ſubiraction, and the 
number remaining do never meaſure the precedent, till _ 
GB be talen; then are the numbers which were given AB, 
CD, prime the one to the other. | 

If you deny it, let AB, CD, have a common meaſure, 
namely the number H, therefore H meaſuring CD, doth 
a alſo meaſire AE; and b conſequently the remainder 
EB; a therefore it likewiſe meafures CF, and “ ſo the 
remainder FD; a therefore it alſo meaſures EG. But 
it meaſured the whole EB, and b therefore it muſt mea- 
fire that which remaineth GB, that is, a number mea- 
fares unity. c Which is abſurd 


1 | PROP, 


A 1 I. ax. 7 
b Iz. ax. 7. 


2 9. AX. I. 
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NO. I. 
 Tavo numbers AB, 9 6 
CD being given, ni. . .. E. . . B 15 9 6 
prime the one to the other, 6 3 
to find out their greateſt r 
common meaſure F.. | 88 


Take the leſſer number CD from the greater AB as 
a 6 ax. 7. often as you can. If nothing remains, à it is manifeſt. 
that CD is the greateſt common meaſure, But if there 
remains ſomething (as EB) then take it out of CD, and the 
| | reſidue FD out of EB, and ſo forward till ſome num- 
b 1. 7. ber (FD) meaſure the ſaid EB (b for this will be, be- 
fore you come to unity) FD ſhall be the greateſt common 

meaſure. 
c conſtr. For FD c meaſures EB, and d therefore alſo CF; and 
d 11. ax. 7. e conſequently the whole CD; d therefore likewiſe 
e Iz. ax. 7. AE; and ſo meaſures the whole AB. Wherefore it is e- 
vident that FD is a commou meaſure. If you deny it to 
be the greateſt, let there be a greater G) then where- 
d 11 ax? as & meaſureth CD, it 4 muſt likewiſe meaſure AE, e 
e 12. ax. 7. and the reſidue EB, d as alſo CF, e and by conſequence 
5 ſuppoſe the reſidue FD, g the greater the leſs, 22 hich is abſurd, 


9. ax. I. | 
Coroll. 


Hence, A number that meaſures two numbers, does 
alſo meaſure their greateſt common meaſure, 


PROF, N 
N. 4 12 T byee numbers being given, A, B, 
8 C, not prime one to another, © 20 out 
D....4 theirgreateſt common meaſure E. 
3 Find out D the greateſt common 
. 2 meaſure oſ the two numbers A, B. 
F If D meaſures C the third, it is 


clear that D is the greateſt common 
meaſure of all the three numbers. If D does not mea- 
ſure C, at leaſt D and C will be compoſed the one to 
the other, by the Coroll. of the Propoſition preceding. 
Therefore let E be the greateſt common meaſure of the 


{aid numbers D and C, and it ſhall be the number which 
Was required. | 


For 


P 


. % 
s, '* 
HF 
* 
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For E a meaſures C and D, and D meaſures A and B; a conſſ. 

therefore h E meaſures each of the numbers A, B, C: br ax. 7. 
neither ſhall any greater (F) meaſure them; for if you 
affirm that, c tlien F meaſuring A and B, does likewiſe c cor. 1. 7. 
meaſure D their greateſt common meaſure ; and in like 
manner, F meaſuring D and C, does alſo meaſure Ec 
their greateſt common meaſure, d the greater the leſs. d ſuppoſ. 
e Which is abſurd. e 9. ax. 1. 


Coroll. 


Hence, a number that meaſures three numbers, does 


alſo meaſure their greateſt common meaſure. 


ö 


Every leſs number A is of every' R.. 6 
greater B either a part or parts 13 


If A and B be prime to one ano- B...... . .. 18 a 4. def. 7. 


ther, a A ſhall be as many parts of 88. . 9 

the number B, as there are units 

in A (as 6—=5 of 7). But if A meaſures B, it is b plain þ 3. der 7. 
that A 1s a part of B (as 6 of 18.) Laſtly, if A and B : 
be othirwith compoſed to one another, c the greateſt © ++ def. 7. 
common meaſure ſh:1l determine how many parts A 

does contain of B; as 6 =; of 9. 


ROE . 


Aid 8 
6 3 $$ 
Bio od oe GIS ES. 


If a number A be a part of a number BC, and another 
number D the ſame part of another number E. F; then both 
the numbers together (AD) ſhall be the ſame part of both 
the numbers together (BC EF,) which one number A is of 
one number BC. 

For if BC be reſolved into its parts BG, GC, equal 
to A; and EF allo into its parts Et, HF, equal to D; | 
a the number of parts in BC ſhall be equal to the num- a H. 
ber of parts in EF. Therefore fince A4-Db — BG b conft. & 
EH—GC j-HF, thence A4-D ſhall be as often in BC 2. ax. 1» 
EF, as A is in BC. WW 1 was to be demonſtrated. 8 
8 2 r 
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Or thus. Let a=" and b=L, then 2 a — x, and 


2 b y, therefore 2a 4-2 b =x4y, therefore ab 


* . FH hich was to be demonſtrated. 
2 


PROP. VI. 


3 9 F... 12 and another number DE 
the ſame parts of ano- 
ther number F; then both numbers together abt ſhall 
be of both numbers together C F the ſame parts, that one 
number AB is of one number C 
Divide AB into its parts AG, GB; and DE into its 
parts DH, HE. The multitude of parts in both AB, DE, 
is equal by ſuppoſition; ſince then AG a is the ſame part 
of the number C, that DH is of the number F, AG A 
DH ſhall be the ſame part of the compounded num- 
ber CAF, that one number AG is of one number C. 
& In like manner GB-|-HE is the ſame part of the ſaid 
C4+F, that one number GB is of one number C. 
c Therefore AB + DE is the ſame parts of C F, that 
AB is of C. Which was to be demonſtrated 
Or tlius. Let a x, and br y, and xy = g. 
then, becauſe 3 a 2 2x, and 3 bea y, is 3 a ＋ 3 b 
2x-|-2y=2g, therefore a bfg = +: xy. | 


PROP. VII. 


3 | IF a number AB be 
Ai B4.-03 the ſame part of a 
6 10 6 number CD, that a 


G.. C.. FE. D 16 part taken away AE 


i | is of a part taken away 
CF; then ſhall the reſidue E be the ſame part of the reſi- 


due FD that the whole AB is of the whole CD. 


a Let EB be the ſame part of the number GC that 


AB is of CD, or AE of CF, 6 therefore AE. EB is 


the ſame part of CF+ GC that AE is of CF, or AB 
of CD, c therefore GF CD. Take away CF com- 
mon to both, and d there remains G FD, e Where- 

fore 


/ "Te If a number AB be 
A..G..B6 D. . H. . ES parts of a number C, 


5 
| 
A , 
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fore EB is the ſame part of the reſidue FD (GC) that 
the whole AB is of the whole CB. MH bich was to be de- 
monſtrated. : 

Or thus. Let a-þb =x; and dy; and x = 4 


in like manner asa— 3c; Iſay b= 3d. For 3c 


3df —=3y =xg—a-þb, take away from both 30 g f 


a, and there remains 3d b. Which was to be demon- 


rated. 
PROP. VIII. 


In a number AB be 6 2 $$ 3 
the ſame parts of a num- RA. HAG... 8x6 
ber CD, that a part ta- 18 6 
kei away AE, is of ... . F. . 24 


a Er taken ng 
CF; the reſidue alſo EB ſball be of the _ FD the ſame 


Parts, that the whole AB is of the whole 


Divide AB into AG, GB, parts of the number CD; 
alſo AE into All, FE, parts of the number CF; and 
take GL—AH—HE, a wherefore HG = EL And 
becauſe h AG — GB, c therefore HG — LB. Now 
whereas the whole AG is the ſame part of the whole 
CD that the part taken away AH is of the part taken 
away CF, d the reſidue HG or EL ſhall be the ſame 
part alſo of the reſidue F D that A G is of CD. In like 
manner, becauſe GB is the ſame part of the whole CD, 
that HE or GL are of CF, d therefore the reſidue LB 
ſhall be the ſame part of the reſidue FD that GB is of 
the whole CD. Therefore EL-+ LB(EB) is the ſame 
parts of the reſidue FD, that the whole AB is of the 
whole CD. M1 hich was to be demonſtrated. 

Or thus more eafily. Let a bx, and c＋ dy. 
Alſoy ; x as well as c a; or, e which is the ſame, 
3y x; and 3c 2a. I fay d rb. For 30 
3df—=3y—2xf—2a-2b. g Therefore 3 03d 
244-2 b take away from each 3 ch — 2a, and & there 
remains 3 d—2b, ] therefore d = . b Which was to be 
de monſtrated. | 
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— | PROP. IA 

A.. . 4 wͥ Fa number A be a part of anum- 
3 zer BC, and another number D the 
B. G.. C8 ſame. part of another number EF; 
5D. 5 then alternately what part or parts 

5 5 the firſt A is of the third D, the ſame 
E.....H.....F 19 part or parts ſhall the ſecond BC be 

of the fourth E. F. | 


A is ſuppoſed 2 D, therefore let BG, GC, and EH, 
FIF, parts of the numbers BC, EF be equal; BG and 
GC to A; and EH, HF to D. The multitude of parts 
is put equal in both. But it is clear that BG is a the 
ſame part or parts of EH, that GC is of HF; h wherefore 
BC (BG+ GC) is the ſame part or parts of EF (EH | 


HF) that BG alone (A) is of EH alone (D.) FYhich - 


was to be demonſtrated, 


d 
Or thus. Let a =, and C== =; or 3a=b, and 


3 3 

| 24 

30 d, 28 15 2 8 ==) b. 

8 
A:. G.. B 4 | If a number AB be parts of 
833 6 a number C, and another num- 
5 5 ber DE the ſame parts of ano- 
1 EI: A} ther number F; then alter- 
c nately, what parts or part the 


| | firſt AB is of the third DE, 

the ſame parts or part ball the ſecond C be of the fourth F. 
AB is taken > DE, and C - F. Let AG, GB, 
and DH, HE, be parts of the numbers C and F, viz. as 
many in AB as in DE. It is manifeſt that AG is the 
ſame part of C, that DH is of F, à whence alternately 
AG is of DH, and likewiſe GB of HE, and 6 ſo conjoint- 
ly ABof DE the ſame part, or parts, that C 1s of F. 
W hich vas.to be demonſtrated. | 


DT, 2 | 2d | 

Or thus. Let a = "> and e = 3 r 3a 2 b, 
. E 3c 24 4 
and - C==2d.: The om — === — = — 
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' PROP. XI. . 


If a part taken away AE be 4 3 
10 a part taken away CF, as R. . E. . B 7 
the whole AB is to the abole 8 4 
CD, the reſidue alſo E B.ſball be o.. F.. 0 14 
to the reſidue F D, as the whole 
AB is to the whole CD: 
Firſt, let AB be —CDy a then AB is either a part a4 70 
or parts of the number CD; and likewiſe AE is b the b 20 def.) 
ſame part or parts of CF; e therefore the reſidue EB c 5 or 8. J. 
is the ſame part or parts of the reſidue FD that the 
whole AB is of the whole CD, h and ſo AB. CD: : EB. 
FD. But if AB bec - C D, then according to what is al- 


ready ſhewn, will CD. AB:: FD. EB, therefore by in- 


verſion AB, CD: : EB. FD. 
PROP. XII. 


Bit C4 EE. 3 If theyre be numbers, how many 
„„ ſoever, proportional (A. B:: C. 
D:: E. F;) then as one of the 
antecedents A. is to one of the conſequents B, ſo ſball all the an- 
tecedents (ACE) be to all the conſequents (BHD—F.) 
Firſt, let A, C, E, be 5B, D, F; then ( becauſe 
of the ſame proportions) à ſhall A be the ſame part or a 20. def.). 
parts of B that Cis of D; b and likewiſe coniointly A b 5,& 6, 7. 
C ſhall be the ſame part or parts of BD that A alone 
is of B alone. In the like manner A+C+E is the ſame 
part or parts of B ＋ DF that A is of B. c Therefore c 20. def. 7 


A TCE. BTL DTF: : A. B. But if A, C, E, be put 


greater than B, D, F, the ſame thing may be ſhewn by 


inverſion, 
PROP. XIII. 


If there be four numbers proportional Av G4 
(AB:: C. D) then alternately they ZB, 9. D, 12. 
8 alſo be proportional, (A. C:; g. | 


Firſt, let A and C be Y g and D, and AS5C, By 
reaſon of the ſame proportion 2 ſhall A be the ſame a 20,4. j. 
part or parts of B, that C is of D. þ Therefore alter. b. 9, & 1a, 
| | 14 nately 7. 
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nately A is the ſame part or parts of C that B is of D, 


and ſo A. C:: B. D. But it A be g= C, and A and C 
ſuppoſed c B and D, it will come to the ſame thing 
by inverting the proportions. 


PROP. XIV. 
A, 9. D, 6 If ibere be numbers, how many ſoe ver, 
B, 6. E, 4. A, B, C, and as many more equal to 
1 them in multitude, which may be compared 


two and tqvo in the ſame proportion (A. B:; 


D. E. and B. C:: E. F z) they ſball alſo by equality, be in 


Wy 
— 


9.7. 


#he ſame proportion (A. C: : D. F.) 

For becauſe A. : : D. E, à therefore alternately is 
A. D:: B. E:: 2 C. F; a therefore again, by permuta- 
tion, A. C:: D. F. Which ævas to be demonſtrated. 


PRO P. XV. 
LD... Ff an unite meaſure any number 


B. . . 3. E.. . 6. B, and another number D do equally 
mea ſure ſome other number E; alter- 


nately alſo ſhall an unite meaſure the third number, as often 


as the ſecond B doth the fourth E. | 

For ſeeing 1 is the ſame part of B, that D is of E; 
a therefore alternately ſhall 1 be the fame part of D, 
that B is of E. hich «vas to be demonſtrated. 


PROP. XVI, 


B, 4. A, 3s If two numbers A, B, mutually 
1 B, 4. multiplying themſelves, produce any 
AB, 12. BA, 12. numbers AB, BA; the numbers 
Produced AB, and BA, ſball be equal 

the one to the other | 
For Eecauſe AB—AxB, a therefore ſhall 1 be as 
often in A, as B in AB, band by conſequence alternately 
1 ſhall be as often in B as Ain AB. But becauſe BA 
Bx A, 2 therefore ſhall 1 be as often 1n B, as A in BA, 
therefore as often as 1 is in AB, ſo often is 1 in BA, and 


4: ax. 7. c ſo AB BA. Which was to be demonſtrated. 
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PROP. XVIL _ 


- If a number A multiplying two A, 4 
numbers B, C, produce other num- B, 2. „4. 
bers AB, AC; the numbers pro- AB, 6. AC, 12. 
duced of them ſhall be in the ſame | 
proportion that the numbeis multiplied are. (AB, AC: : B. C) 
PFor ſince ABA x B, à therefore ſhall 1 be as often 
in A as B in AB, 4 Likewiſe becauſe AC Ax C, 
ſhall t be as often in A, as C in AC, and ſo alſe B as 
often in AB as C in AC; b wherefore B. AB:: C. AC, 


c and therefore alſo alternately B. C:: AB. AC. ¶ bich 
was to be demonſtrated. . 
PROP. XVII 


Tf tuo numbers AB, multiplying C, 5. 
any number C, produce other num» A, 3. B, 9 
bers AC, BC; the numbers pro- 8 
duced of them ſball be in the ſame 


oy rag that the numbers multiplying are (A. R:: AC. 
BC.) 


For a AC — CA, and BC A CB; fo the ſame C mul- 
tiplying A and eee AC and BC, b therefore A. 
B:: AC. BC. I hich was to be demonſtrated. 


Schol. 


Hence is deduced the vulgar manner of reducing 
fractions (3, 2,) to the ſame denomination. For mnl- 
tiply 9 both by 3 and 5, and they produce 22 —+ ; 
becauſe by this 3. 5 :: 27. 45. Likewiſe multiply 5 by 
7 and 9, there ariſes 37 ; becauſe 7. 9: : 35. 45. 


PROP. XIX. 
If there are four numbers As, 4. B, 6. C, 8. D, 12. 
in proportion (A. B:: C. D) AD, 48. BC 48. 


the number produced of the 
firſt and fourth (AD) is equal to the number which is pro- 
duced of the ſecond and third (B C.) And if the number 
which is produced of the firſt and fourth (A D) be equal to 
that produced of the ſecond and third (BC) thoſe four num- 
bers ſball be in proportion (A. B:: C. D) 


* 


1 Hyg. 
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1. Hyp. For AC. AD a:: C Db:;A.Bc:: AC BO, 
d therefore A D=BC. V hich was to be dem. 

2. Hy. Becauſe e AD— BC, therefore AC. AD f:: 
AC. BC. But AC. AD g-: C, D, and AC. BC h:: A. 
B; k therefore C. D:: A. B. hich was to be demon- 
ſtrated. | ; 


PROP. XX. 
* = F there are three numbers in pro- 
8 portion (A. B:: B. C) the number 


4. 
AC, 36. BB, 36. contained under the extremes (A C) 
„ is equal to the ſquare made of the 
2 middle (B B.) And if the number 
contained under the extremes be equal to that (Bq,) produced 
of the middle, thoſe three numbers ſball be in proportion 


B 
(B e 


1. Hyp For take DE, @ therefore A. B:: D (8) 
C; b wherefore AC = BD, a or BB. Which was to be 
demonſtrated 

2. Eyp Becauſe ACS — BD, d therefore A. B:: D 
(B) C. hich was to be demonſtrated. | 


PROP. XXI. 
„ Boy. wc Numbers AB, CD, 
Ds Foo 6. being the leaſt of all that 


| have the ſame profor tion 
evith them (E, F,) do equally meaſure the numbers E, F, 
having the ſame proportion with them ; the greater AB the 
greater E, and the leſſer CD the leſſer F. 

For AB. OD a: : E. F, b therefore alternately AB. E:: 
CD. F, c therefore AB is the ſame part or parts of E that 
CD is of F; but parts it cannot be, - for if ſo, then let 
AG, GB, be parts of the number E; and CH, HD, 
parts of the number E, c therefore A G. E.: CH. F, 
and by inverſion AG. CH d:: E. Fe: : AB. CD; there- 
fore AB, CD, are not the leaſt in their proportion; 
which is contrary to the hypotheſis, Therefore, &c. 


PROP, 


5 
ö 


| ſis. 


 Everrvpe's Elements. 


PROP. . 
If there are three numbers A, B, C; A, 4. D, 12. 
and ether-numbers equal to them in mul- B, 3. E. 8. 
Fitude, D, E, F; which may be com- C, 2. F, 6 


pared two and two in the ſame propor- 
tion: and if alſo the © pra of them be perturbed (A. B:: E: 
F. and B. C:: D E) then by equality they ſhall be in the 
ſame proportion (A. C:: D. F.) | 

For becauſe A.Ba: : E. F, therefore ſhall AF = 


BE; and becauſe B. C:: a D. E, b therefore BE=CD, 


c and conſequently AF =CD., d Therefore A. : : D. 
F. I hich was to be demonſtrated. | 


PROF. IA. 


Numbers prime the one to the other, A, 9. B, 4 
A, B, are the. leaſt of all numbers QC---- D--- 
that have the ſame proportion with E 
them. | 

If it be poſſible, let C and D be leſs than A and B, 
and in the ſame proportion; à therefore C meaſures A 
equally as D meaſures B, ſuppoſe by the ſame number F; 
and ſo C ſhall be h as often in A as 1 is in E; c likewiſe 
alternately, E as often in A as 1 in C. By the like rea- 
ſoning as many times as 1 is in D, ſo many times ſhall 
E be in B. Therefore E meafires both A and B; which 
conſequently are not prime the one to other, contrary to 
the hypotheſts. 


PROP. XXIV. 
Numbers A, B, being the leaſt of A, 9. B, 4. 


all that have the ſame proportion with C--- 
them, are prime the one to the others. Dock 


If it poſſible, let A and B have a 
common meaſure C; and let the ſame meaſure A by D, 
and B by E; a therefore CD=A, h and CE—B. þ Where- 
fore A. B:: D. E. But D and E are leſſer than A and 
B, as being but parts of them. Therefore A and B are 


not the leaſt in their proportion, againſs the Hypothe- 
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A byp- 
b 19. 7. 
C I. ax. 1. 


d 19. 7. 
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number B. 


2 11. ax. ). 


A 9. ax. 7. 
b 19. 7. 
C 25. 7. 
d 23. 7. 
© 2h. 7. 
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P R O P. XXV. 


A, 9. B, 4. | If two Numbers A, B, ave prime the 
C, 3. D-- one to the other, the number C meaſuring 
one of them A, ſhall be prime to the other. 


For if you affirm any other D to meaſure the numbers 
B and C, à then D meaſuring C does alſo meaſure A; 
and conſequently A and B are not prime the one to the 
other : bich is againſt the Hepotheſis. 


PROP. XXVI. 


A, 5. C, 8. If taho numbers A, B, are prime 
B. 3. to any number C, the number alſo 


AB, 15, E produced of them AB, ſball be prime 


F- to the ſame C. 


If it be poſſible, let the number E be a common meaſure 


to AB, and C; and let F be = F; a thence AB 


= EF; 6b vherefore alſo F. A:: B. F. But becauſe A 
is prime to C, which E meaſures, c therefore E and A 
are prime to one another, d and ſo leaſt in their own 
proportion, e and conſequently they muſt meaſure B and 
F; namely F ſhall meaſure B, and A ſhall meaſure F. 
Therefore ſeeing E meaſures both B and C, they ſhall 


not be prime to one another : Contrary to the Hypotheſis. 


PROP. XAvIL.- 


B.,. If tævo numbers A, B, are prime to 

Aq, 16. one another, that alſo which is produced 

D, 4. of one of them (Aq) ball be prime to the 
other B. 


Take D. A; therefore both D, and A are prime to 
B; 6 therefore A Dor Aq is prime to B. Which was 
to be demonſt rated. 


PROP 
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8 PROP. XXVEL | 
If tevo numbers A, B, are prime A, 5. C, 4. 
to tcvo numbers C, D, each to eitben BE, 3. D, 2. 


of. both, the numbers alſo produced ß IB, 15. CHS. 
multiplying them AB, 25 ball be n 
prime to one another. 

For becauſe A and B are prime to C, a therefore 


ſhall AB alſo be prime to the ſame And for the ſame 


reaſon ſhall AB be prime to D. b 'Therefore AB 1s 
prime to CD. hich was to be demonſtrated. 


PROP. XXIX. 


If two Numbers A, B, are prime A, 3. B, 2. 
to one another, and each multiply Aq, 9. Bq, 4. 
ing itſelf produces another number Ac, 27. Bc, 8 
(Aq, and Bg ;) then the numbers pro- 
duced of them (Aq, Bq,) /ball be 22 to one another. And 
if the numbers given at firſt A, B, multiplying the ſaid pro- 
duced numbers (Aq, Bq,) froduce others (Ac, Be,) thoſe 
numbers alſo (ball be prime to one another: And ſo on. 

For becauſe A is prime to B, à therefore Aq ſhall 
be prime to B, and Aq being prime to B, à therefore 
Aq ſhall be alſo prime to By. Again, becauſe A is as well 
prime to B and Bq, as Aq is to the ſaid B and Bq, 5 
therefore ſhall A x Aq, that is, Ac, be prime to Bx Bq, 
that is, to Bc: And ſo forth of the reſt, 


PROP. XXX. 


If two numbers AB, 8 5 
BC, be prime the oneto A........B..... C13. D— 
the other ; then both ad- 
ded together (AC) ſhall be prime to either of them AB, BC. 
And if both added together AC be prime to any one of them 
AB, the numbers alſo given in the beginning AB, BC, ſhall 


be prime to one another. 


2 Hp For if you would have AC, AB to be com- 
poſed, let D be the common meaſure : à this ſhall mea- 


ſure the reſidue BC > And therefore AB, BC, are not 


prime to one another; which is againſt the Hypotheſis. 

2 Hyp AC, AB, being taken prime to one another, 
let D be the common meaſure of AB, BC. h Fut ſeeing 
that meaſures the whole AC, therefore AC, AB, are nor 
prime to one another; *contrary to the Hypotheſis, 


Croll. 
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a 26. 7. 
b 26. 7. 


a 27. 7, 


b 28.7" 


a 12. ax. 7. 


b 1c. ax. 7. 
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Coroll. 


: Hence, A number, which being compounded of two, 
is prime to one of them, is alſo prime to the other. 


PROP. XXXI. 


A, 5. B, 8. Every prime number A is prime to every 
number B, which it meaſureth not. 

For if any common meaſure doth meaſure both, A, 

B, a then A will not be a prime number; contrary to the 


Hypotheſis. 
PROP, XXL 


23. If tævo numbers A, B, multiplying one 

. ** produce another AB, Ss ; ow 

AB, 24. prime Number D, meaſure the number 

produced of them AB; then ſball it alſo 

meaſure one of thoſe numbers, A, or B, which were given at 
the beginning. 

duppoſe the number D not to meaſure the number A, 


B 
and Jet 5 be —E, a then AB = DE; 6b whenee D. 


A: : B. E. c But D is prime to A; d therefore D and 
A are the leaſt in their proportion; e and conſequently 
D meaſures B as often as A meaſures E. T he propoſition 


therefore is evident. 


PROF. . 
12. Every compoſed number A, is meaſured by 


* ſome prime number B. 

Let one or more numbers a meaſure A, of which let 
the leaſt be B; that ſhall be a prime number: For if it 
be ſaid to be compoſed, then ſome à leſſer number 
ſhall meaſure it, b which ſhall alſo conſequently meaſure 
A. Wherefore B is not the leaft of thoſe which meaſure 


A, contrary to the Hyp, 


PROP. 
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FROPF.: XEXEV. 


A, 9. Every number A, is either a prime, or meaſured by 
ſome prime number. 
For A is neceflarily either a prime or a compoſed 
number. If it be a prime, tis that we affirm. If com- 
poſed, a then ſome prime number meaſureth it. I hich a 33. 7- 
Was to be demonſtrated 


PROP.'XIXXY. 


„ „ C8 . 
D, 2. H--I-- K 
Ws £F..- G6: 


How many numbers ſoever A, B, C, being given to find 
the leaſt numbers E, F, G, that have the ſame proportion 
evith them. 

If A, B, C, be prime to one another, a they ſhall à 2. -, 
be the leaſt in their proportion. If they be compoſed, * 
b let their greateſt common meaſure be D, which let þ 3. 7. 
meaſure them by E, F, G. Theſe are then the leaſt 
in the En A, B, Gs 

For Dx E, F, G, c produceth A, B, C, d therefore theſe cg. ax. 7. 
and thoſe are in the ſame proportion. But allow other d 17. 7. 
numbers II, I, K, to be the leaſt in the ſame proportion; 
e which ſhall therefore equally meaſure A, B, C, name- e 21. 7. 
ly by the number L, f therefore Lx H, I, K, ſhall pro- fg ax 7. 
duce A, B, C, g and conſequently ED AHL; g 1 ax. I 
b from whence E. H:: L. D But ER == H; 1 there- h 19. 7. 
fore LC D, and fo D is not the greateſt common | fupfof. 


meaſure of A, B, C. Which is againſt the Hypotheſis. 1 20, def. 7- 


Coroll. 


Hence, 'The greateſt common meaſure of how many 
numbers ſoever, does meaſure them by the numbers 
which are leaſt of all that have the ſame proportion with 


them. Whereby appears the vulgar method of reducing 
fractions to the Jeaſt terms, | 


— 


PR OP. 
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PROP. XXXVI. 


Two numbers being given, A, B, 10 find out the leaſt 
number which they meaſuve- 


AS B, 4- 1. Caſe. If A and B be prime the one 
y 20. to the other, AB is the number requi- 
D red. For it is manifeſt that A and B 


E---F--.- meaſure AB. If it be poſſible, let A 

| and B meaſure ſome other number D 
—> AB, ſuppoſe by E, and F, a therefore AE D — 
BF, b and ſo A. B:: F. E. But becauſe A and Bc are 
prime the one to other, d and ſo leaſt in their proportion, 
A ſhall e equally meaſure F as B does E. But B. E f:: 
AB. AE (D.) g Therefore AB ſhall alſo meaſure D, 
which is leſs than it ſelf. ¶ hich is abſurd. 


Z 2. Caſe. But if A and 
C, 3. D, 2. . H- B be compoſed one to a- 
AD, 12. nother, þ let there be 


5 | found C and D the leaſt 
in the ſame proportion. & Therefore AD BC; an 


AD or BC ſhall be the number ſought. | 
For it is / plain that B and A do meaſure AD or BC. 
Conceive A and B to meaſure F -5 AD, namely A by 
G, and B by E, m therefore AG = F — BH, » whence 
A. B:: H. Go: : C. D, p and conſequemly C equally 
meaſures H as D does G. But D. G:: AD. AG (F,) 
therefore AD meaſures F, the greater the leſs. Which 
is abſurd. 3 
Coroll. 


Hence, If two numbers multi ply the leaſt that are in 


the ſame proportion, the greater the leſs, and the leſs the 


greater, the leaſt number which they meaſure ſhall be 


a hyp. 

b conſtr 
C11 ax. 7. 
d 12 ax 


produced 1 

PROC . 
B, 3. If tao numbers A, B, meafure 
E 6 6 any number CD, the leaſt number 
C----F---D which they meaſure E. ball alſo 


meaſure the ſame CD. 

If you deny it, take E from CD as often as you can, 
and leave FD -—= E, therefore ſeeing A and Ba meaſure 
E, h and E meaſures CF, c likewiſe A and B will meaſure 
CF. But a they meaſure the whole CD; d therefore alſo 
they meaſure the reſidue FD; and conſequenty E is not 
the leaſt which A and B meaſure: Contrary to the = 414 


7) 3: Þ = 
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_ . PROP. XXXVIIL®O | 
' Three numbers being given, A, A, 3. B, 4. C, 6. 
B, C, to find out the leaft which D, 12. 
they meaſure. . - | X 
2 Find D the leaſt that two of them A and B do mea- a 36. j. 
ſure; which if the third C do alſo meaſure, it is mani- 
feſt that D is the number ſought. But if C doth not 
meaſure D, let E be the leaft that C and D do meaſure, 
E ſhall be the number required. 1 
For it appears by the 11. ax: Anz B33 G4 
7. that A, B, C, meaſure E; D, 6. E, 12. 
and it is eaſily ſhewn that the F -- : 
meaſure no other F leſs than EK. 5 | 
For if you affirm they do, 4 then D meaſures F, ö and b 37. 7. 
conſequently E meaſures the ſame F, the greater the leſs. 
A hicb is abſurd. ö | 
: Coroll. | Ys 
Hence it appears, that if three numbers meaſure any 
number, the leaſt alſo, which they meaſure, ſhall mea- 


fure the fame. 55 | 
5 PROP SR 
TIF any number B meaſures a number A, A, 12. 
the number meaſured A, ſball have a part B, 4. C, 3. 
C denominated of the number meaſuring B. 


For becauſe 5. = C, 4 ſhall ABC, eihereſore-C- a 55%. 

= B. Which was to be demonſtrated. b 9. ax a 
. 3 PROP. XL. C 7. ax. 7. 
If a number Ahave any part whatſoever A, 15. 

B, the number C, from which the part Z, 3. C, 5: 

B is denominated, ſhall meaſure the ſame. 


For ſince BC aA, b ſhall 2 B. IWWhich was to be 2 Þyp. S 
demonſtrated. „ 7 | 
PROP. XLI. 
Jo find out a number G, the leaft that can 
have given parts, , „, r. 


G15; 
8 


218 


4 Let & be found the leaſt which the denominators 2, 12g 
3, 4 meaſure ; b it is evident that G has the parts , 3, 1, ? 
5, If it be poſſi dle let H =D G have the ſame parts; c . 
therefore 2, 3, 4, meaſure H; and fo G is not the leaſt 


which 2, 3, 4, meaſure : againſt the conſtr. 
The End of the ſeventh Book. 
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PROP. J. 


A, 8. B, 12. C 18. D, 27. 
„ 


F there be divers numbers how many ſoever in continual 
proportion, A, B, C, D, and their extremes A, D, 
prime to one another, ; then thoſe numbers A, B, C, D, 


are the leaſt of all numbers that have the ſame proportion with 


them. 
For, if it be poſſible, let there be as many others E, 


F, G, II, leſs than A, B, C, D, and in the ſame propor- 
tion with them. à Therefore from equality AD 2E. 
, and ſo A and D which are prime numbers, 5 and 
conſequently the leaſt in their proportion, c equally 
meaſure E and H, which are leſs than themſelves. Y pich 


is abſurd. 
| PROP. H. 
I 
A, 2. B, 1 
Aq, 4. AB, 6. Bq,g. 
Ac, 8. AqB, 12. ABq, 18. Bc, 27. 


To find out the leaſt numbers continually proportional, as 
many as ſhall be required, in the proportion given of A to B. 


Let A and B be the leaft in the proportion given; 


Then Aq, AB, Bq, ſhall be the three leaſt in the ſame 
continual- proportion that A is to B. 


For AA. ABA: : A. Ba: : AB. BB. Likewiſe becauſe 


A and B are prime one to another, c ſhall Aq, Bq, be 
alſo prime to one another, d and ſo Aq, AB, Bq, are = 


the leaſt in the proportion of A to B. 
| More- 


2 


„ ee” 


Aer 


Evcripet's Elements, 


Moreover, I ſay Ac, m_ ABq, Bc, are the four leaſt 
in the proportion of A to B. For AqA. AqBe::A. B. e:: 
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e 17. 36 


ABA(AqB.) ABB. e and A. B:: ABq. BBq (Bc.) Therefore f 29. 7. 
fince Ac, and Bc, are f prime to one another, likewiſe g g x. $, 


ſhall Ac, AqB, ABq, Bc be the four leaſt = in the pro- 
portion of A to B. In the ſame manner may you find out 
as many proportional numbers as you pleaſe. I hich was 
to be done. | | 

| Coroll. 


1. Hence, If three numbers, being the leaſt, are pro- 


portional, their extremes ſhall be ſquares; if four, cubes. 
2. The extremes of any number of proportionals found 


by this propoſition, if ſuch proportionals are the leaſt 


of all in a given ratio, are prime to one another. 

3. Two numbers, being the leaſt in a given ratio, do 
meaſure all the mean numbers of proportionals, be they 
ever ſo many, provided they are the leaſt in the ſame 
proportion; becauſe they ariſe from the multiplication 
of Som into certain other numbers. 

4. Hence it alſo appears by the conſtruction, that the 
ſeries of numbers 1, A, Aq, Ac; 1, B, Bq, Bc; Ac, AqB, 
ABq, Bc, conſiſt of an equal multitude of numbers; and 
conſequently, the extreme numbers of how many ſoever 
the leaſt continually proportionals are the laſt of as many 
other continually proportionals from unity ; thus the ex- 
mes Ac, Bc, of the continually proportionals Ac, Aq, 
Bq, Bc, are the laſt of as many proportionals from uni- 
ty 1, A, Aq, Ac, and 1, B, Bq, Bc. 

5. 1, A, Aq, Ac; and B. BA, BAq; and Bq, Aq are 
rin the ratio of 1 to A. Alſo B, Bq, Be; and A, AB, AB q; 
and Aq, AqB are in the ratio of 1 to B. 


PROP. m. 
If there be numbers A, 8. B, 12. C, 18. D, 27. 


FF 


continnally proportional, 


how many ſoever, A, B, C, D, being alſo the leaſt of all 
that have the ſame proportion with them ; their extremes A, 
D, are prime to one another. 
For if there be à found as many numbers the leaſt in 
the proportion of A to B, they ſhall be no other than 
A, B, C, D; therefore, by the ſecond Coroli. of the pre- 
cedent prop. the extremes A and D are prime to one ano- 
ther. Which was to be demonſtrated, 
55 PROP. 


3 


n — W 
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PROP. Iv. 


C, 4. D, 3. Proportions how ma- 
ny ſoever being given in the 
L--- , leaft numbers ( A, to B, 

and C to D) th find out the 


* leaft numbers continually proportional in the proportions given. 


a Find out E the leaſt number which Band C do mea- 


7. ſure; and let B meaſure E þ as often as A does another 
F, viz, by the fame number H. h Alſo let C meaſure the faid 


E as often as D meaſures another G, then F, E, G, ſhall 
be the leaſt in the proportions given. For AH e g= F, 
and BH c E; d therefore A B:: AH. BHe:: F. E. In 
like manner C. D:: E. G; therefore F, E, G, are con- 
tinually proportional in the proportions given. And they 
are moreover the leaft in the ſaid proportions; for con- 
ceive other numbers I, K, L, to be the leaſt; f then 


A and B muſt equally meaſure I and K, fand C and 


D likewiſe K and L; and ſo B and C meaſure the ſame 
K. g Wherefore alſo E meaſures the fame number K, 
which ts leſs than it ſelf. hich is abfurd. 
A, BY F, 7- 
H, 24. G, 20. J, 15. K, 21. 

But three proportions being given, A to B, C to D, 
and E to F; find out as before three numbers E, G, I, 
the leaſt continually in the proportions of A to B, and C 


to D. Then if E meaſures I, þ take another number K, 


which may be equally meaſured by F; and thoſe four 
numbers H. G, I, K, ſhall be contimally the leaſt in the 


given proportions; which we need go no other way to 


prove than v did in the firſt part. 
A, ß F, . 
Ha . 
M, 48. L, 40. K, 30. N, 105. 


If E doth not meaſure I, let K be the leaſt which E and 


do meaſure; and as often as I meaſures K, let G as of- 
ten meaſure L, and H alſo M, ſo likewiſe let F meaſure 
N as often E meaſures K. The four numbers M, L, K, 
N, ſhall be leaſt continually in the given proprortions; 
which we may demonſtrate as before. 


PROP. 


„ P 


£1 
F. 
* 
A 
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PROP V. 


Plain numbers CD, EF, C4 E323 
ave in that proportion to one D, 6. F, 16. ED, 18. 
* another <uhich is compoſed CD, 24. EF, 45. 
of their ſides. N 
For becauſe CD. DE A:: C. E; a and ED. EF: : D. F. js 17 
and 7 b= Ex c then ſhall be the proportion c 11. 3. 


Die D 
EF FE F. 


W bich was to be demon 
PROP. VI, 


If there be num- A, 16. B, 24. C, 36. D, 54. E 81. 
bers continually pro- F, 4 „ 6. , 9. | 
portional how man | 
foever, A, B, C, B. E, and the firft A does not meaſure the 
ſecond B, neither ſhall any of the other meaſure any one of 
the reſt. 
Since A does not meaſure B, a neither ſhall any one a 20. def. 7. 
meaſure that which next follows; Becauſe A. B:: B. C 
*:: C. D, &c. b Take three numbers, F, G, E, the leaſt b 35. 5. 
in the proportion of A to B, therefore ſince A does hat 
meaſure B, a neither ſhall F meaſure G, c therefore F is c 5. 7. 
not unity. But F and H are prime one to another; there- 
fore d ſince by equality A. C:: F. H, and F does not d 3. 3. 
meaſure H, à neither ſhall A meaſure C; and conſe- 
uently neither ſhall B meaſure D, nor. C meaſure E, 
. becauſe A Ce: : B. De: : C. E, c. In like manner e 14. 7. 
four or five numbers being taken the leaſt in the propor- 
tion of A to E, it may be ſhewn that A does not meaſure 
D and E; nor does B meaſure E and F, &c. Wherefore 
none of them ſhall meaſure any other. hich <vas to be 


demonſtrated. 
FROM: VIE. 


A,3 . C, 1c . 4% 
If there be numbers continually proportional how many ſoe- 
ver A, B, C, D, E, and the ff A meaſures the laſt E, it 
halt alſo meaſure the ſecond B. 
If you deny that A meaſures B, 2 then neither ſhall 4 6. 7« 
x meaſure E; Which is contrary to the Hyp. 
| K 3 | PROP. 
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PROP. VIII. 

IF betaveen two A, 24. C, 36. D, 54. B, 81. 
numbers A, B, there G, 8. H, 12. L 18. K. 27 
fall mean numbers E, 32. L, 48. M, 72. F, 108. 


in cominual propor- f | 
tion C, D; as many mean numbers in continual proportion 
as fall between them, ſo many mean numbers alſo L, M, 
in continual proportion, ſhall fall between tao other numbers 
E, F, which have the ſame proportion with them (L. M.) 

a Take G, E, I, K, the leaſt = in the proportion of 
A to C; b by equality it ſhall be G.K::A.Bc::E F. 
But G, and K d are prime one to another. e Wherefore 
G meaſures E as often as K does F. Let H meaſure L, 
and I likewiſe M by the ſame number; f therefore E, 
L, M, F, are in Mich proportion as G, FI, I, K, thar 
is, as A, B, C, D. Which was to be demonſtrated. 


PROP, IX. 


5 ; IF tquo numbers A, 
. B are prime to one ano- 
G, 4. H, 6. 9: ther, and mean num- 
8. Cn D, 8 {a bers in continual pro- 
Portion C, D, fall between tbem; as many mean numbers 
in continual proportion as fall between them, ſo many means 
alſo in continual proportion (E, G; and F, I) ſhall fall between 
either of them and unity. | | | 
It is evident, that 1, E, G, A, and 1, F, I, B, are , 
and as many as A, C, D, B, namely by the 4th Coroll. 
2.8. Which was to be demonſtrated. 


„ 
AS. J, 12. K. 8. If beteveen two num- 
E,4 DEF;,s. 6,9 bers A, B, and an unit, 
„ numbers continually pro- 
I. portional (E, D, and F, 


G, do fall, how many 
mean numbers in continual proportion fall between either of 


them and unity, ſo many means alſo ſball fall in continual 
proportion betaveen them, I, 


For E, DF, G, and A, DaF (1) DG (K) B are 
 FROB. 


by 2. 8, therefore, Se. 


| 
N 
i 
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Eocripe's Elements, I5I 
PROP. XI. 


Beteveen tao ſquare num- A, 2. B, 3. 
bers Aq, Bq, there is one mean Aq, 4. AB, 6. Bq, 9. 
proportional number AB: and 


| = to Bq, is in duplicate proportion of the fide A to the ſide 
, N a lt is manifeſt _— AB, Bq, are ; b and con- , 17. 7. 


A | : | | 
ſequently alſo 5 twice. Which «yas to be dem b 10. def... 
f ö ſtrated | 


lþ 
f 


, PROP. XII. 
5 | Between tevo cube Ac, 2). AqB, 36. ABq,qs. Bc, 64. 
4 80 numbers, Ac, Bc, „ & 
r © there are two mean Aq, 9. AB, 12. Bq, 16. 
* proportional numbers . 
79 AqB, ABq: and the cube Ac is to the cube Bc in triplicate 
mn ratio of the ſide A to the ſide B. 5 
1 a For Ac, AqB, ABq, Be, are in the proportion 2 2. 8. 
f 3 
1 F of A to B; band therefore 85 F thrice. I bicb 510. 
5 was to be demonſtrated, 
5 1 N PROP. XIIL Ku 
1 3 „ 
n 1 Aq,q. AB, 8. Bq, 16. BC, 32.Cq, 64. 1 
[ , 32. Cg 3 
. Ac, 8. AqB, 16. ABq, 32. Bc, 64. BqG, 123. BCꝗ 5256. Ce, 512. 1 
- 5 Z 5 i i | 
. 5 If there be numbers in continual proportion how many ſoe ver 1 ; 
ſy A, B, C; and every of them multiplying it ſelf . produces cer 3 
5 tain numbers; the numbers produced of them Aq, Bq, Cq, 1 
j ſhall be proportional: And if the unmbers firſt given A, B, C, 
F multiplying their products Aq, Bq, Cq, produce other numbers 
2 ; Ac, Bc, Cc, they alſo ſball be proportional; and this hall 
it, ever happen tò the extremes. N 
5 For Aq, AB, Bq, BC, Cq à are =; b therefore by a 2. 8. 
F, equalit Tr :: Bq. Cq Which was to be demonſtrated b 14.7. 
ny a Alſo Ac, AqB, ABq, Bc, BqC, BCq, Cc, are ; b | 
of therefore again by equality Ac. Bc : : Bc. Cc. hich was 
tal 1 to be demonſtrated. | 
* 
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PROP. XIV. 


Aq, 4. AB, 12. Bq, 36. Fa ſquare number Aq mea- 
A; 2. B, 6. ſure a ſquare number Bq, the ſide 

alſo of the one (A) ſball meaſure 
the ſide of the other (B): and if the ſide of one ſquare A 


meaſure the ſide of another B, the ſquare Aq ſball likewiſe 


meaſure the =_ 8 
1. Hyp. For Aq. AB:: AB. Bq, therefore ſeeing -4 
the hypotheſis. Aq meaſures Bq, b it ſhall meaſure alſo 
AB. But Aq. AB:: A. B, a therefore alſo A meaſures 
B. Which avas to be demonſtrated | 

2. Hyp. A meaſures B, c therefore Aq ſhall as well 
meaſure AB, c as AB meaſures Bq ; d conſequently Aq 
meaſures Bq. ¶ hich was to be demonſtrated. © 


PROP. XV. 


A, 2. _ SG If a cube number 

Ac, 8. AqB, 24. ABq, 72. Bc, 216. Ac meaſures a cube 
number Bc, then the 

fide of the one (A) ſball meaſure the fide of the other (B.) 
And if the fide A of one cube Ac meaſure the fide B of the 


_ other BC, alſo the cube Ac ſhall meaſure the cube BC. 


a2. 12.8 


b hyp. 
C 7. 7. 
d 20. def. 7. 
© II, ax. J. 


414. 8. 


Ac, b meaſuring the extreme Bc, ſhall alſo c meaſure the 
ſecond AqB. But Ac. AqB :; A. B, d therefore A. ſhall 
alſo meaſure B. 7 hich as to be dem. © 
2. Hyp. A meaſures B; d therefore Ac meaſures 
AqB, which alſo meaſures ABq, and this Bc; e there- 
fore Ac ſhall meaſure Bc. ¶ hich yas to be demonſtrated. 


PROP. XVI. 
. If a ſquare number Aq do not mea 


Aq, 16. Bq, 81. ſure a ſquare number Bq, neither ſball 


| the ſide of the one A meaſure the ſide 
of the other B: And if A the ſide of the one ſquare Aq do nat 
meaſure B the ſide of the other Bq, neither ſhall the ſquare 
Ag meaſure the ſquare Bg. | F 


1. Hyp. For if you affirm that A meaſures B, then 


Aq alſo ſhall meaſure Bq. Againſt the Hopotheſis. 

2 Hyp If you maintain Aq to meaſure Bq ; à then 
likewiſe A ſhall meaſure B. Contrary tothe Hypotheſis. 
2 c 5 PK OR 


7 * 


1. Hyp. For Ac, AqB, ABq, Bc à are =, therefore - 


«Py ; q 
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PROP. XVII. 


If a cube number Ac does not mea- „ 
fure a cube number Be, neither ſhall Ac, 8. Bc, 27, 
the ſide of one A meaſure the ſide 7 
the other B: And if A the ſide of one cube Ac does not mea- 
ſure B the ſide of the other Bc, neither ſball the cube Ac mea- 
ſure the cube Bc. 5 ; 

I. Hyp. Let A meaſure B; à then Ac ſhall meaſure 
Bc. Aezainft the Hypotheſss. : 

2. Hyp. Let A meaſure Bc; then A ſhall meaſure 

B; which is alſo againſt the Hypotheſis. 


PROP. XVIII. 


Between tavo like plane num- C, 6. D, 2. 


bers CD and EF there is one mean CD, 12. 
proportional number DE: And E, 9. FE, 3. DE, 18. 
the plane CD is to the plane EF EF, 27. 

in duplimate proportion of that | | 


evhich the ſide C hath to the homologous {ide E. 
For * by the Hypotheſis C. D;: E. F; therefore by 
permutation, C. E:: D. F. But C. E a: : CD. DE; 2 
and D. F:: DE EF; ö therefore CD. DE:: DE. EF. 
c Wherefore the proportion of CD to EF is duplicate to 
that of CD to DE, that is, to the proportion of C to E, 
or D to F. | ls 


Coroll. | | 
Hence it is net That between two like plane 


numbers there falls one mean proportional in the pra- 
portion of the homologous ſides. 


PROP. XIX. 


CDE, zo. DEF, 60. FGE, 120. FGH 240. 
P. 6 DF, 12. . 
O, 2. D, 3. E, 5. E, 4. G, 6. E, 10. 


. Between tavolike ſolid numbers CDE, FGH, there ave two 
mean proportional numbers DFE, FGE. And the ſolid 
CDE is to the Jolid Fol h, in triplicate proportion of that 
evhich the homologous ſide C has to the homologous ſi de F. 

| Where. 
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b 11. 5. 

c 10. def. 5. 
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* 21 def. 7. 
a 13. 7. 

5 1+ 7. 

C II- 5. 

d 17. 7. 

e 10. def. 5. 


435.7. 


Þ 2. 7. 
C 9. ax. 7. 
d 16 def. 7. 
7. 
f 2 i. def. 7. 


4 2. 8. 

Þ 10. 8. 
C21 def. 7. 
d cor. 18. 8. 
e 21. J. 


f9,ax.7. F Therefore A&SEMHPM, Fand B = GN=KLN,; 
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Whereas by the * hyp. C. D:: F. G, and D. E: : G. 
II, therefore à by permutation, ſhall C. F:: D. G:: 4 
E. II But CD. DF h:: C. F, and DF. FG b:: D. G; 
c wherefore CD. DF: : DF. FGO: : E. H; 4 therefore 
CDE. DFE : : DFE. FGE ::E. H:: FGE.FGH, There- 
fore between CDE, FGH, fall two mean proportionals 
DFE, FGE. e And ſo it is plain that the proportion of 
CDE to FGH is triplicate to that of CDE to DFE, or 
CtoF. IM hich was to be demonſtrated. | 

Coroll. wp 

Hereby it is manifeſt, that between two like ſolid 
numbers there fall two mean proportionals in the pro- 
portion of the homologous ſides. | 


PAQP. 24. 


A, 12. C, 18. B, 27. If between two numbers A, 
D, 2. E, 3. F, 6. G, 9. B, there falls one mean propor- 

tional number C; thoſe num- 
bers A, B, are like plane numbers. 

a Take D and E the leaſt in the proportion oh A to C, 
or C to B, then D meaſures A 7 as E does C; ſup- 
poſe by the ſame number F; b alſo D equally meaſures 
C, as E does B, ſuppoſe by the ſame number G. c There- 
fore DFA, and EGB, d aud conſequently A and B are 

lane numbers. But becauſe EFS = Cc — DG, e ſhall 
P. E:: F. G, and alternately D. F:: E. G. f Therefore 
t he plane numbers A and B are alſo like. W hich ævas to 


be demonſtrated. 
PROP. XXI. 


A, 16. C, 24. D, 36. B, 54. If betæween deuo numbers 
E, 4. F, 6. G, 9. A, B, there fall two mean 
II, 2. P, 2. M, 4. K, 3. L, 3. N, 6. proportional numbers C, D; 
thoſe numbers A, B, are 

like ſolid numbers. 


a Take E, F, G, the leaſt = in the proportion of A 


to C, b then D and G are like plane numbers: let the 


ſides of this be H and P, and of that K and L, c there- 
fore II. K: : P. L:: d E. F. But E, F, G, do e edually 
meaſire A, C, D, ſuppoſe by the ſame number M, and 
likewiſe the ſaid numbers E, F, G, do equally meaſtire 
the numbers C, D, B, ſuppoſe by the ſame number N. 


g and 


V 
— * d THESIS ay 


Eacrtipz's Elements. 155 4 
and ſo A and B are folig numbers. But becauſe 3 — 5 17 def 7* bh 
FM, and Df EN, therefore ſhall M. N:: FM. 17. 7 : il 
*:: CD I:: E. F:: H. K:: P. L; m therefore A and B k 7.5. 1 
are like ſolid numbers. hich was to be demonſtrated. | confer. 1 
; | Lemma. | mal. def. · 1 
, F proportional numbers A, B, AE, BF, CG, DH, i 
| C, D, meaſure = num- A; + GC 1k 9 
4 bers AE, BF, CG, DH, by the E, F, G, E, 1 
5 numbers E, F, G, , theſe num- | 1 
3 bers (E, F, G, H) /ball be proportional. | | 1 
1 For becauſe AEDH a — BFCG, a and AD BC, b a 19. 5. | 
þ | AEDH BFCG : b I ax. 7. Why 
* ſhall e C that 18 8 E H 2 F G. C 9 ax. 1. | 40 
| + Therefore E F:: G. H. Which was to be demon. | 
£ ; Coroll. 9 
4 Hence Bq B B d For 1. B:: B. Bq, d and 1. A i i 
'3 X A e d 15. def-7- i 
1 B Bg Bq _B | 1 
1 2 2 Aq, e therefore 1. XT. X TA d _ Io” Te lem prec. J | 
5 | 3 B Bq C o [ 
4 x  - Inlik IX 1 
4 f ES _— of the | 
1 reſt. . 
| PROP. XXII: 
f If three numbers Aq, B, C, are cominu- Aq, B, C. 
1 ally proportional, and the firſt Ad a ſquare, 4, *, 16. 
3 *the third C ſhall alſo be a ſquare. © g 1 
| For becauſe AqCa=Bq, b thence is C = .—2, #20708 
b 8 | . 49 7 
b =-. But it is plain that T is a number, d be- C cor. of the 
9 8 lem. prec. 
cauſe * C is a number. Therefore if three, Sr. d hyp. and 
9 ; p I4. 8. 
PROP. XXIIL ; 
If four numbers A, B, C, D, are con- Ac, B, C, D "ol 
; tinually proportional, and the firſt of them 8, 12, 18, 27. 1 
; ; Ac a cube, the fourth alſo D, ſhall be a 1 


| 
= 


cube. 


For 


x 56 The eighth Book of 


: 19 7. For becauſe Ac D a = BC, b therefore D = — 
7. ax 7. B N * 
c cor. of the c I. Xx C; that is, (becauſe Ac C d Ba, j and 


BC, 


Ac 

Prec. lem. 
d 20. 7. NN FRA 8 

b thence C = Ac De *Fe cc = CN 
618 5 But it is evident e chat A is a number, becauſe 8 

or D is ſuppoſed a number. Therefore if four numbers, 

Co > 
PROP. XXIV. 


If two numbers A, B, be in theſame A, 16. 24. B, 36. 
proportion one to another, that a ſquare C, 4. 6. D, 9. 
number C is to a ſquare number D, 
and the firſt A be a ſquare number, the Tecond alſo B ſball be 
a ſquare number. 
5 Between C and D the ſquare numbers, * and ſo be- 
8. 8. tween A and B having the ſame proportion, a falls one 
a 11. 8. mean proportional. Therefore b ſince A is a ſquare 
b p number, c B alſo ſhall be a ſquare number. I hich was 
C 22.5. to be demonſtrated. | | 
Coroll 


1. Hence, if there be two like numbers AB, CD, (A. 
B:: C. D) and the firſt AB be a ſquare, the ſecond alto 


CD fhall be a ſquare. | 
* 1I. and * For AB. CD:: Aq. Co. . 
18. 8. 2. From hence it appears, That the proportion of any 


ſquare number to any other not ſquare, cannot poſſibly 
be declared into two ſquare numbers. Whence it can- 


not be Q. Q:: 1-2, nor 1. 8. 


RO. 
C, 64. 96. 144. D, 216. If iwo numbers A, B, are 
A, 8. 12. 18. B, 27. in the ſame proportion one to 


another, that à cube number 
C is to à cube number D, the firſt of them A being a cube 
number; the ſecond B ſhall likewiſe be a cube number. 
a 12. 8. a Between the cuhe numbers C and D, þ and ſo between 
b 8. 8. A and B having the ſame proportion, fali two mean pro- 


c byp. portionals; therefore c becauſe A 1s a cube, d ſhall B be 


d 23. 8. a cube alſo. II hich was to be demonſtrated. Corel 
| 0! Jie 
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| | Coroll. 
1. Hence, If there be two numbers ABC, DEF, (A. 
B:: D. E, and B. C:: E. F;) and the firſt ABC be a 
cube, the ſeeond DEF ſhall be a cube alſo. | 
* For ABC. DEF: : Ac. Dc. | * 12, and 
2. Hence it is evident, That the proportion of any 19. 8. 
cube number to any other number not a cube cannot be 


found in two cube numbers. | 


PROP. XXVI. 


Like plane numbeys A, B, A, 20. C, 20: i 4&6. 
are in the ſame proportion D, 4. E, 6. F, 9. 
one to another, that a ſquare | 
number is in to a ſquare number. | 
Between A and B a falls one mean proportional num- 4 18. 8. 
ber C; b take three mimbers D, E, E, the leaſt = in the b 2. f. 
proportion of A to C, the extremes D, F, c ſhall be ſquare 
numbers. But by equality A. BA:: D F, therefore A. 


B:: Q. Q Which «vas to be demonſtrated. 
PRO P. XXVIE 


C cor. 2. 8. 
d 14. 7. 


Like ſolid numbers A, 16. C, 24. D, 36. B, 54. 
A, B, are in the E 8. „% „ i $5 

ſame proportion one | N 

to another, that a cube number is io a cube number. 

a Between A and B fall two mean proportional num 2 19. 8. 
bers, namely, C and D : b take four numbers E, F, G, H, b 2.8. 
the leaſt ; in the proportion of A to C, b the extremes 
E, H, are cube numbers But A. Bc: : E. H:: C. C. 
hich was to be demonſtrated. | 

Schol. | 

1. From hence ts inferred, that no numbers in pro- 
portion ſuperparticular, or ſuperbipartient, or double, 
or any other manifold proportion not denominated from 
a ſquare number, are like plane numbers. 

2. Likewiſe, that neither any two prime numbers, 


C I4. 7. 


See Cla- 


Vius. 


nor any two numbers prime one to another, not being 


ſquares, can be like plane numbers. 
The End of the eighth Book. 
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r 
Es 


ELEMENT S. 


PROPOSITION I. 


A, 6. B, 54. 
| Aq, 36. 108. AB, 324. 
F tao like plane numbers A, B, multiplying one another, 
produce à number AB, the number produced AB ſball 
be a ſquare number. | 
For A. Ba : : Aq. AB; wherefore ſince one mean pro- 
portional b falls between A and B, c likewiſe one mean 
proportional number ſhall fall between Aq and AB: 
therefore fince the firſt Aq is a ſquare number, d the 
third AB ſhall be a ſquare number alſo. hich was to 
be AP = | 
Or thus, Let ab, cd, be like plane numbers; name- 
ly, a. b:: c. d, æ therefore ad be, and fo likewiſe abcd, 
or adbc y =adad : ad. | 


 PRDE. JL 


A, 6. B, 54 If two numbers A, B, multiply- 


Aq, 36. AB, 324. ing one another, produce a ſquare 
number AB, thoſe numbers A, B, 


are like plane numbers. _ 

For A. Ba: : Aq. AB; wherefore ſince between Ag 
AB, 6 there falls one mean proportional number, c like- 
wiſe one mean ſhall fall between A and B, d therefore 
A and B are like planes. } hich was to be demonſtrated. 


PROP 


1 
35 
2 


Dr: 


r — 
— 2 8 ops 


enn. 


err 3 


re 
— 1 


Eucrips's Elements. 159 


PROB Ik 


¶ a cube number Ac mul. A, 2. Ac, 8. Acc, 64 
tiplying it ſelf produce a num- | | 
ber Acc, the number produced Acc ſhall be a cube number. 

For, 1. Aa:: A. Aq b:: Aq. Ac, therefore between à 15.def.7. 
I and Ac fall two mean proportionals. But 1. Ac a: : b 17. 7. 
Ac. Acc, c therefore between Ac and Acc, fall alſo two C 8. 8. 
mean proportionals ; and ſo by conſequence, ſince Ac 
is a cube, d Acc ſhall be a cube alſo. I hich was to d 23+ 8. 
be demonſtrated. | 

Or thus; aaa (Ac) multiplied into it ſelf makes aaaaaa 
(Acc ;) this is a cube, whole {ide is aa. . 


PROP. IV. 


IF a cube number Ac mu- A.,, 8 
tiplying a cube number Be pro- Acc, 64. AcBc, 216. 
duce à number Acc, the pro- ; 
duced number AcBc /hall be a cube. - 

For Ac. Bc a: : Acc. AcBc. . But between Ac and Bc a 
b two mean proportional numbers fall; c therefore there b 
fall as many between Acc and AcBc. So that whereas c 8. 
Acc is a cube number, d AcBc ſhall be ſuch alſo, hich d 23. 8. 
was to bedemonſtrated. 


Or thus. AcPc=aaabbb (ababab) = C: ab. 
EOF. V. 


17 
12. 
8 


Fa cube numben Ac mul- Ac, 8. B, 27. 
tiplying a number B produce a Acc, 64. Ac, 216. 
cube number AcB, the number | 
multiplied B ſball alſo be a cube. | 

For Acc. AcB a: : Ac. B. But between Acc and AcB a x;. ;. 
b fall two mean proportionals; c therefore alſo as many b 12. 8. 
ſhall fall between Ac and B, whence Ac being a cube 8.8 
number, d B ſhall be a cube number alſo. hich <vas d 23. 8. 
to be demonſtrated. | 1 
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The nivth Book of 
PROP. VI. 


A, 8. Aq, 64. Ac, 512. fa number A niultipljing 
| it ſelf produce Aq a cube, that 


number A it ſelf is a cube. 


a byp. 
b 19. def.7. 
"+ 3 -Þ 


213. def. 5 
b g. ax. 7. 
E 17. def. i* 


For becauſe Aq à is a cube, and AqA (Ac) alfo a 
cube; therefore c ſhalt A be a cube. I hich was t6 be 
demonſtrated. | 

PROP. VII. 
A,6. B, 11. AB, 66. Fa compoſed number A niul- 
Da 33 ziplying'\any number B, produce a 


number AB, the number produ- 


ced AB ſhall be a ſolid number. 

Since A is a compoſed number, a ſome other number 
D meaſures it, conceive by E, b therefore A — DE + 
c whence DEB == AB is a ſolid number. FH hich «vas to 
be demonſtrated, | p 


PROP: VIII. 


1. 4, 3. 4, 9. 4, 25. a4, 1. af, 244. af, 729: 


If from unity there are numbers continually proportional 


how many ſoever (I. a, a“, a, a“, Se) the third number from 
unity a* is a ſquare number; and ſo are all forward, 
leaving one betæveen (a“, af, a“, &fc.) But the fourth a- 
is a cube number; and ſo are all forward, leaving two be- 
tween (a“, a, c) The ſeventh alſo ab is both a cube 


number and a ſquare ; and ſo ave all foravard, leaving five 


betaveen (a, a “, Sc) | 

For 1. a Qa, and a! = aaaa—Q. aa, and af — 
aaaaaa Q. aaa, &c. | 

2. a = and — C. az and as = aaaaaa — C. aa, and 
22aaaaaaa—C. aaa, c. | 

. a —aaaaaa=OC, aa aaa, therefore, & . 

Or according to Exclide ; Becauſe 1. aa: : a. a“, 6 

ſhall a*—Q : a, therefore ſeeing a“, a, a“, are =, c the 


third a ſhall be a ſquare number; and fo Jikewiſe a“, 


a*, &c. Alſo becauſe 1.aa: :a*.a?, therefore ſhall a 
b—a*xa SC: a, d therefore the fourth from a', 


namely a“, ſhall be likewiſe a cube, &. and conſe- 


quently a“ is both a cube and a ſquare number, & M. 
5 PROP 
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PROP. IX. 


F from unity, 1. a, 4. a“, 16. a*, 64. a4, 256, &c. 
there are numbers 1. a, 8. a“, 64. a, 512. a*, 4096, 
how many ſoever, | | 
continually proportional (L. a*, a*, &*c.) and the number fol- 
lowing unity, (a) be a ſquare ; then all the reſt, a, a, al, 
&c. /ball L ſquares alſo. But if the number next unity 


(a) be a cube, then all the following numbers a, a*, a*, &c. 


ball be cube numbers. 

1. Hyp. For a?, af, as, &c. are ſquare numbers by 
the preceding prop. alſo ſince a is taken to be a ſquare, 
a therefore the third a3 ſhall be a ſquare, and likewiſe 
aß, a”, Sc. and ſo all. F | 

2. thy a is put a cube, b therefore aa, a“, a'* are 
cubes ; but by the prec. a?, a“, a“, & c. are cubes : 
laſtly, becauſe 1. a:: a. aa, c therefore ſhall a =: a, 
but a cube multiplied into it ſelf d produces 2 cube ; 
therefore a? is a cube, e and conſequently the fourth 
from it a* ; and in like manner a, a**, Oc are cubes, 
therefore all, S % hich was to be demonſtrated = 

Peradventure more clearly thus. Let b be the fide of 
the ſquare number a, and ſo the ſeries a, a?, a, at, &. 
will be otherwiſe expreſſed, thus, bb, b*, b*, b*, Ec. 


It is evident that all theſe numbers are ſquares, and may 


be thus expreſſed, Q : b, Q bb: Q: bbb, Q; bbbb, Sr. 
In like: manner, if b be the ſide of the cube a, che 
ſeries may be expreſſed thus, b, b*, b?, b*?, &%. or C: 
b, C: bi Ci bi, C: bf, Sr. | | 


PROP. X. 


IF from unity, there are 1, a, a“, a, 44, af, as, 
numbers how many ſoever con- 1, 2, 4, 8, 16, 32, 64. 
tinually proportional (I. a, a*, 


a, Sc.) and the number next the unit (a) be not 4 ſquare 


161 


a 22. 8. 
b 23. 8. : 


c 20. 7s 
d 3. 9. 
e 23. g. 


8 


number; then is none of the reſt following a ſquare num- | 


ber, excepting a the third from unity, and ſo all forward 


leaving one betaween (aa, a“, a“, c.) But f that (a) 
which is next after the unit, be not a cube number, neither is 
any other of the following numbers a cube, ſaving aò, the fourth 
from the unit, and ſo all forward, leaving two between, a“, 


af, ao. | 
L 1. Hyp. 


162 


a by f 
b ſuppoſ. & 
8 9. 


c 24-9. 


d 14. 7 


e 25. 8. 


becauſe 1. aa h:: a. aaa, à therefore = 22 


The ninth Book of 
1. Hyp. For if it be poſſible, let a* be a ſquare num- 


ber; therefore becauſe a. a 4: : at, af, and by inver- 
ſion, a. a* ::a*, a; and alſo a* and a* 5 ſquare 
numbers, and the firſt a* a ſquare, c therefore a ſhall 
be likewiſe a ſquare; contrary to the hyp. 

2. Hyp. If it may be, let a* be a cube; ſince d by 
equality a“. a.:: a. a, and inverſely a“. a*: :a%. a; 
and alſo ſince a* and a“ are cubes, and the firſt a3 a 
cube, e therefore a ſhall be a cube alſo ; againſt the hy- 


theſes. | 
ad PROP. XL 


a2: a3 at af at 


| If there are numbers how 
I, 3, 9, 27, 81, 243, 729. 


many ſoever in continual 

: proportion from unity (1, a, 
a, a, &%.) the leſs meaſureth the greater by ſome one of 
them that are amoneſt the proportional numbers. 


aa + aaa 
Beeauſe 1. a:: a. aa, à thereſore — a g= 44. Alſo 
a aa. 


aaa 


2 455 Sec. Laſtly becauſe 1. a? : : b a. af, therefore 
at a⸗ 
== =; 7 Vc, 


Coroll, 


Hence, If a number that meaſures any one of pro- 
portional numbers, be not one of the Gd numbers, nei- 

ther ſhall the number by which it meaſures the aid pro- 

portional numbers, be one of them, 


PROP. XII. 
If there are numbers how many . 
ſoever in continual proportion from I, 6, 36, 216, 1296. 
unity (I, a, a-, ab, a“. ) whatſoever 5 4. 


prime numbers B meaſure the laſt ; | 
. a, the ſame (B) ſball alſo meaſure the number (a) which 
follow next after unity. 
If you ſay B does not meaſure a, a then B is prime to a; 
band therefore B is prime to a?; c and ſo conſequently to 
a*, which it is ſuppoſed to meaſure, Which is abſurd, 


Gorell. . 


/: A 
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Eucii DEV Elements. 
Coroll, 


1. Therefore every prime number that meaſures the 
laſt, does alſo meaſure all thoſe other numbers that pre- 
cede the laſt. . 

2. If any number not meaſuring that next to unity, does 
yet meaſure the laſt, it is a compoſed number. 

3. If the number next to the nuit be a prime, no o- 
ther pime number ſhall meaſure the laſt, 


4 


PROP. XIII. l 


If from unity there are numbers 7, a, a“, a*, 44, 
in continual proportion, how many 1, 5, 25, 125, 625. 
ſoever (1, a, a“, a?, &c.) and that H- G-- F- E- 
after unity (a) a prime; then ſhall ' | 
no other meaſure the greateſt number, but thoſe which are 
amongſt the ſaid proportional numbers. | 
If it be poſſible, let ſome other E meaſure a-, viz. by 


F, à then F ſhall be ſome other different from a, as, 


a*, But becauſe E meaſuring a*, does not meaſure a, 
þ therefore E ſhall be a compoſed number, c therefore 
ſome prime number meaſures it, d which does conſe- 
quently meaſure a*, e and ſo is no other than a, there- 


fore a meaſures E. After the ſame manner alſo ma 


F be ſhewn to be a compoſed number, meaſuring af, 
and ſo that a meaſures F. Therefore ſeeing EF f . 
ax a, oſhall a E:: F. a. Conſequently, whereas 
a meaſures E, þ likewiſe F ſhall equally meaſure as, 
vz. by the ſame number G. * Nor ſhall G be a, or a', 
therefore, as before, G is a compoſed number, and a 
meaſures it. Wherefore ſince FG f a — a xa, g 
ſhall a. F:: G. a:, and ſo becauſe A meaſures F, þ G ſhall 
equally meaſure a?, viz. by the ſame number II, k which 
is not a. Therefore ſince Gt = a! == aa, ] thence 


HI. a:: a. G, and becauſe a meaſures G (as before) H 


alſo ſhall meaſure a, which is a prime number. Which ' 
is impoſſible. 


L 2 = PROP, 


163, 


a coy. 12. 9. 


b 2. cor. 12. 
9. 

C 33 

d 11. ax. 7. 
e 3 cor. 12. 
& 9% * 
f 9. ax. 7. 


5 19. 7 
20. def. 7. 
K ror. 11.9. 


a 35. 7. 
b 2. 8. 
C24 7. 
d 30. 7. 
* 26. 7. 
e. 2. 

f before 


ha. 7. 


k 4. 2. 
BO. 7. 


| The ninth Bock of 
PROP. XIV. 


A, 30. Tf certain prime numbers B, 
gz G2 . C, D, do meaſure the leaſt 
E--F--- number A, no other prime num- 


ber E ſhall meaſure the ſame, 
beſides thoſe that meaſured it at firſt. | 
If it is poſſible, let be = F, a then AE, 5 


therefore every of the prime numbers B, C, D, meaſures 
one of thoſe E, F. Not E, which is taken to be a prime; 
therefore F, which is leſs than A it ſelf; contrary to the 


y bot be ſis. 
P R O P. XV. | 

Av. Br. 'C x68 If three numbers continuall 

D, 3. E, 4. proportional A, B, C, are df 


leaſt of all that have the ſams 
proportion with them; any two of them added together [hall 
be a —— to the third. | | 
a Take D and E the leaſt in proportion of A to B; 5 
then A — Dq, and h C= Eq, hand B DE. But 
becauſe De is prime to E, d therefore ſhall D + E be 
prime to both D and E, * therefore Dx DE e Dq 
4 DE(fA4B) is prime to E, and fo to C or Eq. 
I bich avas to be demonſtrated. 
g In like manner DE r og, (BC) is prime to D, 
and conſequently to A Dq. 
ſtrated 


alſo be prime to the ſquare of it x Dq 2 DE Eq 
(Az BEC) 1 wherefore the ſaid B ſhall be prime 
to AT B ＋ C, J and ſo likewiſe to A+ C. Which 


was to be demonſtrated. | | 
PROP. XVI. 


IF tawo numbers A, B, are A, 3. B,s. C-- -- 
ime to one another, it ſball not 


5 as the firſt A, to the ſecond B, /a is the ſecond B to any o- 
ther C. | | 


It 


Which was to he demon- 


Laſtly, becauſe B h is prime to D + E, it ſhall 


N 
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If you affirm A. B:: B. C, then whereas A and B a à 23. 7. * 

are the leaft in their proportion, A & fhall meaſure B b 21: 7. 1 

as many times as B does C; but A c meaſures it ſelf alſo; c 6. ax. 3. = 

| , therefore A and B are not prime to one another. againſt i 
z ; the hy pot heſis. a 1 
1 | PROP. XVII. = 
, 1 bl 
ml - If there are A, 8. B, 12. C,18. D, 27. E- Fl 

3 * my ſoever in continual proportion A, B, C, D, and the extremes 1 

8 7; of them A, D, be prime one to another, the firſt A ſball not 16 
5 is e to the ſecond B, as the laſt D to any other E. 4 
e 1 Suppoſe A. B:: D. E, then alternately A. D:: B. E, uy 
[1 therefore ſeeing A and B are a the leaſt in their propor- a 23. J. #1 

4 tion, A b ſhall meaſure B, c and B likewiſe C, and C þ 21. 7. *t 

the following number D, d and fo A ſhall meaſure the c 20. def 7. . 

1 ſaid number D. Wherefore A and D are not prime to d 11. ax. Fo [9 

ly one another; contrary to the hypotheſis. | 1 
2 1 | | 1 
I PROP. XVIIL 1 
3 1 A, $6 69 Tuo numbem being given A, | 
F q, 36. B, to conſider if there may be a 1 

* : third number C found proportional to them. "Rt 
2 1 If A meaſitres Bq by any number C, à then ACi= Bq, 2 9. ax. 7. a 
q from whenceb it is manifeſt that A. B:: B. C. M hich b 20. 7. 1 
Js : was to be done. i 
| But if A does not meaſureBq, Wits 

, there will not be any third pro- A, 6. B, 4. Bq 16. Ii 
pw } portional, For ſuppoſe A. B | #8 
1 1 : B. C, a then AC Bq, c and conſequently 2 — C, . a | 3 
4 | namely A meaſures Bq. Which is againſt the Hypotheſis. | f | 
„ PROP. XIX. 1 
"po numbers being A, 8. 12. CG x D, 232 9 

0 given A, B, C, to con- BC, 216. aj 

N ſider if a fourth propor- 1 

Fl tional to them D may he found. 1 

. 0 If A meaſures BC by any number D, a then AD= a 9.ax. 7. af 
7 BC; & therefore it appears that A. B:: C. D, which b ax. 19. 0 

1 was required. | x 

f I | | L 3 Bux | 0 
2 

Fi | 
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But if A does not meaſure BC, then there can no fourth 
proportional be found ; which may be ſhewn as in the 


Prec. prop. 
PROP. XX. 
3 More prime numbers may be 97 3 
D, 39. G---- ven than any multitude avhatſo” = 
| ever of prime numbers A, B, C, 9 
. propounded. 3 


a Let D be the leaſt which A, B, C, meaſure ; If D 
1 be a prime, the caſe is plain; if compoſed, 6 then 
ſome prime number, ſuppoſe G, meaſures D4- 1, which 
| c ſupp. is none of the three A, B, C; For if it be, ſeeing it c 5 
N d cor. meaſures the whole D41, d and the part taken away D, 7 
| e IZ. ax. 7. e it ſhall allo meaſure the remaining unit. I hich is ab- 4 0 
ſurd. Therefore the propounded number of prime num- f 
bers is increaſed by D- 1, or at leaſt by G. 8 


a 38. 7. 
b 33. 7. 


PROP. XXI. 


3 * 
JJ. eee. 
If even numbers, how many ſoever: AB, BC, CD, are 
added together, the awhole AD. ſball be even. 
a 6 def 7. a Take EB — AB, and FC— 2 BC, and GD = 2 
b 12. 7. CD, 6 it is plain that EB+ FC-| GD=+AD, : 
C 6. def. 7. therefore AD is an even number. M hich 4vas to be de- 
monſtrated. = 72 9 : 


PROP. XXI. 


; I 1 1 
„„ „ E 


9 7 5 3 
If odd numbers, how many. ſoever, AB, n. DE, 
are added together, and the multitude of them be even, the 
 Evhole alſo AE. ſhell be even 

| Unity being taken from each odd number, there will 
. def. . a remain AF, BG, CH, DL, even numbers, 6 and thence 6 

b 21. 0 the number compounded of them will be even, add to | 
c #5. them the c even number made of the remaining units, 


the d whole AE will thereby be even, hich avas 
to be demonſtrated. 
PROP. 
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PROP, XXIII. 


7 5 1 | IF odd numbers hoau 
„„ 4 Gen ihe ES many ſoever, AB, BC, 
3 CD, are added toge- 


ther, and the multitude 
of them be odd, the whole AD /bg]] be odd. 

For CD one of the odd numbers being taken away, | 
the aggregate of the others A Ca is even. Whereto 4 22. 9. 
dd CD — 1, b the whole AE is alſo even; wherefore b 21 9. 
the unit being reſtored the whole AD «© will be odd. © 7: def. J. 
Which was to be demonſtrated, 


PROP. XXIV. 


4 3 F an even number AB le 
& 556 I IF; C IO» taken AY from an eden 
6 number AC that which re- 

mains BC [ball be even. 

For if BD(BC—1) be odd, à BC (BDI) will be even. a 7 def. 3. 
Which was to be dem. But if you ſay BD is even, becauſe b Þyp- 
AC h is even, c thence AD will be ſo; and conſe- C 21. 9. 
quently AC (AD+4-1) will be odd, contrary the Hypotheſis, 
therefore BC is even. ] hich was to be demonſtrated. 


PROP. XXV. 
| If from an even number AB, 6 3 
an odd number AC be taken K.. 4 
away, the remaining number. 7 


CB hall be odd. | | 
For AC— 1 (AD) is even, h therefore DB is even; 4 7: 4%. 7+ 


c and conſequently CB(DB = 1) is odd. M hich was to b * 


be de moſt rated. C £ def. 7. 
PROP. XXVI. 


If from an odd number AB 4 6 


1 
be taken away an odd number A. . C. . D. B IL. 


CB, that which remainetb 
AC. ball be even. 


L 4 For 
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a 7. def 7. 


b 24. 9. 


The ninth Book of 


For AB —1 (AD) and CB — 1 (CD) aareeven; 5 
therefore AD -D (AC) is even. Hhich was to be de- 


mon rated. 
PROP, XXVII. | 

3 6 If from an odd number 

A.D....C......Bit AB be taken away an even 

3 | number CB, the reſidue AC 


15 def. 7. 
d 21. 9. 


ſhall be odd. 
For AB— 1 (DB) a is even, and CB is ſuppoſed to be 


even; b therefore the reſidue CD is even: c therefore CD 


- (CA) is odd. I hich was to be demonſtrated. 
PROP. XXVIIL 


A, z If an odd number A, ning an even 
5.4 5 number B, produces a number AB, the number 


AB, 12. : troduced AB ball be even. | 
For AB a is compounded of the odd num- 


ber A taken as many times as an unite is contained in B 
an even number. b Therefore AB is an even number. 


Schol. 


In like manner, if A be an even number, AB ſhall be 


be an even number alſo. 


2 9. AX. 7. 


PROP. XXIX. 


A, 3 Fan odd number A multiplying an odd num- 
B, 5 ber B, produces a number AB, the number produ- 
AB 5 ced AB, ſhall be odd. Tg 

For AB a is compounded of the odd number 
B taken as often as an unit is included in A likewiſe an 
odd number. 5 Therefore AB is an odd number. V hich 


was to be demonſtrated. | 
S C 2 ol, 0 


B, 12. (C, 4. 7. An odd number A meaſuring an even 
K, 3 number B, meaſures the ſame by an even 
Sag number C. 
For if C be affirmed to be odd, then becauſe 4 B=AC 


b therefore B ſhall be odd; againſt the hyp. 6 
| 2. An 


bers, D 
2 er Ke Fane 3-2 i, 
925 = : : 
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2. An odd number meaſuring an odd B, 15. 8 


number B, meaſures the ſame by an —_ 
odd number C. of 4 of A, 3. 
For if C be ſaid to be even, à then AC, or B will be 2 28. 9. 
even, contrary to the Hypotheſss. | | 
3. Every number (A and C) that B, 15. C, 5. 
meaſures an odd number B, is it ſelf TS 
an odd number. 3: 
For if either A or C he affirmed to be even, B a ſhall a 28. 9, 
be an even number, againſt the Hypotheſis. | 


PROP. XXX, 
B,24- (O8. D, 12. (E, 4. 


A | 


g Zo Z* 
7 F an odd number A meaſures a even number B, it ſhall 
alſo megſure the half of it D. 


aLet A be = C, 5 then C is an even number. 2 byp.” 


Therefore let E be = C, then Bc =CAd—2EAe 3 


— 


9 
— 2 D, f therefore EA=D ; g and conſequently = ax. 7. 


E. Which was to be demonſtrated. g þ oy 
f 7. Ax. I. 
PROP. XXXI. g 7.4% 1 


F an odd number A be A, 5. B, 8. C, 16. D--- 
prime to any number B, it ſball 
alſo be prime to the double thereof C. . 

If it be poſſible, let ſome number D meaſure A and C, 2 2. ſchot, 
a then D meaſuring the odd number A ſhall be odd it 8 ; 
ſelf, þ and ſo ſhall meaſureB the half of the even num- p 30. 9 
ber C, therefore A and B are not prime one to another. 2 
Fi hich is againſt the Hypotheſts. 


Coroll. 


It follows from hence, that an odd number which 
is prime to any number of a double progreſſion, is alſo 


prime to all the numbers of that progreſſion. 
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26. def. To 
b 20 def 7. 
c 11. 9 
a8. df. 7. 
e 13. 9. 


br. /ch. 29. 
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PROP. XXXII. 


1. A, z. B. C, 8. D, 16. All numbers A, B, C, D, 
| : &c. in double progreſſion 
from tao, are evenly even only. 
It is evident that all theſe numbers A, B, C, D, à are 
even, and b , namely in a double proportion, c and 
ſo every leſs meaſures the greater by ſome one of them. 
d Wherefore all are evenly even. But becauſe A is a 
prime number, e no number beſide theſe ſhall meaſure 
any of them. Therefore they are eyenly even only. 
SF hich was to be demonſtrated. * 


PROP. XXXII. 


A, 30. B, 15. If of a number A, the half B be odd, 
D. - E- the ſame A is evenly odd only. | 
Since an odd number Ba meaſures 
A by two an even number, b therefore B is evenly odd · 
If you affirm it to be evenly even, c then ſome even 
number D meaſures it by an even number E, whence 
2Bd=Ad—DE; e therefore 2. E: : D. B, and 
therefore as 2 f mcaſures the even number E, g ſo D an 
even number meaſures B an odd. hich is impoſſible. 


PROP. XXXIV.. 

A, 24- If an even number A be neither doubled from 
| t210, nor have it's half part odd, it is both even- 
ly even and evenly odd. | 

It is evident that A 1s evenly even, becauſe the half 
of it is not odd. Bur becauſe, if A be divided into two 
equal parts, and the half of it be again divided into two 
equal parts, and if this be always done, we ſhall at length 


fall upon ſome 2 odd number, (for we cannot fall upon 


the number two, becauſe A 1s not ſuppoſed to be doubled 
upward from two) which ſhall meaſure A by an even 
number, for ( otherwiſe A it ſelf ſhould be odd, againſt 
the Hyp) Therefore A is evenly odd, Which was to be 


demonſtrated. 
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that precede it, A, BG, 


ply d into the laſt D, produce a number F, that which is pro- 
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PROP. XXXV; 


Mn BY 
4 8 
|: .. 
JGG 
5 9 6 4 8 


D... . . H. .... L.. . . X... . . N27. 


If there are numbers in continual proportion how mas 
ny ſoever A, BG, C, DN, and the number FG, equal to the 
firſt A, be taken from the ſecond, and KN alſo equal to the firſt, 
from the laſt ; it ſhall be as the exceſs of the ſecond BF is to 
the firſt A, ſo is the 2 of the laſt DK to all the numbers 


From DN take NL — BG, and NH — C. Becanſe 
DN. C(HN) 2 :: HN. BG (LN) a: : LN (BG.) A(KN.) 
b therefore by dividing every where, ſhall DH. HN: : 
HL. LN: : LK. KN, c wherefore DK. C-þ-BG | A: : 
LK (d BF.). KN (A.) bich was tobe demonſtrated. 


Coroll. | 
Hence e by compounding, DN BG-þ-C, A-|-BG4- 
.. 2 


1. A, 2. B, 4. G 8. D, 16. 
E, 31. G, 62. , 124. L. 248. F, 496. 


M, 31. N, 465. 


1 fp unity be taken how many numbers ſoever 1, A, B, 
C, D, in double proportion continually, until the whole added 
together E be a prime number; and if this whole E multi- 


duced F, ſhall be a perfect number. ; 

Take as many numbers E, G, H, L, likewiſe in dou- 
ble proportion continually ; then à by equality A. D;: , 14. 5 
E. L, b therefore AL —D E 4 = F, d whence 12 b 19. 


F 
=. Wherefore E, G, H, L, F, are = in double pro- 4 2. 
2 3 


portion. Let G — E be M, and E — E= N e 35. 9. 
then M. E:: N. E + G +H +L. f But M= E, g f 3. ax. I. 
| e e there- g 14 5. 
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k 7. dx. 7. 


in. 
m II. 9. 


n ax. 7. 
O 19. 7. 
p 13. 9. 
<q 20. def. 7. 
r 31. 7. 
23. 7. 
t 21. 7. 
u 13 9. 
x 19. 7. 


„ 14.5 


2 22.4%. . 
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h 2. ax. I. therefore N=E+G+H+L, b therefore F = 1 A+ 


4B + C-D+E+GLHEL—E4+N. More- 


over becauſe D k meaſures DE (F) /therefore 338 
1, A, B, C, m meaſuring D, and m alſo E, G, , L, 
do meaſure F. And further, no other number meaſures 
the ſaid F. For if there does, let it be P, which let 


meaſure F by Q, » therefore PQ=-F—DE, o therefore 


E. Q:: P. D, therefore ſeeing A a prime number mea- 
ſures D, E and ſo no other P meaſures the ſame, q conſe» 
quently E does not meaſure Q. Wherefore ſince E is 
ſuppoſed a 2 number, „it ſhall be prime to Q, 
wherefore E and Qare the leaſt in their . er 22 
and ſo E meaſures Pas many times as Qdoes D, # there- 
fore Q is one of them A, B, C. Let it be B, ſeein 
then by equality B. D:: E. H, x and ſo BH DE — 
—PQ, x and ſo alſo Q. B:: H. P, y therefore Hg P, 
therefore P is alſo one of them A, B, C, Sc. Again 
the Hopotheſis. Therefore no other beſide the foreſaid 
numbers meaſures F, and z conſequently F is a perfect 
number. hich was to be demonſtrated. | 


The end of the ninth Book, 
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ELEMENTS 


Defmitions. 


J. Agnitudes are ſaid to be commenſurable 
which one and the ſame meaſure meaſures. 


ANB; that is, the line A of 8 foot is com- 


menſurable to the line B of 13 foot; becauſe 
D a line of one foot meaſures both A and B. 
Alſo VIS NV 50; becauſe / 2 menſuves 
both V 18 and / 50. For V = VB, A. 
and V =y/25= 5, wherefore 18. 50 


© 
. .» 


The note of commenſurability is A, as A = 
> Tom 


by 


II. Incommenſurable magnitudes are E 
ſuch, of which no common meaſure can be found. 

Incommenſur ability is denoted by this mark A; as 6 
Y. 25 (5 ;) that is, VG is incommenſurable to the number 
5, or to a magnitude deſigned by that number; becauſe there 
is no common meaſure of them, as ſhall appear hereafter 

III. Right lines are commenſurable in power, when 
the ſame ſpace does meaſure their ſquares. 
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The mark of this commenſurability 
A 7 B is Y.; asAB N.-C0, i. e. the line B 
22 of 6" foot is in power commenſurable 
D to the line CD, wwhich is expreſſed by 
E 20, becauſe E the ſpace of one foot 
1 f ſquare does as well meaſure ABq (3 2 
©[20] IJ: as the rectangle XX (20) to whicht 
D 


ſquare of the line CD(y/ 20) is equal. 
T he ſame note H. ſometimes ſignifies 
commeaſurable in power only. 

IV. Lines incommenſurable in 
power are ſuch, to whoſe ſquares 
no ſpace can be found to be a com- 
| mon meaſure. 

This incommenſurability is denoted thus; 5 T3-v 8. i. e. 
the numbers or lines 5, and vy/ 8 ave incommenſurable in 
power, becauſe their ſquares 25 and . 8 are incommenſurable. 

V. From which 1t is manifeſt, that to any right line 
given, _ lines infinite in multitude are both com- 
menſurable and incommenſurable ; ſome in length and 
power, others in power only. The right line given is 
called a Rational line. | 

The note of which is p. | | 

VI. And lines commenſurable to this line, whether 
in length and power, or in power only, are alſo called 
Rational, b. 

VII. But ſuch as are incommenſurable to it, are called 
Irrational, 

And denoted thus p. | 

VIII. Alfo the ſquare which is made of the faid given 
right line is called Rational, y. 

X. And likewife ſuch figures as are commenſurable 


to it, are Rational px. 


X. But ſuch as are incommenſurable, Irrational pr. 

XI. And thoſe right lines alſo, which contain them in 
power, are Irrational 5. | 

| Schol, 

T bat the laft ſeven definitions 
may be rendered more clear by 
an example, let there be a circle 
ADBP, whoſe ſemidiameter is 
CB, inſcribe therein the ſides of 
B the ordinate figures, as of a 

Hexagone BP, of a triangle AP, 
of a ſquare BD, of a Penta- 
gone 


Q III 


DDs ISS Se 


NT 
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y gone FD. T herefore, if according to the 5. def. the ſemidia- if 
3 meter CB be the Rational line given, expreſſed by the number 1 
D 2, to which the other lines BP, AP, BD, FD, are to be com- Ki 
y pared, then BPa = BC'=2, wherefore VVV 15.4. 1 
t according to the 6 def. Alſo AP b 12 (for ABq (16) b 47. 1. Kt 
) —BPq (4) 2) therefore AP is HC likewiſe according 1 
e to the ö. def. and APq (12) is 5+ by the 9 def. Moreover 1 
2 BD b=y DCq-BCq= 8 ;' whence BD is p Y. BC; and {on 
5 BDq pv. Laſtiy, FDq = 10 -N (as [ball appear by the a 
4 Praxis to be delivered at the 10. 13.) ſhall be pa, according to 3 

n ? the 10. def. and conſequently FD: 10» . 20 is fp, ac- $8 
2 1 tording to the 1 1. def. | a 44 
* ; A Poftulate. $i} 
+ 'That any magnitude may be ſo often multiplyed, till $71 

e. it exceed any magnitude whatſoever of the ſame kind. ia 
in ä Axioms. | 1 
le. 1. A magnitude meaſuring how many magnitudes ſoe- i 
ie ver, does alſo meaſure that which is compoſed of them. It 
— 2. A magnitude meaſuring any magnitude whatſoever, a 
d does likewiſe meaſure every magnitude which that mea- 1 
is * ſures. My 
3. A magnitude meaſuring a whole magnitude and a 11 

part of it taken away, does alſo meaſure the reſidue. 1 

er PROE-L Th 
ed | Tao unequal magnitudes AB, $4 being | x 
given, if from the greater AB there be taken AN 

ed | away more than haf (AH) and from the reſidue = 
(EIB) be again taken away more than half (III) 0 

| and this be done continually, there ſball at length by 

en be left a certain magnitude IB, leſs than the 11 
leſſer of the magnitudes firſt given C. N bi 

le a Take C ſo often, till its multiple does 14 
ſomewhat exceed AB, and let DF FG Li, 

GE—C. Take fromAB more than half AH, bl 


in | and from the remainder HB, more than half ACD 
viz. HI, and fo continually, till the parts AH, HI, IB, be 
equal in multitude to the parts DF, FG, GE. Now it is 


— 


N 
1 
35 
0 


r 


ont plain, that FE which is not leſs than £ DE, is greater „ 
by than HB, which is leſs than 2 AB a DE. And in like bo 
cle manner GE, which is not leſs than + FE, is greater 3" 
ris than 1B —> + HB, therefore C, or GE c IB. HY hich 2 
of l Was to be demonſtrated. 0 
F 3 f The fame may alſo be demonſtrated, if from AB the | 
+ | half AH be taken away, and again from the reſidue HB 

a- 1 the half HI, and fo forward. | 


one | | PROP. 
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— 


nr Tuo unequal magnitndes being given (AB, 
| CD) if the leſs AB be continually taken from 


B T the greater CD, by an interchangeable ſubtrac- 

= tion, and the reſidue do not meaſure the magni- 

C _ Fude going before, then are the magnitudes given 
incommenſurable. 


If it be poſſible, let ſome magnitude E be 
the common meaſure. Then becauſe AB 
taken from CD, as often as it can be, leaves 
a magnitude F D leſs than it ſelf, and FD 


b byp. E ſhall be left, therefore E 6 meaſuring AB, c and 
C2. ax. Io. ſo CF, b and the whole CD, d fhall alſo meaſure the 
d 3. ax. 10. reſidue FD, c conſequently alſo AG; d wherefore it ſhall 
likewiſe meaſure the remainder GB, leſs than it ſelf. 
FW hich is abſurd. 


PROP. UL 


ven AB, CD, to find out their greateſt com- 


mon meaſure FB. 


from AB, and FB from ED, till FB mea- 
ſure ED (which will come to paſs at 
length, à becauſe by the Hyp. AB HCD) 


a 2. 10. FB ſhall be the magnitude required. 
. For FB b meaſures ED, c and fo alſo 
TL _ AF; but it meaſutes it ſelf too, d there- 


e fore likewiſe AB, c and conſequently CE 
94 = : 1 2 and ſo the whole CD. Wherefore FB is 
f- x. 10. the common meaſure of AB, CD. If you affirm G to be 
ra common meaſure greater than that, then G meaſuring 
| AB and CD, e meaſures alſo CE and F the remainder 
ED, e and fo AF; and f conſequently the remainder FB, 

the greater the leſs.  bich is abſurd. 


Coroll. 


Hence, a magnitude that meaſures two magnitudes, does 
alſo meaſure their greateſt common meaſure. 
| PROP. 


CE taken from AB leaves GB, and fo forward, 
_ > I. 10. a therefore at length. ſome magnitude GB 


Tao commenſurable magnitudes being gi. 


Take AB from CD, and the reſidue ED 


wn ww oo 


X py * + ee ** py fog 
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PROP. IV. 


A R — 
;, B —— — — 
C N 
i- 1 Three commenſurable magnitudes being given, A, B, C; 
en ; to nd out their greateſt common meaſure. | 
| a Find out D the greateſt common meaſure of any two a 3. 10. 
)e [ A, B; à alſo E the greateſt common meaſure of D and 
B f C, therefore E is the magnitude ſought for. 
es 1 a For it is clear, E meafuring D and C, b does mea- b conſtr. & 
D f ſure the three, A, B, C. Conceive another magnitude 2 21. 10 
EE 7 F greater.than that to meaſure them ; c then 5 mes © cor. 54.5 
1B | ſures D, c and conſequently E the greateſt common mea- "Ts 
ad ſure of D, and C, the greater the leſs. ] bich is abſurd 
he Tn 
all | Coroll. 
If. 
| Hence alſo it appears, that if a magnitude meaſures 
0 three magnitudes, it ſhall likewiſe meaſure their great - 
eft common meaſure. 
gt PROP. V. 
mu- 5 
. Commenſurable magni- A — 0.4. 
D tudes A, B, have ſuch pro» C —— F. 1. 
ea- portion one to another, as 3 ——üö(—2/ E. 3. 
at number hath to number. 8 ; | | 
D) / a C being found the greateſt common meaſure of A, à 3. 10. 
B; as often as C is contained in A and B, fo often is 
iſo 1 contained in the numbers D and E; 6 therefore C. A Þ 20. def. 7. 
re- :: 1. D; wherefore inverſely A. C: : D. 1, 5 but like- 
E, wiſe C. B:: 1. E; c therefore by equality A. B:: D E C 22. 5. 
is N. N. Note, The letter N only ſignifies number in ge- 
be neral, and refers not to any particular ſpace or magni- 
ing tude as the other letters do, and is to be read, as A to 
der B, fo D to E, and ſo number to number. hich aas 
CB, 1% be demonſtrated. 
N PROP, 
loes 
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PROP. VL 
1—— F, 1, I tuo magnitudes A, 
A , 4 B, have ſuch proportion 
15 — D, 3. one to another, as the num- 


1 | ber C hath to the number 
D, thoſe magnitudes A, B, ſball be commenſurable 

a ſch. 10. 6. What part 1 is of the number C, a that let E be of 
bconſtr. A. Therefore becauſe E. A b:: I. C, and A. B c:: 
c hyp. CD, 4 aaron equality ſhall E. B: : 1. D. Where- 
d 22.5. fore ſeeing 1 e meaſures the number D, f likewiſe E mea- 
e 5. ax. 7- ſures B; but it g alſo meaſures A, h therefore A N B. 
f 20 def. 7. ¶ hich was to be demonſtrated. 


. _ 22 — —— — — — 
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* 5 — 
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id conſtr. 
| Irie PROP. VII. 
|} . | Pn : 
i A — _Tcommenſurable magnitudesA,B, 
\F B — — have not that proportion one to ano» 
Wl N ther, «which number hath to num- 
| er. . 
A 6, 10. ** affirm A. B:: N. N, à then A A B, againſt 
the Hypotheſis. | 
PROP. VIIL 
A — IF two magnitudes A, B, 


B 


have not that proportion one to a- 

not her, which number hath jo 
number, thoſe magnitudes are incommenſurable. | 

2 5 10, Conceive A A B, a then A. B:: N. N, contrary to the 


H pot he ſis. / 
4 | PROP. K. | 
— — T he ſquares deſcribed upon vight | 
| B — lines commenſurable in lengtb, have that 20 
E, 4. Proportion one to another, that a ſquare 6 
F, 3. number hath to a ſquare number. And | 


| ſquares, which havethat proportion one to 
another, that a fquare number hath to a ſquare number, 

Shall alſo have their ſides commenſurable in lenath. Bu? 

ſuch ſquares as are made upon right lines incommenſurable in c 
length, have not that proportion one to another, which a ſquare 
number hath to a ſquare number. And ſquares which have 
not ſuch proportion one to another, as a ſquare number hath 
to a ſquare number, have not their ſides commenſurable in 
length. 


- 5 1. Hy, 


my Ml Ld 
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1: y A NB. I fay that Aq Bq :: Q. Q. EN 
For Tie A. des E. — 8 Is therefore a 5.10. 
4 A 5 me: b 20 6. 
80 (by twice) F twice, d =|7q» * therefore Ad. c {ch 23.5 
Bq : : Eq. Fq::Q. Q. MW hich avas to be demonſtrated d 11 8. 
2. Hyp. Aq. Bq :: Eq. Fq:: Q. Q. I ſay AT. B For © 13:5: 
| Ad be. BL: 
F twice ( F554 322 Fo „F twice, i therefore A. f 20. 6. 
B:: E. F:: N. N, & whereforeA Tx B. bicb was to 5 7 0 
be demonſtrated. | 5 [ch 23. 5; 
3. Hyp. AT B. I deny that Ad. Bq::Q.Q. For 6, 10. 
ſuppoſe Aq. Bq : : Q. Q, then A Tx. B, as is ſhewn be- ; 
fore, a _ the Hypotheſis. | 
=” - Bp. ot Aq. Bq; : Q. Q, I fay that AD. B. For 
conceive A N B, then Ad. Bq:: Q. Q, as above, a- 
gainſt the Hypotheſis. 
Coroll, 
Lines N are alſo Tx, but not on the contrary. And 
lines T2. are not therefore Y, but Lines Y. are alſo 
PROP..X::: 
Tf four magnitudes are proportional (C. A | 
: B. D) andthefirſt C be commenſurable to | 
the ſecond A, the third B ſball be com- | 
menſurable to the fourth D. And *f the frſt | 
C be incommenſurabls to the ſecond A, alſo 
the third B ſball be incommenſurable to the | | | | 
fourth D. | | CABD er: 
If C N A, athenC A:: N. N. 5 f: 1 
B. D, ijt here tore Bax. D. But if CMA, 4 * 


c then ſhall not C. A:: N. N:: B. D, e wherefore BU. 
D. bich aæuas to be demonſtrated, ; 


| Ee Lemma 1. | 

To find out two plane numbers, not having the proportion 
which a ſquare number hath to a ſquare. 

Any two plane numbers not like, will ſatisfy this 
Lemma, as thoſe numbers which have ſuper-particular, 
ſuperbiparttent, or donble proportion ; or any two prime 
numbers, See Schol, 27. 8. 


2 
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2 /ch. 10. 6. 


b 3. 1. 


a 2lem. 10. 
10. 

b 13. 6. 

c 20. 6. 

d conſtr. 


à ILlem. Io. 
10. 

bz lem. 10. 
10. 

c 9. 10. 

d 6 10. 

d 13. 6. 

E 20 6. 

1 10. 10. 
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| Lemma 2. | 
C43 8 11 R 


Jo Find out à line HR, to avbich a right line given K M 
bath the proportion of tævo number given B, 
2 Divide KM into as many equal parts as there are 
units in the number B, and let as many of theſe, as there 
are units in the number C, 6 make the right line HR, 
it is manifeſt that KM. IIR : : B. C. 

Lemma 3. 

Jo find out a line D, io the ſquare of which the ſquare of a 
aa gt given KM hath the proportion of two numbers gi- 
ven B, C. 

Make B. C:: KM. HR, and between KM and HR, 

b find a mean proportional D. Therefore KMqg. Dq c 
:: KM HR d:: B. C. | 


PROP. XI. 
2 — B, 20. IR To find bo rig bi lines in- 
FE nn C, 16. commenſurable to a right line 


D 


given A, one D in length only, 
5 | the other E in power alſo. 

I. Tow the — B, Dy a ſo that it be not B. C:: 

: and ler B. C:: Aq. Dq, c it is plain that A N. D. 
Der A Dq. Whichavas to be 2 

2. d Make A. E: : E. D. I ſay Aq N Eq. For A. 
De: : Aq. Eq, therefore ſince A Tx. D, as before; f there- 
fore Aq N Eq. Which was to be done. | 


PROP. XII. 


Magnitudes (A, B) commenſurable to the ſame 
| magnitude C, are alſo commenſurable one to 
| the other. | 
| Becauſe A Ta. C, and CN B, a let A. C 
D. 8 Eg. N. N:: D. E, and C. B 
F. 2. G3. NN: F. G, brakethree 
I] «1.4 6. numbers H, I, K, the leaſt 
* A in the proportions of D 
to E, and F to G. Now becauſe A. C:: D. Ec: H. 
I, and C. Be:: F G:: I K, 4 therofore by equality, 
A. 85 H. K:: N. N, e therefore A Ta. B. Which was 
i9 be demonſtrated, | | | 
Schol. 


Evcriprn's Elements, 


Schol. 

Hence, Every right line commenſurable to a rational 
line is alſo it ſelf prational. And all rational right- lines 
are commenſurable to one another, at leaſt in power. 
Alſo, every ſpace commenſurable to a rational ſpace is 
rational too: And all rational ſpaces are commenſura- 
ble one to another. But magnitudes whereof one 1s ra- 


tional. the other irrational, are incommenſurable a- 


mongſt themſelves. 
PROP. XIII. 
If there ave tao magnitudes A, Br A 
and one of them A, commenſurable to a C — 
third C, but the other B incommenſura- B82 — 
ble, thoſe magnitudes A B, ave incom- 
menſurable | | 
Conceive B tx. A, then ſince Ca N. A, 6 therefore C 
TL B, againſt the hypotheſss. 
PROP. XIV. 


4 there are two magnitudes commenſurable 
A, B, andone of them A incommenſurable to a 


commenſuratle to the ſame C. 
Imagine B N. C, then for that A z Ng, 
b therefore A N. C, againſt the hyp. 


PROP. XV. 


other magnitude C, the other alſo B ſhall be in- | | | 
ABC 


181 


12. Io. and 


def 6. 


def. 9. 


def. 7. anda 
I D. 


a yp 


b 12. 10. 


If four right lines are proportion- A — 


al(A.B: :C. D) and the firſt A 1 eG 


be in power more than the ſecond 8 —ĩ 2 


by the ſquare of a right line com- D —— 
menſurable to it ſelf in length, then 
alſo the third C, ſhall be more in power than the fourth D 
by the ſquare of a right line commenſurable to it ſelf in 
length. But if the firſts A be more in power than the 
ſecond B, by the ſquare of a right line incommenſurable to is 
ſelf in length, thenyball the third C be more in power than 
the fourth D by the ſquare of a right line inconimenſurable 
to it ſelf in length. : 

For becauſe A. BA:: C. D, b therefore Aq. Bq: : 
 Cq. Dq, c therefore by diyifion Aq —Bq. Bq : : Cq -Dq. 
Dq, d wherefore /: Aq — Bq.B:: /:; Cq — Dq. D, e 


and ſo inverſely B. /: Aq — B :; D C — Dq, f 


therefore by equality A. /: Aq — Bq :: GC. y :Cq—Dg, 


a /. 

b . 6. 
C17. . 
d 22. 6. 
e cor 4. 5. 


conſequently if A K, or . /Aq—Byg, g then likewiſe f 22. 5. 


2 Ta, or . y :Cq ＋ Dq. Which was to be demonſtrated, g 10. L 
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1635 182 The tenth Book of 1 
Mil | PROP. XVI? | 
"Wi A 1— C If two commenſur able mag 
il 2 nitudes AB, BC, are compoſed, ä 
170 D —— the whole magnitude AQ {ball | 
0 a | be commenſurable to each of the 
1 0 parts AB, BC. And if the whole magnitude AC be com- f : 
Wal 9 menſurable to either of the parts AB, or BC, thoſe two mag | 
Ih nitudes given at firſt AB, BC, ſball be commenſurable, | ] 
Wh A 3. 10. i. Hyp. a Let D be the common meaſure of AB, 
i b I. ar. 1. BG; © therefore D meaſures AC, and therefore AC N. 
0 c 1. def 10. AB, and BC. I bich <vas to be demonſtrated. / 
3 2. Hyp. a Let D be the common meaſure of AC, AB, 7 
0 d 3. ax. 10. d thererefore D meaſires AC — AB (BC) and conſe- } 
W | quently AB N. BC. Which was to be demonſtrated. ; 
10 8 7 
% | Y | t 
| 10 | Hence it follows, if a whole magnitude compoſed N 
| Wi | of two, be commenſurable to any one of them, the ſame ; 
| | f | ſhall be commenſurable to the other alſo. = 
F i | PROP. XVI. A 
| nl | | p | a 
{his | > | IF two incommenſurable magni- A 
1 | | C tudes AB, BC, are compoſed, the 1 
Wi B whole magnitude alſo AC ſball be Fi 
0 Il [| D incommenſurable to either of the two = 
Wa parts AB, BC. And if the whole & 
Wh | magnitude AC be incommenſurah'e to one of them AB, the 
WH; magnitudes firft given AB, BC, Hall be incommenſurable. 
10 | I. Hyp. If it can be, let D be the common meaſure 
| il a3 ax. Io. of AC, AB, à therefore D meaſures AC AB (BC) b 
f j | b I. def. 10. and therefore alſo AB AN BC, againſt the hypotheſis. 
N 04 c 16. 10. 2. Hyp. Conceive AB Tx BC, c therefore AC N. AB, }; 
| 10 . againſt the hypotheſes. | | a 
way ; | „ 4 
m — | 3 
is 10 Hence alſo, if one magnitude, compoſed of two, be in- 
Hh commenſurable to any one of them, the ſame alſo ſhall be Fi 
= incominenſurable to the other, 8 | * 
my PROP- * 
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PROP. XVIII. 


If there are tavo unequal 
vieht lines AB, GK, and 
upon the greater AB a 
parallelogram ADB e- 
qual to the fourth part of 
a ſquare made tbe : 5 
leſs line G, ee A · ̃ ̃ ̃ 
in figure by a ſquare, be . . 
= — Aae the T ] K 
ſaid AB into paris commenſurable in length AD, DB; then 
Gall the greater line AB be more in power than the leſs GK 
by the ſquare of a right line FD commenſurable in length to 
the greater. And if the greater AB be in power more than the 
leſs GK, by the ſquare of the right line FD commenſurable 
in length to it ſelf, and a parallelogram ADB equal to 
the fourth part of the ſquare made of the leſs lins GK, and 
deftcient in figure by a ſquare, be applied to the greater AB, 
then ſhall it divide the ſame into parts AD, DB, commenſu- 
rable in length. wn, | 

a Divide GK equally in H, and & make the rectangle , 10. 1. 
ADB=GHq. Cut off AFB, then is ABq c—=4 ADB p 28. 6. 
d ( 4 GHq or GKq) + FDq. Now in the firſt place, if C 8. 2. 
AD ADB, then ſhall AB e BD ez 2 DBf(AF + 4 conſtr, & 
DB, or AB — FD) g therefore AB FD. Which was 4. 2. 
to be dem, But ſecondly,if AB NF, þ then ſhall AB e 16. 10. 
AB — FD (2 DB) k therefore AB N. DB, I where- f conſtr. 


fore AD NA DB. Which was to be demonſtrated. g cor. 16. 10 
| hcor.16 IOq 

PROP XI... k 12. 10. 

116. 10. 


IF there are tevo right 
lines unequal AB, CK, 
and to the greater AB 
a paralleloeram ADB 
equal to the fourth part LE ES 
of a ns made upon A 1 B 
the leſs GK, and deficient | E — 3 
in figure by a ſquare | H K 
ba applied, and divides the ſaid AB, into. parts AD, DB, incom- 
menſurable in length; the greater line AB ſball be in power 
more than the leſs GK. by the #/ v8 of the right line FD. 
e : . 


— _ 5 ee — 
— K : ꝙ« Fi¶ [«. O!!P7TET:„ „„ „ͤ%“!„!“„«„!(r ee AE As AL... 


2 * ——ů ů a Rr ů —— é — WOT 


= - 


417. 10. 
b 13. 10. 
C cor. 17. 
10. 

d 13. 10. 
617. 10. 
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incommenſurable to the greater in length. And if the greater 


line AB be more in power than the leſs GK. by the ſquare of 


a right line FD incommenſurable to it ſelf in length, 
and if alſo upon the greater AB be applied a paralellogram 
ADB equal to the fourth part of the ſquare of the leſs 
GK, and deficient in fieure by a ſquare, then ſball 
it divide the ſaid greater line AB, into parts incommenſura 
ble in length AD, DB. 

Suppoſe all the ſame that was done and faid in the 
prec. prop Therefore firſt, If AD N. DB, à then ſhall 
AB ADB. +4 Wherefore AB N 2 DB (AB - FD) e 
therefore AB NH. FD. FW hich was to he demonſtrated. 

Secondly, If AB N. FD, then AR B — FD 
(2 DB) d wherefore AB N. DB, e and conſequently 
AD N DB. Which was to be demonſtrated. 


PROF. XA 


4 A rectangle BD comprehended 
8 under right lines BC, CD, ratio- 
nal and commenſurable in length 
according to one of the foreſaid 
| ways, is rational, 

| | t A be given p, and à the 
E C D ſquare BE 2 upon BC. 
Becauſe DC. CE (BC) : : BD. BE, and DC c N BC, 4 


therefore ſhall the rectangle BD be N ſquare BE, where- 
fore ſeeing the ſquare BE, e A. Aq, ſhall alſo f BD be A. 


Aq, ard 20 the rectangle BD py. Which was to be de- 


demonſtrated. 

Note, 7 here are three kinds of rational lines commenſu- 
rable one to another. For either of two rational lines com- 
menſurable in length one to the other, one is equal to the 
rational line propounded, or neither of them is equal to it, 


. notwithſtanding both of them are commenſurable to it in 


length; or laſtiy both of them are commenſurable to the ratio- 
nal line given only in power. And theſe are the ways which 
the preſent T heorem ſpeaks of. | 

In numbers, let there be BC, / 8 (2% 2) and 
CD18 (3% 2) then ſhall the rectangle BD = N 
144 = 1%, | | | 


% 


PROP 


power. He 
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PRO P. XXI. 
D F IF a rational rectangle DB 


rational, and commenſurable in 


| E — — | be applied to a rational line DC, 
| | | = it makes the breadth thereof CB 


8 . | Jength to that line DC whereto DB 


A C B&G is applied. 5 

Let G be propounded þ, and the ſquare DA deſcribed b 1 
on BC, becauſe BD. DA: : 4 BC. CA; and BD. DA 5 hyp. » 
are ß c and ſo Ta. d therefore BC N CA but CD 1 
(CA) is p. e therefore BC is p. Which was to be demon- 10 10. 


frated. | eſch.12.10. 


In numbers, let there be the rectangle DB, 12, and 
DC, / 8. then ſhull CB, / 18. but / 18 = ;y 2. and 


4 $—=2Xxy 2. 
Lemma. 


To find out tavo rational right A. ö 
lines commenſurable only in B 


Let A be propounded p. a | | a 11. 10, 
Take B TI A, a and 6 *. B. b it is clear that B and Þ/ch. 1 2. 
C are the lines required. 10. 


PRO P. XXII. 5 


A rectangle DB comprebend- 
ed under al right ya EC, E | We? - 
CB commenſurable in power only, | | | 
is irrational and the right line 3 ET: 
H, which comtaineth that rec- Fe OS, BG 
tangle in power is irrational, and called a Medial line. 

Let G be the propounded p, and the ſquare DA de- 


 ſeribed.on DC, and let Hq = DB. Becauſe AG. CB a:: * 7: 6: 


DA. DB. 4 and AC <= CB, c ſhall be DA N DB (Lig.) b . 

d but Gq N. DA. e therefore Hq Tx Gq f wherefore H 7 SN — 

iS p. hich was to be dem. and let it be called a Medial 2 ws 

line, becauſe AC, H:: H. CB | 4 e 
In numbers, let there be DC, 3. and CB, / 6. then f 3 

ſhall the rectangle be DB ( Hq) V 54. wherefore H is - © 7 


54- 
The note of a medial line is „/, of a medial rectangle 


vr, of more together a. 


Sebol, 
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Schol, 


Every rectangle that can be contained under two ra- 


tional right lines commenſurable only in power, is me- 
dial, although it be contained under two right lines ir- 
rational: and every medial rectangle may be contained 
under two rational right lines, commenſurable only in 
power; as for example, the y/ 24 is uy, becauſe it is con- 
rained under / 3, and / 8, which are g, Y. although 
it may be contained under vy/ 6, and v 96 irrationals; 
for / 24 =ty/ 5576 —wvy 6x _— 


PROP. XXIII. 


1 +: If the rectangle BD made 
| | 2 of a medial line A, be ap- 
* | pled to a rational line BC, 


| | it makes the » breadth CD 
| rational, and incommenſurable 
NR . Fin length to the line BC, wwherer 
| unto the rectangle BD is applied. | 

a ſch. 22. Becauſe A is A, a therefore ſhall Aq be equal to ſome 
10. rectangle (EG) contained under EF and FG þ Y. L 
b 1. ax. 1. therefore BD=EG. d whence BC. EF : : FG. CD. d there- 


C 14 6. fore BCq. EFq:: FGq. CDq. But BCq and EFq e are 


d 22 6. ß. F and fo Ta. g therefore FGq oa. CDq. Where- 

e hyp. fore ſince FG is p, þ therefore CD fhall be p. Moreover, 

f /ch. 12. becauſe EF. FG :: EFq. EG-(BD;) for ſince EF Ta 

10. FG, e ſhall EFq. be © BD. But EFq m N CDq. 1 

22 10. therefore the rectangle BD x CDq. Whence ſince 
ſch. 12. CDq BD o ::; CD. BC. 


. 

Kk 1.6. | | 

110. 10. PROP. XXIV. 

m. ſcb. 12. 

10 3 A rigbi line B com- 

. „ menſurable to a medial 

0 1.6. - line A, is alſo a medi- 

P Io. 10s B al line. 1 | 
| Wee am oy 5 5 make 

0 ] the rectangle CE = Aq; 
A 11. 6. F D | E a and 2 2 | 


bp. ==Bq. Becauſe 1 ) is Ar, band CD p, c therefore 
E be p i. CD. But becauſe CE. (F 


c 23. 10. ſhall the latitude 


þ ſhall CD be N. BC. there 


Eucrip 's Elements. 187 
4:: ED. DF. and CE e A. (F, f therefore ED N d 1. 6. 


DF. therefore DF is? N. CD. / whence the rectan- C hyp. 
gle CF (Bꝗ) is wy, and fo B is , I hich auas to be de- f 10. 10. 


a- monſtrated. g 12. and 
e Gbſ. that the note N. for the moſt part ſignifies commen- 1 3. 10. 
ir- ſurable in power only, a5 in this and the precedent de monſtra- h 22. 10. 
ed tions, &c. | 
in | 
n- Coroll. 
5 | f | 
85 Here by it is manifeſt that a ſpace commenſurable to a 

medial ſpace, is alſo med ial. 

| Lemma. 

xde To find out tavo medial right lines ABA 
2 commenſurable in length, and alſo two, A, 8p 
0 C, commenſurable only in power. C — 
5 à Let A be an 4, b take B N. A, and e CT A, d a lem. 21. 
ble and "tis evident the thing is done. Io and 13. 
85 PROP. XXV. 5 b 4. Jens. 
me : 10. 10. 
3 A ͤrectangle DB contained under DC, NF \ Þ A cz lem. io. 
OY CB medial right lines commenſurable in 18 ä 
are length, is medial. | d conſt. and 
TY Upon DC deſcribe the ſquare DA. 24. 10. 
"A Becauſe AC (DC.) CB 2 :: DA. DB, A I. 6. 
5 . and DC A. CB; 5 fhall DA a. DB3 © b 10. 10. 
_ c therefore DB is uy. H hich was to be demonſtrated, c 24 10. 
nce | | | | 
re- | 
72 
dial 5 | | | 
edi- PROP. 
ake O 
Aq; 
CF 5 
fore 
CF 
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a 46. 1. 


b cor 16 6. 


c hyp. & 


24. 10. 


d 23. 10. 
e 10. IO» 
F 20. 10. 
ſch 22.6. 
1 8. 


. 


6. 
m 20 10. 
n 22 10s. 


a by and 
16. 10, 
b 1. 6. 

C Hyp. 

d 4 LO. 
e 14. 10. 
F 14. 10. 


g 14. 10. 


and 17. 10. 
H cor. 7. 2. 


The tenth Book of 
PROP. XXVI. 

SZ 1. 
JR! FE: 


; 
3 
— NTEM 

Arectangle AC comprebended under medial right lines AB, 
BC commenſurable only in power, is either rat ional or medial. 

Upon the lines AB, BC, a deſcribe, the ſquares AD, 
CE; and upon FG þ h make the re&taigles FH, = AD, 
b and IK — AC. b and LM — CE. | 

The ſquares AD, CE, that is, the rectangles FH, LM, 
c are va and Tz. therefore GH, KM, having the ſame 
proportion d are p, e and Tx f therefore GH x KM is 
py, But becauſe AD, AC, CE, that is, FH, IK, LM, g 
are =; h and ſo GH, HK, KM alſo ; k thence HKq 
— GH x KM. 1 therefore HK is p, or A, or IH 
(F;) if A, m then the rectangle IK or AC is py, but 
if Y, then AC is jwy. Which was to be dem. 


Lemma. 


FH". AT” FA n E a 
ä A 13 > 3 "hall , 


| Ed, Aq + Eq, Aq — Eg 
a N. And ſecondly Aq, Eq, Aq {- . — 14 
AE and 2 AE, For AE b:: Aq. AE b:: AE. Eq. 
therefore ſeeing Ac NE. d ſhall Aq a AE, e and 
2 AE. alſo Eq d M. AE, e and 2 AE. wherefore be- 
_— 7 I. 3 and Aq — Eq Tx Aq 
an ; f therefore ſha E and Aq — E 
be . AE, and 2 AE. n 1 > y 
Hence alſo thirdly, Aq, Eq, Aq ＋ Eq, Aq — Eq, 2 
AE £ rn fr ama Eq — 2 
g and Ad 1 . A 3 
AE. h (CA - E.) 38 22 


PRO. 


0 


ese 


* 


C0} 


Ye 


rational rectangle AF. 


EUcrlIpE's Elements. 


PROP. XXVII. 


ceedeth not a medial rect angle 
AC by a rational rectangle DB. 


A medial rectangle AB ex- | 8 
A 


Upon EF s, a make EG 


K 


C 
L 
D 


— AB, @a and Et — AC; 
The rectangles AB, AC, 3. e. 
EG, EH, bare us; c there- 
fore FG and FH are o EF. 


= 


Whence, if KG, d i e. DBE be © 


E 


„, e then ſhall HG be n. HK; f wherefore HG 


FH. g and conſequently FGq Y. FHq. Eut FH 1s p. 
þ therefore is FG p. but FG was ß before. Which is 


cont radictory. 
h $ C hol. „ 


1. A vational refanole AE exceeds 


a rational rectangle AD by a rational 
rectangle CE. 


For AE a TL AD, ö therefore AE 
=> CE c wherefore CE is py. # bich 
was to be dem. 


2. A rational rectangle AD Joined 
with a rational rectangle CF makes a 


For AD a & CF, b wherefore 
AF N AD and CF; c and fo AF is 
pr. hich was to be dem. 


PROP. XXVII. 
To find out medial lines ( C and D.) which 


contain a rational rectangle CO. 

a Take A and B þ - 6 make AC:: 
C. B. c and A. B:: C. D. I ſay the thing re- 
quired is done. For AB (Cꝗ) d is wy, 4 
whence C is . but becanſe A B:: C. D. 
thereſore CN. g and conſequently D is 

Moreover by permutation A. C:: B. D. 
i.e. C B:: B D. 5 therefore Bq — CD. 
But Bq is pv. b therefore CD is py. W bicb 
was to be done, ne; | 


| 


A 


E 


| 


B 


| 


| 


FP 2a 
WY 25 
E 
+ 
1 


| 


a cor. 16, 6 · 


f 13. 10. 
g lem. 26. 
10. 
h ſch, 12. 
10. 


a 

b cor. 16. 
10. 

C ſchᷣ.i 2 10 


2 ſch. 12. 10 
b 16. 10. 


c. ſch. 12 10 


alem. 21.10 
b 13. 6. 

C I2. 6. 

d 22. 10. 
e conſtr. 

f 10. 10. 
g 24. 10 
h 15.6. 
h ſch. 12. 


10. 


A 
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In numbers, let A be / 2; and B 4 6. therefore C 


36::v4/ 12. D. then ſhall D be vy 108. but v4/ 12x 


2 / 108 =vy/ 1296 =y/ 36 = 6. ere CD is 6, 
likewiſe C D: 1. 3. wherefore C Y. D. 


PROP. XXII. 
To find out medial vight 3 commens 
4 ſurable in power only, 20 _ E, contain- 
1. ing a medial rectangle D E. 1 
1 a Take A, B, C 5 21 make A Db 
em 1. 10 | | | PD. B. e and R C P. I ay the thing 
b 13. 6. aef ired 1s performed 
ö 1. ADB CE For AB d Da. and AB eis wy, 
— 4 therefore D is ; and 5. C 
i} j | | | + a whence D D. E. therefore h E is Fo Moreover B. K 
1% fonftr. D. E. and by permutation B. C. E i. e. D. A:: 
NOR | Ez 10 C. E. I therefore DE — AC. But AC mis my therefore 
Wil l k TOs DE is ur. W hich was to be done. 
. _ In da, let A be 20. and B, / 200, and C. / 80. 
= pgs +5 Therefore D is / V $0000; and E v 12800. There- 
16 . fore DE =4/ Ju = * and D. E:: „. 
* PERS. 10. 2. wherefore D "WM 
| . 0 
Wk | xSchol. 
| | To find out tqvo plane numbers, like A,6. 1512 
ll or unlike. B. 4. D, 8. 
1 Take any ſoir numbers pro- AB, Z. CD, gs. 
| 4 | portional AB:: C. D it is ma- 


1% a 5 
. | nifeſt that AB and CD are like © Cx 
| 4 


10 09 lane numbers. And 2 may ZB, 4. D, 8. 
10 1 0 Out as many unli — plane AB, 24. CD, 40. 
0 1 numbers, as you pleaſe, by help 
| h | of Schol. 27 8. 
| * f | | Lemma. 
Wis ON 
Wag! 
ih 1 
11 
150 109 ! 


AF GP B 


is v 12, make / 2. / 6:vy/ 12. D. or v 4. 


To 


EuctiivDe's Elements, 


To find out two ſquare numbers (DE4 and CDq) ſo that 


the number 8 of them (CEq) be ſquare alſo. 
Take AD, DB like plane numbers ( of which let both 


be even, or both odd) vix. AD, 24. and DB, 6. The 
total of theſe (AB) is 30; the difference (FD) 18. half | 
Now the like plane numbers AD, a 18. 8. 


of which (CD) is 9. 4 
DB, have one mean number proportional, namely DE. 
therefore it 1s evident that every of thoſe numbers CE, 
CD, DE, are rational, and by conſeqence CEq (b CDq 
A DEq) is the ſquare number required. 
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b 47. 1. 


Whereby it will be eaſy to find out two ſquare num- 
bers, the exceſs of which is a ſquare or not a ſquare 


number, namely by the ſame conſtruction c ſhall CEꝗ 
CDq be = D 0 - 

But if AD, DB be plane numbers unlike, the mean 
proportional line (DE) ſhall not be a rational number, 
and ſo neither ſhall the exceſs (DEq) of the ſquare num- 
bers, CEq, CDq. be a ſquare number, 


Lemma 2. 


2 To find out two ſuch ſquare numbers B, C, as the 
number compeunded of them D is not ſquare. Alſo to di- 
vide a ſquare number A into two numbers B, C, not ſquares. 


A, 3. B, 9. © 36. D, 43. 


1. Take any ſquare number B, and let C be = 4 B, 
and DB + C. I ſay the thing is done 

For B is Q. by the conſtr. likewiſe becauſe B. C:: 1. 
43 QV. s 7 C alſo ſhall be a ſquare number. 
But becauſe BC (D). C:: 5. 4 :: not Q. Q. 6 there- 
or ſhall not D be a ſquare number. V hich was to be 

ne. | . LY 


A, 36. B, 24. C, 12 D, 3. E, 2 F., 1. 


2. Let A be ſome ſquare number. Take D, E, F, 
* numbers unlike, and let D be = E + F. make D. 
1 : A. B. and D. F.: A C. I ſay the thing required is 

one. 

For becauſe D. E F:: A. BC, and DE F, a 
therefore ſhall A = B ＋ C. Now ſuppoſe B to be ſquare, 
b then A and B, c and conſequently D and E are like 
plane numbers. ¶ hich is contrary to the Hyp. 

The ſame abſurdity will follow if C be ſippoſed a 
Tquare number, Therefore, & . PROF. 


c 3. ax. I. 


a 24. 8. 
b cor. 248. 


a 14. 5. 
b 21. df. 
c 26. 8. 


— 
— 


— ZD) ĩð FA 
— Ry —— wc. x =—_ F 
> * 8 = 


| 
10 
} 
[> 
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PROP XXX. 
To ind out tao rational right 
lines AB, AF, commenſurable 8 
in pocver, ſo that the greater / 
ſhall be in power more than the leſs F 
AF by the ſquare of a right line B C 
BF commenſurable to it ſelf in ER... .13 1 
length. | | 
a I. lem 29. t AB be fl. 4 Take the ſquare numbers CD, 1 
10. CE. ſo that CD— CE (ED) be not Q. ö and make 
bz. lem. 1o. CD. ED :: ABq. AFq. In a circle deſcribed upon ar 
10. the diameter AB c fit AF, and draw BF. Then I ſay is 
C I. 4. AB, AF, are the lines required. 
d conſtr. For ABq, AFq d:: CD. ED. e therefore ABq Hz AFq. (f 
e 6. 10. but AB is p. f therefore AF is alſo s. But becauſe CD is £m 
f ſch. 12. Q: and ED not Q: g therefore ſhall AB be x AF. D 
10. oreover by reaſon of the þ right angle AFB, is ABq k py. 
9. 10. — AFq -+ BEFq; therefore ſeeing ABq. AFq :: CD. ED. Ag 
31. 3. by converſion of proportion ſhall ABq. BFq : : CD. CE :: for 
k 47-1. Q. Q. I therefore AB + BF: Which vas to be done. _, 
19. 10. In numbers, let there be AB, 6; CD, 9; CE, 4; where- ] 
fore ED, 5. Make 9. 5 :: 36. (Q: 6.) AFq. then AFq the 
ſhall be 20. and conſequently AF / 20. therefore BFꝗ wh 
= 36 — 25= 16. wherefore BF is 4. 5 
PROP. DA. in 
To find out tao rational lines AB, _C- 
AF commenſurable only in poqver, E 
fo that the greater AB ſhall be in 
power more than the leſs AF by ter ] 
the ſquare of a right line BF incom- A ; 4 
menſurable to it ſelf in lengt̃õ̃. C. E. 8 
2 2. lem. 29. Let AB be p. a Take the ſquare numbers CE, Eb, ſo F. 
10. that CD = CE+ ED be not Q and in the reſt follow 2 
u 


the conſtruction of the preced. prop. I ſay then the thing 
req; red is done. 


For, as above, AB, AF, are 5 T3, alſo ABq. BFq :: be © 


b9. 10. CD. ED. therefore ſince CD is not Q. AB, BF & ſhall D. B 
be A. Which was tobe done. 3 
er 
Aq = 
In | 


Eu cr! D e's Elements. 
In numbers, let there be AB, 5. CD, 45. CE — 36 ED 
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= 9. Make 45. 9:: 25 (ABq.) 5 (AFq ) therefore AF : 


F. conſequently BFq — 45 — 25 = 20. whetefore BF 


= * 20. | TER 
| PROP, XXXII. EOS 

— 7... To find out tavo medial lines C, 

— ennenernenmn_—_— D, commenſurable only in power, 

0 — nnenn—— comprehending à rational rectangle 
CD, /o that the 2 C be more 

| T3 in power than the leſſer D by the 

ſquare of a rig hit line commenſurable in length to the greater. 

a Take AandBp Tt; ſo as / A - Bꝗ NA 
and make A. C:: C. B. c and A. B:: C. D. I ſay the thing 
is done. | | CN. 

For becauſe A and d B are p Tx. e therefore ſhall C 
(fy AB) be . 8 and thence allo C | D h there- 
fore D is likewiſe . Furthermore, whereas A. B d:: C. 
D; and by permutation A. C: B. D:: C B; and Bq is 
pr. therefore ſhatl CD (& Bq) be py. Laſtly, becauſe / 
Aq — Bq 4 tx A, / ſhall  Cq — Dq be A C, there- 
fore, &c. But if / Ad — Bq N. Aq, then ſhall / Cq 
—.Dq be NA. C | 35 

In numbers; let there be A &, BY 48 (Y 64 — 16) 
therefore CNV AB — wy 3072. and D 1728. 
wherefore CD = D 5308416 = / 2304 
5 - : PROF XXANL 
A ——— — To find out to medial lizes D, E, 
5 — conmenſurable in power only, compre- 


— =n—— hending a medial rectangle DE, ſo 


0 —— that the greater D ſhall be more in 


1 powver than the leſs E, by the ſquare of 
| a right line commenſurable to the grea- 
ter lenoth. : 

a Take A and C5 Tt, ſo that / Aq - Cq NAA, 
take alſo B . A and C, and make A. D:: D. BA:: 
C. E then D, and E are the lines ſought for. 

For becauſe A and Ce are , e and B Y. A and C, f 
therefore ſhall B be s, and D (% AB) g ſhall be 4. 


a 30 10. 
b 13 6. 
„ 
d conſtr. 
e 23.230 
f 17. 6. 
g 10. 10. 
h 24. 10. 
& 37. 6. 
115. 10. 


a 30. 10. 
b lem. 21. 
10. 

C 13. 6. 
d 8 


But becauſe A D:: C. E, therefore by per mutation A. e conſtr. | 
C:: D E. wherefore ſeeing A . C, therefore D ſhall f/ch.12 10 


be NY. E. therefore E is . Furthermore, 1 becauſe 
D. B:: C. E. and BC is vr. alſo DE, equal 0 it, 18 . 
Laſtly, becauſe A. C:: D. E e ſeeing V __ Ca NA. 
therefore / Dq Eq Y. D. therefore, c. But if / 
Aq — Cg N. A then y/ =” Eq a. Eq. 1 


8 8 10 D 
e 8 — - 17-0 
* i 


22. 10. 
f te. 
k 24. 10. 
1 22. 10. 
m 16. 6, 
n 15. 5. 


— — - 
— — — 


- = — — — 
— — — — ar — — 
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cor. 


817. 6. 


19. 10. 
h 10. 10. 


on AB the diameter draw a ſemicircle AFB, erect — 
6. 


The tenth Book of 


In numbers, let there be A 8, C/ 48. B/ 28. then Dov 


+ 3072. and Ev V 588. wherefore D. E:: 2. „/ 3. 
and DE = N 1344. | * 


PROP. XXXIV. 
To find out tao right lines AF, 


P BF, incommenſurable in power, 
. , evhoſe ſquares added together make 
\ a rational figure, and the rectan- 

7 — gle contained under them medial. 
O EB aA Let there be found AB, 


CD, if V fo that / ABq— CDq NAB, divide CD 
y in 


G. c make the rectangle AEB — GCq. Up- 


equa 
perpendicular EF, and draw AF, BF. Theſe are the 
lines required. | 23 \ 

For AE. BE d:: BA x AE. ABxBE. But BA x AE 
e = AFq; and ABxBE — FBq. f therefore AE. EB 
: AFq FBq. therefore ſince AE g ea. EB, h AFq ſhall 


K 31.3 & be Nl. FBq. Moreover ABq ( AFq + FBq)lis fv. Laſt- 


ly EFq 1 = AEB I —.CGq. m therefore EF — CG. 
therefore CD x AB = 2 EFx AB. But CD x AB » is yy. 


m ax. I. o therefore AB x EF, p or AF x FB is uy. Which was to 


be demonſtrated, 
The Exylication of the ſame by numbers. 


Let AB be 6. CD V 12, then CG Vz. But 
AE —; + 6. and EB Z — y/ 6. whence AF 
ſhall be /: 18 + V 216. and FB /: 18 — / 216. 
Alſo AFq -þ- FBq is 36, and AF x FB = 4/ 108. 

But AE is found in this manner. Becauſe BA (6.) AF 
: AF. AE. therefore 6 AE = AFq= AEq + 3 (EFq) 
therefore 6 AE = AEq = 3. Put 3 + e — AE. then 
18 + 6e—9,— 6c ee, that is, 9 — ee z. or ee =6. 
wherefore e V 6. and ſo AE=3-|-y 6. 


PROP 


OP 


' ſurable in power, whoſe 
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PROP. XXXV. 


„ 
To find out two vight lines AE, EB, incommenſurable in 
power, whoſe ſquares added together make a medial figure, 
and the rectangle contained under them rational. 
a Take AB and CF N., fo that AB x CF be pp, and 2 32. 10. 
y ABq — CFq To. AB, and let the reſt be done as in the 
prec. prop. AE, EB are the lines required. | 
For, as it is ſhewn there, AEq Tx. EBq. alſo ABqg 
EBq) jr. and laſtly AB x CF b is py. c therefore b conſtr. 


(AEq-7- E —_— 
alſo AB x DE, that is, AE x EB, is py. therefore, &. C /ch. 12: 


. 10. 
PROP. XXXVI. dſſſch. 22. 6. 
To find out two vight wy A 


tines BA, AC, incommen- 


ſquares added together G 
make a medial figure, and Op 
the rectangle alſo contain- EI B 5B 
ed under them medial, and | 
incommenſurable to the figure compoſed of the ſquares. 
2 Take BC and ER 5 15 cha BC be u. and à 33. 10 

 BCq — EFq't BC, and fo forward, as in the prec. BA, 

C, ſhall be the lines ſought for. | ; 

For (as above) BAq T ACq, alſo BAq E ACq is uy. 

and BA x AC is v. Laſtly, BC 64x EF, and c ſoBC N. b confer. 
EG; likewiſe, BC. EG d:: BCq. BCxEG (BC x AD, or c 13. 10. 
BAxAC) e therefore BCq (ABq + ACq) I BAxAC. d 1:6. 
therefore, &c. e 14. 10. 


N 2 „„ 


= 8 4 fe — 1 4&- 2 * V 
— ond — « 8 222 e y — Ps. _— 4 * 8 8 5 
= - 3 — wk "Ol > 2 di 74 — — — — * 2 
A aa >. > B Paneer Te RI 2 


4 
K 3 
— —j METS = 


* 


* 3 = FJ 
3 
p 
— — ᷓ —jẽ3 — e —— — ———— — — > \ I : 
- y — — — — * — — 1 - = 2 
— - — — — 
— — n — — — —_—_— — 2 2 = LM —W 2 
— — 8 2 wt — K — * als. DB My _ m — — * 
— = — — — — > — — — — = 
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— — 


——— D — 


Sc hol. 
F 


4 
1 


To find out levo medial lines incommenſurable both in length 
and power. | | 
a 36. 10. a Take BC y, and let RA x AC be yy, and Ta. BCq 
b 13. 6. (BAq-j-ACg) b make BA. II:: H. AC. then I fay BC and 
1 D. For BC is N. a and BA x AC (e Hq) is wr. 
d 14. 10. wherefore H is alſo . d Likewiſe BA x AQ N. BCq ; 
therefore Hq Ta BCq. therefore, &c. 


Here begin the ſenaries of lines irrational by 


compoſition. 
PROP. XXXVII. 
1 BS F tavo rational lines AB, BC, 


AA & C commenſurable only in power, are 
added together, the whole line AC 


is irrational, and is called a binomial line, or of two names. 
a hyp. For becauſe AB a TD BC, thence b ſhall ACq be TL 
b lem. 26. ABq. But AB à is þ. c therefore AC is p. Which <vas to 
10. be demonſtrated. 


cIL. def. 10. 
PROP. XXXVIII. 


| IF two medial lines AB, BC, 
A 5 C commenſurable in power only, are 

„ compounded, and contain a ratio- 
nal rectangle, the whole line AC is irrational, and called a 


Jrſt bimedial line. 3 
© Hp. For becauſe AB a N BC, b ſhall ACq be N AB x 
ber. 26. BC, py. c therefore AC is p. ¶ hieb avas to be dem. 
10. | 
CI ef. 10. 


Lemma, 


cal 


are 
atio 


led 4 
AB x 


Inu. 


DG, N. ABꝗ: but ARq e is u, e therefore 
the rectangle ABC is taken yy, e and conſequently d 16, 10. 
2 ABC (FHF) is yy. g therefore EG and G 1 © _ 10. 
Alſo becauſe DG þ TI HF; and DG. HF:: K EG. f 4 
G; therefore EG GF. n therefore the whole-EF 125 ID. 
is f. » wherefore the rectangle DF is fr. o therefore y/ 


Lemma. 


A rectangle AC, contained 
under a rational line AB and 
| an irrational line BC, is ir- 
I rational 
| | | - For if the rectangle AC 
A: EE D be affirmed 5 fr, a then be- 4 hyp. 
| cauſe AB is p, bthe breadth b 21. 10. 
BC ſhall be alſo p. againſt the Hyp. 


PROP. XXXIX. 


> 


B 1 9 Q 


If two medial lines AB, 
BC, commenſurable only in 
power, containing a medial 

rectangle, are compounded, 
| the <vhole line AC ſball be ir- 
15 rational, and is called à ſe- 
| s . cond lonedtat line. 


Upon the propounded 


K — 


G 
line DE p à make the e DF — ACq; b and DG a cor. 16 6. 
— ABq+ BCgq. 


b 47. 1. & 


BCq, z e. 11. 6, 


k ecauſe ABq c Ti BCq, d therefore ABq 
is . But 5 byp. 


Lg 26 
DF, i e. AC, is fo Which was to be demonſtrated. 


poſed of their ſquaves rational, and the rectangle contained un- 
der them medial, the aubole ri lize AC is irrational, and is 


i 1. 6. 
R | 10. 0. 
m 37. IO, 
* | If tao right lines AB, BC, com n lem. 38. 
A B 8 1190 
menſurable only in poæver, are Adult x 
def. 
together, making that which 1s com- 18. . 


called a A. 1 


N 3 For 
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a byp. For whereas AB ＋ BCq à is fy, and b N 2 ABC e 
b ſch. 12. ur; and ſo ACq (d ABq + BCq 4+ 2 ABC) e Tt ABq 
10. + BCq py. f therefore fhall AC be p. Which was to be 
c byp. and demonſtrated | | 4 . 

$4. 20. | | 

d 4-2. SME: KEEL 

217. 10. 


f11.def.10. A————,——— BÞ F two right lines AC, CB, 

| =” C incommenſurable in power, are 

added together, having that 

which is made of their ſquaves 

added together medial, and the ref angle contained under them 

rational, the whole right line AB ſball be irrational, and is 

called A line containing in power a rational and a medial 
rectangle. | | 

a hyp. and For 2 rectangles ACB g py, 5 N. ACq + CBq c uv 4 

ſch. 12. 10. therefore 2 ACB d N ABq. wherefore eABis p. Il bich 

b /ch. 12. <vas to be demonſtrated, 


10. — 
c byp. P R OP. NEE 

d 17 10. | | 
e 11. def. E D F 
10. | | 


8 


f iwo vight lines GH, HK. incommenſurable in tower . 
are added together, having both that awhich is compoſed of 


their ſquares medial, and the rectanele contained under them 
medial, and incommenſurable to that which is compoſed of their 
Squares, the whole right line GK 3s irrational, and is called 
A line containing in power tao medial figures. | | 
Upon the propounded line FB þ make the rectangles 
AF = GKq, and (F = GH + HKq. Becauſe GGHq 4- 
HKq (CF) 2 is uy, the breadth CB b ſhall be p. Alſo be- 


a Þyp. cauſe 2 rectangles GIIK (c AD) 4 is u, therefore AC h 


f 37. 10. be demonſtrated. 
g lem. 38. 7 


h II. det. 


b 23. 10. ſhall be þ. Moreover becauſe the rectangle AD a UA. (F, 


4. 2. d and AD. CF :: AC. CB, e thence ſhall AC be 4 CB. 


d 2.5 F wherefore A is g p. therefore the rectangle AF. 1 e. 
© 10. 10. GKꝗ is /; Þ and vnſequently GK is p. hich was to 


PROP 


"7 


4 


53 


N. 


>, 2. 0D .& 
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PROP. XLII. 


AO F FE DRB 

A line of tavo names, or binominal, AB, can at one point 
only D be divided into its names, AD, DB. 

If it be poſſible, let the binominal line AB be divided 
at the point E, into other names AE, EB. It is mani- 
feſt that the line AB is in both caſes divided unequally, 
fnce AD . DB, and AE Ta EB . 

Becauſe the rectangles ADB, AEB à are ua; a and a 37. 10. 
each of ADq, DBq, AEq, E3q is pe. b and fo ADq b {ch. 27. 
DBq b and AE -+ EBqare alſo pz. b therefore ADq | 10. 

DBq -: AEq + EBq c i. e. 2 AEB—2 ADB is py. d C /ch. 5. 2. 
therefore AEB ADB is py. therefore j4y exceeds py by  /ch. 12. 
er. e Which is abſurd. 10. 


647. 10 
PROP, XLIV. 
AG FEDE | 
A. firſt bimedial line AB is in one point only D divided into 


Ats names AD, DB. 


Conceive AB to be divided into other names AE, EB, 
whereupon every one ADq, DBq, EBq, will be a ua. a 38. 10. 
and the rectangles ADB, AEB, and the doublesof them, b ſch. 27. 
pe. b therefore 2 AEB — 2 ADB. c i. e. Dq q- D3q =: xo. 
AEq+EBq is py. d Which is abſurd. | C{ch. 5. 2. 


d 27. 1%. 


N 4 PROP, 
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PROP. XLV. 
: 2 —D, A ſecond bimedial line AB, 
£ | B is divided into its names AC, 
E 8 CB, only at one point C. 


Suppoſe there were other 
names AD, DB. Upon the 
propounded line EF p make 
| | the rectangles EG — ABq, 
= , & and EH = ACq ＋ Cg, as 
_ alſo EK — 55 ＋DBg. 
1 a 39. 10. Becauſe ACq, BCq à are ya 13; b ACq + CBq (EH) 
p 16 and Hall be. c therefore the breadth FH is 5. a morcover 
24.10. the rectangle ACB, d and ſo 2 ACB(e IG0 is n. c there- 
c 23. 10. fore & ĩs alſo p. And ſince EH is FAI, gand EH. 
IG :: FH. HG. v therefore FH, HG ſhall be =. k there- 


d 24. 10 
e 4. 2. fore FG is a binomial, whoſe names are FH, HG. K 
f lem. 26. the ſame reaſon FG is "binomial, and the names of it F 
10. KG: contrary to the 43. of this Book. 
ERS 
10. 10. | " PROP, XEVL 
K 37. 10. b 


5 


A Major line AB is at one point oy D divided into ik; 
2 AD, DB. 
ine other Names AF, EB. hin on the rectan- 
4 40. 10. oy A B. AEB, à wa. a and as well ADq + DBq, as 
Þ /cÞ. 27e AFq ＋— EBq are Þ-. „ therefore AD DBq —: AEq 


to. 3 
c ſch. 5. 2. > "Is 5 i. e. 2 AEB 2 ADB i 18 py. dq hich 1 is im poſ- 
9 17. 10. . 


"PROP. XLVIL 


| 3 _ A line AB conta. ining 
A. F FT 5 D B in power a rational and a 
| medial figure is divided at 


one point only D into its names AD, DE, 
p | Con: 


Fes Oo) A tk foo 


ea 


- names AC, CB. 


de divided into other names 
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Conceive other names AE, EB. then both AE + 
EBq, and ADq + DBq are wa. 4 and the rectangles à 41. 10. 
AEB, ADB are 8 . b therefore 2 AEB — 2 ADB, ci. e. b ſch. 27. 
9 


ADq + DR q AEq + EZB q is 57. d Which is abſurd. 1 : | 
g | | c ſab. 3. 2. 
PROP. XLVIII. | d 27. 10. 
Aline AB containing in pow- © A | Dc xp 


er two medial rectangles, is at E 
one point only C divided into iis 


If you would have AB to 


AD, DB, draw upon the line! . 
compounded EF 5 the reftan- P K H & 

gles EG == ABq, and EH = ACq-|- CBq, and EK = E 
ADq + DBg. then becauſe ACq + CBq, namely EH, a b 4 10s 
is A, 6 the breadth FH ſhall be f. Alſo becauſe 2 ACB, 23. 10, 
c that is, IG, is a up, HG b ſhall be likewiſe. There- 4 2. 
fore, whereas EH a N. IG, and EH. IG d:: FH, HG, d 1. 6. 
thence FH e ſhall be TTL HG, f therefore FG is a bino- © 10. 10. 
mial, and the names of it FH, HG. In like manner FK, f 37. 10, 


KG ſhall be the names of it, againſt the 43. of this Bool. 


Second Definitions. 


Rational line being propounded, and the binomial 
divided into 1ts names, the greater of whoſe names 


is more in power than the lefs by the ſquare of a right 


line commenſurable to the greater in length ; then 
I. If the greater name be commenſurable in length to 
the rational line propounded, the whole line is called a 
binomial line. | 

II. But if the leſſer name be commenſurable in length 
to the rational line propounded, the whole line is called 
a ſecond binomial. 

III If neither of the names be commenſurable in 


length to the rational line propounded, it is called a 


third binomial. 

Furthermore, if the greater name be more in power 
than the leſs, by the ſquare of a right line incom- 

menſurable to the greater in length, then 
IV. If the greater name be commenſurable to the 
propounded rational line in length, it is called a fourth 

binomial. | | N | 
V. If 
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V. If the leſſer name be ſo, a fifth. 
Vi If neither, a ſixth. 
PROP: XLIX. 
8 e e B 8 out a firſt binomial line, 


aſcb. 29 10 E——F-———— 2 Take AB, AC, ſquare num- 
b 2 lem. 10. H — - | bers, whoſe exceſs CB is not 
10. let D be propounded p. 5 Take 
c 3 lem. 1o. EF N D, and c make AB. CB: : EFq, FG. then EG 
10. ſhall be a 1 bin. 
d confer. For EF d N D. e therefore EF is 2. F alſo EFq TL 
 E6.def.10. FGq. 18 therefore FG is alſo þ. likewiſe d becauſe REE 
f 6. xo. = AB. G:: A Q. b therefore EF FG 
g {ch. 12. — becauſe - converſion of proportion, EFq. EFq 
10. : AB. AC:: Q. Q thence EF k ſhall be TL 
h 9. 10. Ef — FGq. ] therefor EG is a1 binominal Which 
k 9 10. was to be done 
11. def. 48. In numbers thus; let there be D 8 EF 6 AB 9. 


19, CB 5 wherefore becauſe 9. 5::36. 20. therefore FG is 
y 20. and conſequently EG is 6 + y/ 20. 
PROP: L. | 


„ To fand out a ſecond binomial line, 
D EG. 


E —F.— Take AB and AC ſquare num- 
3 bers, the exceſs of which is 2 


not Q. Let the line D be pro- 

Prove it as pounded f. take FG N. D, and make CB. AB :: Ga. 
zheprecs EFq. "A EG will be the line deſi red. 

For FG ND. wherefore FG is p. Alſo EF TL FGq 

therefore EF is f. Likewiſe woes FGq. EFq:: CB. 

AB :: not Q. Q. thence FG is A EF. Laſtl "Gabe 

CB. AB: Fg IFq. and inverſely AB. CB: EE. FG. 

therefore as in the foregoing Prop. EF x v/ EFq — 

FGq. 2 whereby EG is a 2 binomial. I hich was 5 be 


done. 


3 2. def. 48. In numbers; let there be D$, FG 10, AB 9g, CB5. then 
1 180, 1 EG is 10 + „ 180. 
PROP. LI. 
„ Jo find out a third binomial 
1 line, DF. 

a ſch. 19, G — a Take AB, AC, ſquare 
10. D — -— F—— F numbers, the exceſs of which 

— CB is not Q and let L be 


a number not Qnext greater 


chan CB, viz. by a unit or two. Let G be the line proz 
pounded 


tr 
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unded b. b Make L. AB :: Gq. DEq. h and AB. CB :: b zlem. 10. 
Dea. EFq. then DF ſhall be a third binomial. 1 f 
For becauſe DE c Tx Gq, d DE is p. alſo Gq. DEq c conſtr. 6 

:: L. AB :: not Q Q. e therefore G N DE. Likewiſe 10. | 

ſince DEq e Tx EFq, d alſo EF is ;. Moreover becauſe d ſch. 12. 

DEq. EFq :: AB. CB:: Q not Q f is DE N. EF. and 10. 

fince by conftr. and equality Gq. EF q :: L. CB :: not Q. Q. e 6. 10. 

(for g U. and CB are not like plane numbers) h therefore f 9 10. 

ſhall G be alſo M EF. Laſtly, as in the prec. prop. / gſch 27 8. 

DEq — EFq N DE. & therefore DF is a 3 binomial. h 9. 10. 

' W bich «vas to be done. k 3def. 48. 

In numbers; let there be AB, 9. CB, 5. L, 6. G, 9. 10. 
then ſhall be DE / 96, and EF / . wherefore DF 


= yv 96 EY. 
PERAP. LIE 
To find out a fourth binomial line N.. 3 C 6B 
DF | G 


— — 


a Take any ſquare number AB, D — E —— F a ſch. 29. 
and divide it into AC, CB not H 8 10. 
ſquares. Let G be the line pro- | 

ounded þ. b take DE 7 G, c and make AB. CB:: b 2 Jem. 10. 
DEa. EFq, then DF ſhall be a 4 binomial. 10. 

For, as in the 49 of this Book, DF may be ſhewn to c 3. lem. 10. 
be a binomial, and alſo becauſe by conſtr. and converſion 10. 
of proportion DEq. DEq — EFq:: AB. AC:: Q. not Q. 

d ſhall DE be N V DEq —EFq. e therefore DF is a4 dg 10. 
binomial. | e 4. def. 
In numbers, let G be 8, DE, 6. then EF ſhall be / 10. 

24. therefore DF is 6 = V 24. 


PROP. LI 
To find out a fifth binomial line A...$C......6F 
* F F 8 


Take any ſquare number AB, D 

whoſe ſegments AC, CB are not H 
Q. Let & be the line propounded 
p. take EF Ta. G. and make CB AB :: EFq. DEq. then 
ſhall DF be a 5 binomaal. 
For DF ſhall be a binomial as in the 50. of this Book, 
and becauſe by conſtruction, and inverſion, DEq EFq:: 
AB. CB and ſo by converſion of proportion, DEq. DEq a 9 10. 
- EFq:: AB. AC:: Q not Q. 4 therefore ſhall DE be 
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VD. / DEq — EFq. h therefore DF is a 5 binomial. 
W hich wvas to be done. | 
In numbers, let there be G, j. EF, 6. then DE fhall 

be / 54. wherefore DF is 6 + 54. 


PROF. EF: 


A. 50. 7B To find out a ſixth binomial 
1; 


3 9 ine 
G — — Take AC, CB, prime numbers, 


D — E——-F ſo that AC CB (AB) be not 
H Q. take alſo any number ſquare 
IL. Let G be the line propound- 

ed p. a and make L. AB: Gq DEq, and AB. CB: : DEg. 
EFq. then DF ſhall be a 6 binomial. | 
For DF may be demonſtrated binomial as in the 51. of 
this Book, and alſo by reaſon that DE and EF N. G. 
laſtly likewiſe becauſe by conſtr, and converſion of pro- 
portion DEq.DEq —EFq :: AB. AC:: not Q.Q. (For AB 
is prime to AC, band ſo unltke to it) c therefore DE N. 
1/ DEq — EFq. d therefore DF is a 6 binomial. Which 
Was required. Cs 

In numbers, let there be & 6. DE y/ 48. then EF ſhall 
be / 28. wherefore DF is / 48 + „ 28. 


Lemma. 


0 Let AD be a rectangle, and 
r5ðVWa. -— JI the ſide thereof AC divided une 
| G@ |E|Fl IE gually in E; alſo let the leſſer por- 
- | tion EQ be equally divided in F. 

| on the line AE a make the rec- 


ÞD 
HI K D the points G, E, F b draw GH, 
ac E EI, FK, parallel to AB, c Let 
: | x the ſquare LM be made equal to 
'O ——/Þ the rectangle All, and ujon 


OMP produced the ſquare MN 
2» GI, and let the rieht lines LOS, 
2 LOT, NRS, NPT te produced. 
5 I fay 1. MS, MT, are rec- 


angles. For by reaſon of the 


right angles of the ſqnares OMQ, RMP, a ſhall QUR 


be a right line. þ therefore RMO, NP, are right an- 
gles, wherefore the parallelograms MS, MT), are rec- 
rangles, a 2 Hence 


angle AGE — EF q, and from 


Likewiſe thereupon, 
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2. Hence it is plain that LS c = LT, and conſequently E 2. ax. k. 
that LN a ſquare. 

3. The rectangles SM, MT, EK, FD are equal. For 
becauſe the rectangle AGE d — EFq. e thence ſhall AG. d hyp, 
EF :: EF. GE, f and fo AH, EK: EK. Gl. that is by e 17 6. 
conſtr. LM. EK :: EK. MN. g but LM. SM:: SM. MN. f 1.6. 
therefore EK. þ =SM k =FD1— MT. e fb 22.6 


4 Hence LN m = AD. | h 9. 5. 
5 Becauſe EC is equally divided in F, nit is plain that k 36. 1. 
EF, FC, EC are . | I 43-1. 


6. If AE w- EC, and AE Tx y/ AEq — ECa, o then m ax 1: 
ſhall AG, GE, AE, be . alſo, b:cauſe AG. GE: : AF. n 16. 10. 
GI, p therefore ſhall AH, GI, i e. LM, MN, be . © 18. and 

PE On I6 10. 

7. OM H MP. For by the Hyp AE NEC g there- p 10. 10. 
fore EC N. GE. q wherefore EF N GE. but EF GE q 14. 10. 
:: EK. GI. . theres EK N. Gl that is, SM T. MN. r 10. 10. 
but SM. MN :: OM. MP. therefore OM N. MP. 

8. If AE be ſuppoſed Tx Y AE — ECq, it is ap- f 19. ana 
parent that AG, GE, AE, are Tx. whence LM N. MN. 17. 12. 
for AG. GE:: AH Gl :: LM. MN. 5 

Theſe being well conſidered, aue ſhall eaſily diſpatch the ſix 
follawing Propoſitions. 


PROP. LV. 


If a ſpace AD be contained under a rational line AB, and 
a firſt binomial line AC (AE + EC) the right line OP 
evhich containeth that ſpace in poaver is irrational, and called 
a binomial line. 
All that being ſuppoſed which is deſcribed and de- 
monſtrated in the next foregoing Lemma, it is manifeſt 
that the right line OP containeth in power the ſpace AD. 
a Likewiſe AG, GE, AE, are Q.. therefore ſecing AE, a H and 


b is 6 Tx AB. c ſhall alſo AG and GE bez Tx AB. d fem 54-10. 


therefore the rectangles AH, GT, that is, the ſquares b Hp. 

EM. MN are gg. therefore OM, MP are pe TÞ.f and c{:h.12.10s 

conſequently OP is a binomial. hich was io be demon- d 20 1. 

ftrated. . 2 e lens. 54- 
In numbers, let there be AB5y. AC4, + 4/ 12. where- 16. 

fore the rectangle AD = 20+ / 300 = to the ſquare f 37. 10. 

de therefore OP is / 15 ＋ y/ 5. namely a 6 bino- 

mial. | | 
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J 
If a ſpace AD be comprebended under a rational line AB, 


and a ſecond binomial AC (AE ＋ EC) the right line OP, 
which containeth that ſpace AD in power, is irrational, and 


2 byp. and again ſuppoſe 


tem 54 10. AE, AG, GE, are TL. therefore ſince AE b is pa | 
c ſhall be pt AB, therefore the rec- 


bp. AB, likewiſe AG, 
eſcb 12. 10. tangles AH, GI, i u OMq, MPq. d are va. e Moreover 
d 22. 10. OM NY. MP. Laſtly, EF N EC, and ECf HN AB. 
Elem. 54. g wherefore EK, i & 9M, or OMP, is py. þ Conſequent- 
IO. -ly OP is a firſt bimedjal. 7 hich was to be dem. 

f Þyp. 12. In numbers, let 2 be AB 5, and AC, / 48: ＋ 6. 


10. then the rectangle AD= : 2200 + zo = OPq. there- 


N 10. fore OP isvy/ 675. VV 75. viz a firſt bimedial. 
3 * 10. | . . | . 
| See Scheme 37. 


PROP. LVIL 


7 
1— 3 « under a rational line AB, and a 
A GEF third binomial line AC (AE + 
; EC) the right line OP <uhich con- 

| taineth in power the ſpace AD, is 


| | irrational, and called a ſecond bi- 


Bl my 7 medial line. 
H JK D As above, OPq — AD. alſo 
2 Bp. and 8 | x" the rectangles AH, Gl, that is, 
22. 10. p OMq, MPq are va. a Like- 


b 39. 10. 9 NM wiſe EK, or OMP is py. b 
| { | therefore OP is afecond bime- 

| | | dial. 

7 = In numbers, let there be AB 

+ L Q 5. AC 32 + y 24 where 

fore AD is / $co - 600 OP. and fo OP is v 

450+ wy 50, that is, a ſecond bimedial. 


PROP. 


If a ſpace AD be contained 


0. 1 « Sm 


A 


wm, 


hui tua 


n 


8 


Wh 


cas tobe demonſtrated. 
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PROP. LVIIL 


IF a ſpace AD be comprehend- - 
ed under a rational line AB ,t | S 
and a fourth binomial AC (AE GEF 
＋ EC) the right line OP contain - | 
ing the ſpace AD in power, is 
1 irrationab line which is called | 
a Major line. 

For again, OMq a A. MPq ; B = 
and the rectangle Al, i. e. OMq 
＋MPqꝗ b is fy. c alſo EK or o P 
OMP is wu". d therefore OP(V/ DL 
AD) is a Major line. I bich 


ta 


In numbers, let there be AB - | 
5. and AC4 ＋ 8. thenthe L, * 
rectangle AD is 20 ＋ / 200. wherefore OP is y/ : 20 
»Þ y 200, | 


PROP. LIX. 


IF a ſpace AD be contained under a rational line AB, and 
a fifth binomial AC, the right line OP which containeth the 
ſpace AD in poxver, is that irrational line, which is a line 
containing a rational and a medial rectangle in power. 
Again OMP a MPq. and the rectangle AI or OMq 
+ MPq is uy. a Likewiſe the rectangle EK or OMP is 
py. b therefore OP (/ AD) contains in power fy and yy. 
I bich «vas to be dem. 


; In numbers, let there be AB 5. and AC 2 + VS. then 
the rectangle AD 10 + V 200 = OP. Wherefore - 


Of is /: 10+ / 200. 
PROP. LX. 


IF a ſpace AD be contained under a rational line AB and a 
ſixth binomial AC ( AE + EC) the line OP containing the 
ſpace AD in power is irrational, which containeth in power 


tebo medial refFangles 


As often before, OMq x. MPq, and OMq -f MPq 


207 


a as in the 


b 41. 10. 


is wy. and alſo the rectangle (EK) OMP is wy. a there- a 42. 10. 


fore OP = / AD contains in power 2 ua. Hbich was . 
In 


to be dem. 
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In numbers, let there be AB 5. AC4/ 12+ 4/8 
therefore the rectangle AD or OPq is / 300 ＋ y/ 200 
and ſo OP is /: 30 + v/ 200, = 


Lemma. a 
| = | lin 

Let a rioht line AB be un- 
big equally divided in C, an an 
7 | 3 let AC be the greater ſeg- AC 
Ti1L M a ment, and upon ſome line DE AC 
Vo | apply the rectangles DF = the 
e ABq, and DH — ACq, and the 
To IK = CBq, and let LO, be LC 
7 CRMs 3 IN divided equally in M, and Joy 
A K HK N _ MN drawn parallel to 2710; 

24.2. and I ſay, 1. The rectangle ACB is — LN or MF. a For 
3. ax. I. 2 AC n— | | | 
b 7. 2. 2. DL c- LG. for DK (ACꝗ＋ CBq) = LF (2 8 
18. ACB) therefore ſince DK, LF are of equal altitude, c DL plies 
ſhall be — LG. | a bino; 
d 16 10. 3. If AC N. CB, d then ſhall the rectangle DK b& : oy 
A ACq and CB | SO tang 
e lem. 26. 4. Aiſo DL x LG. For ACq + CBq e N 2 AC, the 
10. ; e DR Y. LF, but DK. LF e:: DL. LG, f therefore ACT 
A DE x EG. - : DE, 
5. Moreover DL A. DLq — LGq. For ACq. ACB —1 


7 1. 6. :: ACB CBq. that is DH. LN :: LN. IK. c wherefore dino 
k 11. 6. DL LM :: LM IL, b therefore DI x II. = LM. there- 
k. hyp. fore feeing ACq k N GBg, that is, DH Tx IK, and / 
110 10. foDI-D IL, n ſhall DL be ay DLq — LGq V bich 


m 18. 10. avas to be dem | | T. 
n 19. 10. 6. But if ACq be put Ta CEq, n ther ſball DL be A. to 4 
y DEq — LGq. | | al lin 
This Lemma is preparatory to the {ix following Proto. "Ha 
fttions, the r 
| ore 
and a 
third 


PROP 
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PROP. IXI. 


The ſquare LA a binomial line (AC + CB) applied unto 
a rational line DE, makes the latitude a firſt binomial 
line, : mn 3 
Thoſe things being ſuppoſed, which are deſcribed 

and demonſtrated in the next preceding Lemma; becauſe _ 

AC, CB à are p N., b the rectangle DK ſhall be N. a 4p. 
ACq. c and lo DK is fy. d therefore DL N. DE ß. but b lem. 60. 
the rectangle AC, and ſo 2 AC (LF) e is wy. f therefore 10. 

the latitude LG is þ N DE. g therefore alſo DE a c/ch 12.10. 
LG alſo DL x y/ DLq — LGq. from whence k it fol- d 21. 10. 
lows that DG is a firſt binomial. hich was to be de- e 22. and 


monftrated. 24 10. 
? 3 3 f23. 10. 
PROP. LXII. 13 10. 


TE BESS. 3 5 lem. 60. 
The ſquare of a fp bimedial line (AC + CB) being ap- 10. 
plied to a rational liue DE, makes the latitude DG a ſecond K 1. def. 48. 
ann... 8 Pee 3 
The aforeſaid Lemma being again ſuppoſed; The rec 

tangle DK T1 ACq. a therefore DK is „ ö therefore a 24. 10. 
the latitude DL is þ . DE But becanſe the rectangle b 23. 10. 
AGB, and ſo LF (2 ACB d is py, d ſhall LG be þ N c hyp. and. 
DE, e therefore DL, LG are NI. f alſo DL K DLq ſch 22.10 
— LGq. g from whence it is clear that DG is a ſecond d 21. 10. 


binomial. V hich awas to be dem. | k 13. 100 
, , + lem. 60. 

PROP. LXIII. „ 

g 2. def. 48. 


T he ſquare of a ſecond biniedial line (AC. CB) applied 10. 
to a rational line DE makes the breadth DG a third binomi- 
al line „ EE ES ß 
As in the prec DL is þ N DE Furthermore becauſe 
the rectangle ACB, and ſo LF (2 ACB) a is wy. bthere- a byp and 
fore ſhall LG be þ N. DE. c Moreover DL YA LG. 24 15. 


and alſo DL x V DLq - LGy. 4 therefore DG is a b 23. 10. 


third binomial, hich <vas to be dem. C lem. 60. 
| 1 
| dz def. . 
Ez 5 „ | 
© PROP: 
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PR OP. LXIV. 


The ſquare of a Major line (AC + CB) applied to a ra- 
2 line DE, makes the breadth DG a fourth binomial 
ine. | | 
a %% and Again ACq + CBq. i e DK a is py. h therefore DL is 
ſcb. 12 10. p "a DE. alſo ACB, and fo LF (2 ACB) c is vy. d there- 
b 21. 10. fore LG is p N DE, e and conſequently DL UN. LG. 
c hyp. and Laſtly becauſe AC T3. BC. f ſhall DL be N. DLq — 
24.10. LGq. g whence DG is a fourth binomial. V hich was 
d 23. 10. to be dem. 
e 13. 10. 


f lem. 60. PROP. K. 


10. | 

g 4. def.48. T be ſquare of a line containing in power a rational and a 
10. medial rectangle (AC - CB) applied to a rational line DE 

makes the latitude DG a fifth binomial. 

a 23. 10. Again, DK is , a therefore DL 1s p N DE. alſo 
b 21. 10. LF is py. b therefore LG is DE. c therefore DL 
c 13. 10. a LG. d likewiſe DE N. / DLq — LGq. e and fo 
d lem. 60. by conſequence DG is a fifth biromial. Hhich was to be 
10. demonſtrated. | | 


10. PROP. LXVL 


T he ſquare of a line containing in power two medial rec- 
tangles (AC + CB) applied to a rational line DE, makes 
the Iatitude DG a ſixth binomial line. 

| As before, DL and LG are p a DE. But becauſe 
a hyp. ACq + CBq (DK) a ©. ACB, b and fo DK N LF(2 
b 14 10. ACB) and alſo. DK. LF c :: DL. LG. d therefore ſhall 
© 16. DL be ta LG: e Laſtly DL . / DLq - LGq. f by 
d 10. 10. which it appears that DG is a fixth binomial. | 
e lem. 60. | 
10. Lemma. 
f 6. def. 48. 
10. A 


F 


C— B A2 ——— B—— C 


Let AB, DE be tt. and make AB. DE:: AC DE. 
I fay I. AC Tr DF. as appears by 10. 10. alſo CB a. 
2 19 5. FE: a becanſe AB DE:: CB. FE. | 
2. AC CB:: DF. FE. For AC. DF: : AB. DE :: CB, 
FE. thereforefore by permutation AC. CB :: DF. FE 
| | 3. The 
3 


1 E—— F 


re 2.7 noe eo 


becauſe AC. CB a: 
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3. The Rectangle ACB Tx DFE. For ACq. ACB þ:: b. 6. 


AC. CB c :: DF. EF :: DFq. DFE. wherefore by per- C before 

mutation ACq. DFq :: ACB: DFE. therefore ſince ACq 

A. DFq. d ſhall ACB be N. DFE. d 10. 10. 

4. ACq + CBq i. DFq + FEgq. For becauſe ACq. 

CBq. e:: DFq. FEq. therefore by compounding ACq. + e-22: 6. 

CBq. CBq :: DFq -+- FEq. FEq. therefore ſince CBq . 

FEq, f ſhall alſo ACq ++ CBq be ci DFq. + FEq. f1o. 10. 
Hence, If AC Y or . CB, g then likewiſe ſhall g 10. 10. 


DE be N. or . 
PROP. LXVII. 


A line DE, commenſu- A C 
rable in length to a binomial D F 
line (AC 4+- CB) is it ſelf a 
binomial line, and of the ſame order. 

Make AB. DE:: AC. DE. a then are AC, DF Ix. a a lem. 66. 
and CB, FE NA. whence ſince AC and CB, b are p N, 10. 

c thence DF, FE 5 F. therefore DF is a binomial. But b . 

: DF. FE. If AC N. or ay ACq c lem. 66. 
— BCq, 4 then in like manner DF N or N. V DFq 10. and 
— FEq alſo if AC N. or N. # propounded, e then /ch. 12. 10. 
ſhall DF be a. or N. p propounded, But if C3 N. d 15. 10. 
or Iz 6. likewiſe FE Tx or x. p. If both AC, CB, e 12. 10. 
= þ. f then alſo both DF, FE, N. p. g That is, what- and 14 10. 
ſoever binomial AB is, DE ſhall be of the ſame order. f by def 48. 

10 


B 


E: 


W bich was to be dem. a 
| 14 10, 
PROP. LXVIII. a . 
A line DE commenſurabe in length to a bimedial line (AC 
CB) is alſo a bimedial line, and of the ſame order | 
Make AB. DE:: AC DE. b therefore AC N DE. and a 12. 6. 

CB mo. FE. therefore ſeeing AC and CB c are , d alſo b lem. 66, 
DF and FE ſhall be .. and becauſe AC e N C3, e there- 10. 
fore FD T5. FE f therefore DE is 2 l. Wherefore if c hyp. 
the reCtangle. ACB be p . becauſe DFE b N ACB, g d 24. 10. 
likewiſe DFE is py and if that be n, h this ſhall be vy e 10. 10. 


too k That is, whether AB be 1 bimed. or 2 bimed. DF f 38. 10. 
ſhall be of the ſame order. ¶ hich «pas to be dem. g ch. 12. 
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a p. 
blen. 6s 
8 
cſch. 12 10 
d 24. 10. 
e 40. Io. 


2 byp. 

b Ken. 6s. 
10. 

c 24. IO. 

d ſch. i 2. 19. 
e 41. 10, 


a byp. 
4:99 
10. 

c 24. 10. 
d 24. 10. 
E. ro. 
f 42 10. 
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PROP. LXIX. 
A | C0 — 8 ; A line DE commenſura- 
D — — 98 E ; ble to a _— line (AC ＋— 
CB) is it ſelf a Major line. 


Make AB. DE:: AC. DF. Becaiſe AC a I CB, b 
thence DF NH. FE. alſo ACq + CBq a is fy. and 16 be- 
cauſe DFq E FEq 6 N ACq - CBq, c alfo DFq 4- 
FEq is py laftly, the rectangle ACB 2 is up, d therefore 
the rectangle DFE is jy. (becauſe DFE is b tx. ACB) 
e wherefore DE is a Major line. Which vas to be de- 
monſtrated. | | | 


PROP. LXX. 


A line DE. commenſurable to a line containing in power a 
rational and a medial rectangle (AC CB) is a line contain- 
ing in power a rational and a medial rectangle. 

Again make AB. DE:: AC. AC. DF. Becauſe AC a4} 
CB, b alſo DF N. FE. likewiſe becauſe ACq + CBq @ is 


u, c therefore DFq-+ FEq ſhalll be yy laſtly becauſe the 


rectangle ACB à is e, d alſo DFE is fy. Therefore DE 
contains in power py and uy. HW hich vas to be dem. 


PROP. LXXI. 


A — Coane BY A line DE commenſurable fo 


— E a line containing two medial rec- 


tangles in power (AC + CB) is 


alſo a line containing in power tao medial rectangles. 


Divide DE, as in the prec. Becauſe ACq a x CB, 
5 thence-ſhall DFq be N. FFq, alſo becauſe ACq - 


CBq a is ur, c ſhall DE ＋ FEq be alſo uy. And in 
like manner becauſe ACB à is yy, d alſo DFE. is wy. 
Laſtly, becauſe ACq ＋ CBq NA ACB, e ſhall DFq + 
FEq be a. DFE. f From whence it follows that DE 
contains in power 2 a. Which was to be dem. 


PROP. 
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two remaining irrational Al 
lines are made, either a ſe- = 
cond bimedial, or Aline con- 1 | 
taining in power tabo media . | | | 
rectangles. AH D 
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PROP. LxxI 


If a rational rectangle 
A and a media] B, = | — . 
compounded, four irratio- F | 8925 
nal lines ill be made; ei- 
ther a binomial, or a firſt A 
bimedial. or a Major, or 
a line containing in power | | | 
a rational and a medial H 5 E 1 
rectangle. ; | 

Namely, If Hq = A + B, then H ſhall be one of the 
four lines which the Theorem mentions For upon 
CD the propounded p, à make the rectangle CE = A, a cor. 16. 6, 
and FI B.b and fo CI — Hq. Whereas then is A fy, b 2. ax. I. 


likewiſe, CE is fy. c therefore the latitude CF is p -. c 21. 10. 


CD, and becauſe B is 2, alſo FI ſhall be „. d there- d 23. 10 
fore FK is þ N CD, e therefore CF, FK are p N. e 13. 10. 
and fo the whole CK f is hinom. wherefore if A —B, f 37. 10. 
i. e. CE C FI, g then CF c FK. therefore if CF N g 1. 6 


CFꝗ = FK q, bh likewiſe CK ſhall be a 1 bin. and h 1. def. 48. 


conſequently HV CI k is a bin. If CF be ſuppoſed 10 | 
= y CFq=— FKq, 7 then ſhall CK be a 4 bin. where- k 55 10. 


fore H (/ CI) m is a major line. But if A B, g then 1 4. def: 48. 


ſhall CF be = FK. conſequently if FK a FK 10. 
— CEq, x then ſhall CK be a 2 bin. o wherefore H is m 58. 10. 


a firſt 2 Ul. laſtly if FK Ta. Y FKq — CEq, þ then CK n 2.def 48, 


ſhall be a fifth binom. 4 whence H ſhall contain in Pow- 10. 


er py and TT I bich was to be dem. 0 56. 10. 
If tevo medial reflang] | 1 
tævo medial rectangles 
A, B, incommenſurable Fs | 2 — 2s 


one another are compoſed, 


As H we mee in power A + B is one of the ſaid 
irrational lines. For upon CD propounded þ make the 
rectangle CE = A, and FI = B. whence Hq = CI. 
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| Therefore becauſe CE and FI a are ja. b the latitudes 
a hyp. CF, FK, ſhall be þ a CD. alſo becauſe CE 2 a. FT, 
23. 10. and CE. Fl c:: E | 
C1I.6, therefore CK is a; bin. namely, if CF ax / CFq— 
d 10. 10. FKq, whence HS V CI 7 hall be 2 . But if CF 
e 3.def 48. H. 4/ CFq — FKq, g then CK ſhall be a 6 binom. 5 


10. and conſequently H contains in power 2 œm. bich was 
f 57. 10. to be demonſtrated. | | 

g 6 def 48. 

1 10. Here begins the Senaires of lines irrational 


by Subtraction. 
PROP. LXXIV. 


D— ERS, If from' a rational line DF a 


| rational line DE, commenſurable 
ee only to the whole DF, be taken away, the reſidue 
is irrational, and is called an 8 or reſidual line. 


For EFq a N DEq; b but DEq is py; c therefore 


* 


26. 
1 : EF is p. Which was to be dem. 
b r. In numbers; let there be DF, 2. DE, „/ 3. then EF 
C1011. fall be 2 - % 33. 5 
def. 10. N 
1 85 PROP. LXXV: 
D — ns If from a medial line DF a 


medial line DE. commenſurable on- 
ly in power to the whole DF, and comprehending with the 
evhole DF a rational ref angle, be taken away, the remain- 
der EF is irrational, and is called a firſt reſidual line of a 
medial | | | 
2 ſch. 26. For EFq 2 N. to the rectangle FDE. therefore ſee- 
10. ing FDE 6 is py. c EF ſhall be p. Which was to be de- 
h hyp. monſtrated. 5 | 
c 20. and In numbers, let DF be «\/ 54, and DE vy/ 24, there- 


11. def. 10. fore EF is v 54 —vy 24. 
PR OP. LXXVI. 


D - E ——_F If from a medial line DF, x 
| | medial line DE, be taken away 
being commenſuralle only in power to the whole DF, and com:- 
prehending together r the whole line DF a medial rectan- 
gle, the remainder EF is irrational, and is called a ſecond 
reſidual of a medial line. | | e 


F. FK, d therefore CF a FK. e 


If 
taken 
incom 
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Becauſe DFq and DEq a are py» T2, b therefore ſhall- a hyp. 
DFq DEq be . D 5 c wherefore DFq +. DEq is b 16. 10. 
u. alſo the rectangle FDE, and fo 2 FDE, à is yy. e 24. 10. 
therefore EFq (d DFg {- DEq— 2 FDE) e is py. where- d cor. 7. 2. 
fore EF is , Which was to be dem. Ee 27. 16 

In numbers, let DF be vy/ 18. and DE@ V 8, then 
EFovy 18 —vy 8. 


PR OP. LXXVII. 


If from a vight line AC be ta- A————B ——- C 
ken away a right line AB being 
incommenſurable in power to the whole BC, and making with 
the whole AC that which is compoſed of their ſquares rational, 
and the rectangle contained under them medial, the remain= 
der BC is irrational, and is called a Minor line. 
For ACq + ABq à is py. but the rectangle ACB à is a hyp 
v. ö therefore 2 CAB N. ACq + ABq(c2 CAB b ſch 12. 10 
BC .) d therefore ACq + ABq HN BCq, e therefore BC «© ;. 2. 


is p. Which was to be dem d 17.10 


In numbers, let AC be /: 18 + / 108; AB /: 18 e 11. def. 
— y 108, then BC is /: 18 F: 108 -r: 18 - 10. 
108. 


PR OP. LXXVIII. 


If from a rigbt line DF be D 1 —— 
taken away a rigbi line DE, | 
being incommenſurable in power to the whole line DF, and with 
the auhole DF making that which is compoſed of their ſquares 
medial, and the rectangle contained under the ſame lines ratio- 
nal, the line remaining EF is irrational, and is called a 
line making a whole ſpace medial with a rational ſpace. 


For 2 FDE a is gv. b and DFq + DEq is us.cthere- a hyp, &. 


fore 2-FDE Ta DFq-|- DEq 4(2 FDE + EFq)e there- ch. 12. 10. 


fore EF is p. Which was to be dem. | b hyp, 
In numbers, let DF be /: v 216 / 72; DEV: cſcb. 12. 10. 
vy 216 — „ 32. therefore EF is /: V 216+ y/ 72 — d 7. 2. 


vV:y 216 —y 72. eſcb. 12. 10. 
| and 1 def; 
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If from a right line DF be D 
taken away a right line DE, 
incommenſurab'e in power to the whole DE, and which toge- 

©; 4, | ther 
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ther with the whole makes that which is compoſed of their 
ſquares medial, and the rectangle contained under them alſo 
medial and incommenſurable to that which is compoſed of theiv 
ſquares, the remainder is irrational, andis called a line making 
a whole ſpace medial with a medial ſpace. | 
a hyp. M For 2 FDE, and FDq + DEq a are ya ; b therefore 
24. 10. EFq (cDFq + DEq=—2FDE) is py. d and fo conſe- 
b 27.10, quently EF is p. ¶ hich was to be dom. 
c cor.) 2. In numbers; let DF be V :/ 180 + y/ 60. DE: 
d11def 10. / 180 — y/ 6o. then EF ſhall be /: Y 180+ . 60 
: — xy 180 - 60. Rs Es h 


Lemma. 


M—S p- 


B E——Ff 


C 


If there be the ſame exceſs betaveen the firſt magnitude 

BG and the ſecand C (MG) as is between the third magni- 

tude DF and the fourth H (EF;) then alternately, the ſame 

exceſs ſhall be between the firſt magnitude BG and the third 

DF, as is between the ſecond C and the fourth Il. 2 

a byp. For becauſe that à to the equals BM, DE, are added 
the equals MG, EF, that is, C, H ; the exceſs of the 


15. ax. I. wholes BG, DF, b ſhall be equal to the exceſs of the 


parts added C, H. hich was to be dem. 
| Corall. 


* 


Hence, Four magnitudes Arithmetically proportional, 


are alternately alſo Arithmetically proportional. 
I 


A | B— D— C J an Apotome or re- 
fidual line AB only one 
rational right line BC, being commenſurable in power only to 


the whole AB, is copgruent, or can be joyned. 


N W my 
o Dee N 1 „ ; x 
IE ve Bed en na Ee 3 R 
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c cor 7. 2. A BCq — 2 ACB c = ABqc = ADq ＋ DBq-- 2 
d lem 79. ADB, therefore alternately A BCq —: ADq + 
10. BDq d = 2 ACB —: 2 ADB. But ACꝗ . BCq —. ADg 
e byp. and +BDgq eis py f therefore 2 ACB —: 2 ADB is py. I hich 
27. 10. is abſurd. | PO 
fcb 12.10. 5 

PROP. LXXXI. 


g 27. 10. 
5X Aon Bas D-w-e Q To a firſt medial reſidual line 
£ | Ag only one medial right line 
BC, being commenſurable only in power to the whole, and 
comprehending with the whole line a rational rect angle, can 

be joyned 
5 Conceive BD to be ſuch a line as may be joyned to 
5 Ys * it; then hecauſe ACq and BCq, as well as ADq and BDq 
10, and a are e a. ö alſo ACq + BCq, and ADq + DA 


: JP: ACB and 2 ADB are je, e therefore 2 ACB —: 2 ADB, 
{ch 12.15. f̃ that is, ACq + BCA =: ADq + BDg is þv. g hicb 


33 is abfurd. 
5 PROP. LXXXII. 


7 2. and 

lem. 79. io. | | 

827 10. Upon a ſecond medial re- N 8 2 
8 ſidual line AB only one me- 5 D 
dial riehtlineBC, commen- 
ſurable only in power to the 
whole, and with it contain- 
ing a medial re angle, can 
be joyned. | 
I it be poſſible, let — 
ſome other line BD be ad- E S 
2 4. 2 and ded to it; and upon EP s make the rectangle EG — 
3 ax. I. ACq + BCq; as alſo the rectangle EL = ADq * BDq. 
b hpp likewiſe EI = ABq. Now 2 ACB:+ ABq = ACq + 
C 24. 10. BCq — EG. therefore ſeeing EI — ABq, à alſo KG 
d 23. 10. ſhall be = 2 ACB, moreover ACq and BCq b are ue 
e hyp. TL d therefore EG (ACq + BCq) is yy. d therefore 
f 24. 10. the breadth EH is þ N. EP. e Further, the rectangle 
g lem. 26. ACBFf and fo 2 ACB (KG) is yy. d therefore KH is al- 
10. ſop N EF. Laftly, becauſe ACq + BCq (EG) g . 
h 1.6. 2 ACB(KG)and EG. KG þ:: EH. KH. ktherefore EH 
. 10 10. Ta HK. I therefore EK is a reſidual line, whereto KH 
74. 10. e h VVA is 
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= 
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88 8 —— 
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is congruent, by the ſame reaſon alſo ſhall KM be con- 
gruent to the ſaid EK. ¶ bich is repugnant to the $0. prop. 


of this Book, 
PROP. LXXXIIL a | 
| . W 
To a Minor line AB only A— B=——D—C 5 
one right line BC can be joined | | | inc 
be ing incommenſurable in power to the cubole, and making to- =. 
gether with the cubole line that which is compoſed of their 2 
ſquares rational, and the ref angle which is contained under = ww 
| them medial. 7 n 
# | Conceive any other BD to be congruent to it; There- = #47 
I a 1. byp. fore whereas ACq + BCq, and ADq + BDq a are þ-. er 
4 blem 9. their exceſs (2 5 ACB —: 2 ADB) c iö fy. Which is al- © 
4 118. ſurd; becauſe ACB and ADB are yz by the Hyp. 5 | 
Wl c ſcb. 2 7. o. | = the 
| d 27. 10. | PROP. LXXXIV. ; 2 
= | | | 
1 | | EO = Unto a line (AB) making A—- B————D—C Ss Owl 
| with à rational ſpace a whole | = be” 
| ſpace medial only one right line BC can be joined, being incom- = line 
— 1 menſurable in power to the whole, and making together with be ſ 
1 | the whole that which is compoſed of their ſquares medial, and 80. 
1 the rectangle which is contained under them rational. | 
1 a byp. Suppoſe ſome other BD to be congruent alſo to it; a 


| | bſch 12 10. then the rectangles ACB, ADB, b and ſo 2 ACB and 2 
c lem. 79, ADB are pz. therefore 2 ACB —: 2 ADB, c that is, 


WW 1 . 3 7 172 » 
4 10. ACq + BCq =: ADq + BDq d is fy. Which is abſurd; 's 
ww d ſcb. 27. fince ACq + BCq, and ADq + BDq are A by the 7 
| 11140 10. Hyp. | 
PROP. | 
Ty 
2X 72tio1 


line. 
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5 PROP. LXXXV. 


To aline AB, which with © 1 
E. 


a medial ſpace makes a 


Ko 


1 
quhole ſpace medial, can be 4 
- Joined only one right line BC, | | | 
- incommenſurable in power | | 
© to the whole, and making | : 
5 with the avhole both that. 
> cohich is _—— ; their | a | 
ſquares medial, andthe rec- — | 
1 eobich is contained un- P 1 . 
7 L der them medial and incom menſurable to that awhich is compo- 
, - BR /ed of their ſquares. : 
5 Thoſe things being ſuppoſed which are done and 
ſhewn in the 82 prop. o this Book; it is clear that EH 
and KH are 5 n EF. Beſides, ſince ACq ＋ CBq, 
that is, the rectangle EG. a is N ACB, V and fo EG a byp. 
8 A2 AC; (KG;) and EG. KG c :: EH. KH; ſhall EH b 14. 10 — ij 
be AKI. therefore EK is a reſidual line, and the c I. 6. 3 
2 line congruent to it is KH. In like manner may KM {i 
5 be ſhewn to be congruent to the reſidual EK, againſt the 0 
id & So. prop. of this Book. 5s, 1 
a | Third Definitions. 
2 ; 
8, A Rational line and a reſidual being propounded, if 
1; 8 the whole be more in power than the line joined 
10 to the reſidual, by the ſquare of a right line commenſu- 
| = -rable unto it in length; then N h 
I. If the whole be commenſurable in length to the 9 
rational line propounded, it is called a firſt retidual : q 
line. | 4 
II But if the line adjoined be commenſurable in length bl. 
to the rational line propounded, it 1s called a ſecond re- 9 
ſidual line. Sq | ; N 
5 III. If neither the whole nor the line adjoined be il 


commenſurable in length to the rational line propound- 
ed, it is called a third reſidual line. | © 
Moreover, if the whole be more in power than the 
line adjoined by the ſquare of a right line incom- 
menſurable to it in length, then 
IV. If the whole be commenſurable in length to the 
rational line propounded, it is called a fourth reſidual ; 
line. „ V. But 1 


Ex) 
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of V. But if the line adjoined be commenſurable in le R 
to the rational line propounded, it is a fifth reſidual. | 
VI. If neither the whole nor the line adjoined be bs 
commenſurable in length to the rational line propound- 4 
| ed, it is termed a ſixth reſidual line. | : 
: | PROP. LXXXVI, 87, 88, 89, 90, 91. ' 
To find out a firſt, ſecond, third, A....4C.....5B J 
fourth, fifth, and ſixth refidual line. 0p æð b⁊x—⸗u 
| ' Refidual lines are found out by E- — F 
_ ſubducting the leſs names or parts G 
| of binomials from the greater. Ex H——-— 
=_ gr. Let 6 + 20 be a firſt bino- 
G mial, then ſhall 6 20 be a firſt reſidual. So that it 
| is not neceſſary to repeat more concerning the finding 
Zemma. 
Lei AC be à rectangle contained B 
under the right lines AB, AD. Let A o | 24 | | = 
AD be drawn forth to E, and DE Þ 7 
equally divided in F. and let the rec- | | ke” 
zangle AGE be = FEq and the rec- 1 1 47 
tangles Al, DK, FH, finiſhed. Then | = = 
let the ſquare LM — AH be made, ©: HI = 
and ſquare NO GI; aud thelines © 2 — 7 
NSR, OST, produced. Ol | 
I fay, 1. The rectangle AT = mT T7 0 
LM NO=TOq-+ 804, which * 
appears by the conſtr | a 
2. The rectangle DK — LO. a conſtr. 
For becauſe the rectangle AGE 2 6 FM b 17. 6, 
— FE@q. b thence are AG, FE, GE : C 1.6. 
'= c and fo AH, FI, GI g., a that is, LM, FI, NO, d/ch. 22.6. 
; but LM, LO, NO dare =; therefore FI = eLO eg. 5. 
FADE NM - | f 36, I. 4 
3. Hence, AC = AI DK - FILM -|þ-NQ = $43: I. b 7 
LO — NM = TER. | | | 16. 10, 22 
4. Ii is manifeft that DF, FE, DE, are N. k 18. and 3 
5. If AE I. DE, and AE TL Y AEq — DEq, k 10. 10. mY 
then ſball AG, GE, AE be i. | byp. ey 
6 Alſo, becauſe AE 1 a DE, m thence ſhall AE, FE, m 13. 19, - 8 
be N. n and ſo AJ, FI, that is, LM + NO and LO are n1.6 & 877 


d i. 7. Becauſe 10. 10. 


s 
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7. Becauſe AG * N. GE, n. ſball Al I, GI, that is, LM. 


NO e ha i575; ; | | 

$ But becauſe REI N DE, o therefore ſball FE, GE, 
ze N, n and ſo the rectangle FI ea. Gl, that is, LO . 
NO. evherefore ſeeing LO. NO p:: TS. SO. q therefore 


ſball 'TS, SO be N. 


„ A be pur N. / AEq - DEq, then fall AG, 
GE, AE be .. 8 
10 1 Wherefore the reFangles All, GI, that is, "TOq, 
SOq ball be hy = 1 


PROP. XCit. 
D Fae F a ſpace AC be contained under 


a rational line AB, and a firſt re 
| dual line AD (AE — DE) the right 
| line TS, which containeth the ſpace 
AC in power, is a reſidual line. 
Uſe the foregoing Lemma for 


— 


4 — 


Ha preparation to the demonſtration 
B Gr. of this prop. Therefore 178 = 
1 P \/ AC. Alſo AG, GE, AE, are 
7 — St O I; therefore ſince AE N a AB 


N 6; b alſo AG and GE fhall be a 
| AB. c therefore the re@angles'AH. 
| | and Gl, that is, 'TOq and SQq are 
0 5 pet · d Likewiſe TO, SO, are 
3 e and conſeguently TS is a reſidu- 
al line. ] hich <vas to be demonſtrated. 


PROP. XCIII. 


See the prec. Scheme. 


If a ſpace AC be contained under a rational line AB 
and a ſecond reſidual AD (AE — DE) #he right line TS, 
containing the ſpace AC in power, is a firſt medial veſs- 
dual line. | 

Again, by the foregoing Lemma, AG, GE, AE are 
XL. therefore a ſince AE 1s þ N AB, balſo AG, GE, 
ſhall be þ N. AB, c therefore the rectangles AH, GL, 
that is, 'TOq, SOq are wa. d likewiſe TO T3 90. Laſtly, 
becauſe DE e N AB p, F the right angle DI, and the 
half thereof DK or . , that is, TOS ſhall be p g 
from whence it follows that TS (/ AC) is a firſt medial 
reſidual. ¶ bich 2vas io be dem. PROP. 
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a byp. 


b 22. 10. 
c 78. 10. 


The tenth Book of 
PROP. XCIV. 
See Scheme 92. 
If a ſpace AC be contained under a rational line AB and 


_ #& third reſidual AD (AE — DE) abe right line IS containing 


in potuer the ſpace AC is a ſecond medial reſidual line. 

As in the former, TO and SO ate . Therefore be- 
cauſe DE a is N. AB, ö the rectangle Dl, c and fo DK, 
or TOS, ſhall be vv. therefore T'S VAC is a ſecond 
medial reſidual. Which vas to be dem. 


PRO P. XCV: 

See Scheme 92. 
IF 4 ſbace AC be contained under a rational line AB and A 
fourth reſidual AD (AE — DE) the right line TS contain- 


ing the ſpace AC in power, is a Minor line. 
As before, TO a Y. S0 Therefore becauſe AE 5ᷣ is 


| Tx AB, c ſhall AI(TOq + SOq) be 5 but, as be- 
fore, the rectangle 'TOS is yy. d therefore TS N AC 


is a Minor line. Which was to be dem. 
PROP. XCVL. 
See Scheme 9 2. 


If a ſpace AC be contained under a rational line AB and 
a fifth reſidual AD (AE — DE) the right line TS contain- 
ing in power the ſpace AC, is a line which maketh with a 
rational ſpace the whole ſpace medial. | | 

For again TO N. SQL therefore ſince AE 2 is p N. 
AB b allo 


in the 93 the rectangle TOS is py. c whence TS N 
AC is a line which with fy makes a whole uy. & hich 
Was to be dem. 9 5 


PROP, 


Al, that is, 'TOq ＋ SOq ſhall be yy. But, as 


P 


5 
„, K e 


nd 
ing 
be- 
K., 
nd 


d 4 
ain- 
b ĩs 


be- 


AC 


Evucrlipe's 


7 


Elements. L 


PROP. XCVIL 


If a ſpace AC be contained under 
4 rational line AB, and a ſixth reſi- 


dual AD ( AE — DE) the right © 


line TS containing in power the ſpace 
AC is a line making with a medial 
rectangle, a whole ſpace medial. 

As often above, TO D. 50. 
alſo, as in 96. 'TOq + SOq is vr. 
but the rectangle 'T'OS is py. as in 

- 4 « Laftly, 104 . 80 "Ch. 

)S b therefore TS — y/ AC 
is a line which with uy makes a 
whole up. 
monſtrated. 


Lemma. 


Upon a right line DE * ap- 
ph the rectangles DF — ABq, 


Which was to be de- 


D FR 
2 — 
| E- | 


'« of #416 þl 


EHI 
5E 


1 
m 0 
N 2 


and DH = ACq, and IKE — © 
BCq. and let GL be biſected in 

M, and the line MN drawn 
parallel to GF. 


Then 1. The rectangle DK. 


is — ACq + BCq. as tbe con- E 


ſtructien manifeſts 


therefore GK. c = 2 ACB, and conſequently GN or MK 


— ACB. 


3. The rectangle DIL — MLg. For becauſe ACq. 


ACB e:: ACB, BCq, that is, DH MK:: MK. IK. e f 17: 6. 


thence is DI. ML:: ML. IL, f therefore DIL = MLg. 


4. If AC be taken 


Y BC, then DK. jball be A ACq. 


For ACq + BCq(DK) g tr AC. 1 
5. Likewiſe DL N 4 DLq — GL q. For becauſe 


DH (ACq) A IK (BCq) 5 thence ſhall DI be N. IL. h 10. 10 
Lq Tt DL. | | 
6. Alſo DE A. GL. For ACq -|- BCq Ta. / 2 ACB. lem 26 10. 


k therefore / DLq — G 


that is, DK a GK » therefore DL =. GL. 


„i But if AC be taken H. BC, then DL ſhall he . n 19. 10. 


y DLq — GL4. 


PROF. 


a lem. 91. 


b 79. 10. 


EN HRK 


2. T he rectangle ACB = GN or MK. For DK a— aconftr. . 
ACq + BCq b — 2 ACB + ABq. but ABq a = DF. b 7. 2. 
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PRO P. XCVIIE 
The ſquare of a reſidual line | ha 
AB(AC - ) applyed to a A——— OC 
rational line DE, — be . G MI L 


breadth DG 4 firſt reſidual I 


Me. E | 

Do as is enjoined in the | 
Lemma next preceding. 1 
Then becauſe AC, BC, a are 


3 


a hyp. 


3 DAG: bds. 
) 


ſhall be r. ACq + therefore DK is py. d where- 10. 
fore DL is þ Tx. DE. e Likewiſe the rectangle GK c ſch. 12. 
(2 ACB) is . f therefore GL is p DE, g and con- 10. 
ſequently DL N GL. þ But DLq a. GLgq, & therefore d 21. 10. 
DG is a refidual, / and that of the firſt order (becauſe 7: e 22. and 
AC BC, and therefore DL ax Y DLꝗ - GLg.) 24 10. 


Which was to be dem. E £0c 
| 5 1 
PROP. XCIX. | ſch. 12. 
5.1. Wis 
See the followmg Scheme. k 74. 10. 
| 1. def. 85 


The ſquare of a firſt medial reſidual line AB (AC —BC) 10. 


applied to a rational line DE, makes the breadth DG a ſecond m lem. 97. 


refdual line. 3 Hol | 10. 
Suppoſing the foregoing Lemma; becauſe AC and B 
@ arc v 1 b thence ſhalt DK (ACq + BCq) be N. a hyp. 
ACq. c wherefore DK. is /. d therefore DL is þ N b Jem. 97. 
DE. e alſo GK (2 ACB) is 5». f therefore GL is IL 10. 
DE; g wherefore DL + GL, þ But DLq H GLꝗ. c 24. 10. 
& therefore DG is a reſidual line: And becauſe DL is d 23. 10. 
Ix / DLq— GLyq, » therefore ſhall DG be a ſecond e hyp. and 


teſidual. ¶ hich was to be dem. cb. 12. 10. 


21. 10. 
5 13. 102 

ſcb. 12. 
10. 
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PROP. C. 


The ſquare of a ſecond * 
medial reſidual line AB (AC M 
— BC) applied to a rational P 
line DE, makes the breadth : 

DG 2 third reſidual line. | h 


Again DK is wy. 4 a 23. Io. 
whereforeDLis; DE. | 1 
Alſo GK is u, a whence 5 io. 

GL is 5 Tl. DE- b like- mA F N AK c 1. 6. & 
wiſe DK N GK. c wherefore DL N. GL. d but DLq 10 10. 


Ag. e therefore DG is a reſidual line, and that d /e. 12.10 


of f the third order, g becauſe DE M/ DLꝗ - e 74. 10. 
GLg. WF hich was to be dem. | f 3. def. 8 5. 
10. 
PROP. CL g lem. 97. 
19. 
See the foregoing Scheme 


The ſquare of a Minor line AB (AC — BC) applied to 
a rational line DE, makes the breadth DG 4 fourth reſi- 
dual. 185 ge 

As before, ACq + BCq, that is DK, is p. a there- 2 21. 10. 
fore 7 E bil the ractangle ACB, and ſo * by : EY 
GK (2 ACB)#is .. b wherefore GL is N DE. c b Zz. 10. 
therefore DL "a GL. d bur DLq Ta. GL4. and be- c 13. 10. 
cauſe x ACq N. BCq, e thence ſhall DL be V/ a ſch. 12. 
DLq — GLq. f therefore DG has the conditions re- 10, 
quired to a fourth reſidual. I hich was to be demon- e Jem. 97, 


ſtrated. 10. 


PROP. CI. 10. 
See the foregoing Scheme. 


The ſquare of a line AB ( AC — BC) which makes a 23. 10. 
evith a rational ſpace the whole ſpace medial, applied to a ra- h 21. 10. 
tional line DE, makes the breadth DG a fifth reſidual line. C Iz. 10, 
For, as above, DK. is Av. a wherefore DL is p N dc. 12. 
DE alfo GK is g. b whence GL is þ N DE. e there- 10. 
fore DE x. GL. d bur DLq . GLq. Moreover e lem. 97. 
DL e x DLꝗ — GLq., wherefore DG f is a fifth 10. 


reſidual MH hich vas to be. dem. | f 5. def. 85. 
P P R O0 . 10. 
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PRO P. CIIL 


l 
See the ſame Scheme as before. 
T be ſquave of a line AB ( AC — BC) making with a 
medial ſpace the whole ſpace medial, applied to a rational 
line DE, makes the breadth DG a ſixth reſidual line. 
a 25. 10. As above, DK and GK are Ha; a wherefore DL 
b byp. and and GL are p N DE. alſo DK þ Y. GK. c whence | 
jem. 97. 10. DE Tt GL. d therefore DG is a refidual. Y And where- | 7 
c 10. 10. as ACq N. BCq. and fo DL NA. / DLq - GLgq, e | ( 
d 74.10. therefore DG ſhall be a ſixth reſidual. hich <vas to 4 
e 6. def. 85. be demonſtrated. : 
10. a ö 1 . 
FROF. C29, | ; | 
| 
A —1 -C A right line DE commen- 1 
| B ſurable in length to a reſidu- | 
D———l—F al AB (AC - BC) is #t ſelf 
E alſo a reſidual, and of the 
ſame order. | - 
to 
Lemma. | 77 
| Z U 
Let AB. DE :: AC. DF, and AB N. DE. 3 li; 
I fay AC -- BC DF + EF. For AC. BCA :: DE. 
EF. therefore by compounding AC ＋ BC. BC : : DF 1 
1. EF. EF. therefore by permutation AC ＋ BC. DF D 
a lem. 66. EF :: BC. EF. a but BC N. EF. h therefore AC 
. BC N. DF + EF. MH bich was to be dem. 
b 10. 10. a Make AB, DE:: AC. DF, b therefore AC + BC 
a 12.6. -2 DF | EF. therefore ſeeing AC -þ BC: is a bi- | 
blem. 103, nomial, 4 PFL EF ſhall be a binomial too, and of to 
1 8 the ſame order. e wherefore DF — EF is a reſidual of W 
Cy. the ſame order with AC = BC. hich was to be de- W 
67. 10. monſt rated. 5 | 1 
c by def 85. e 
Bs FROE CY, - 
: da 
A B C A rieht line DE commenſuratle in 


— 1 10 a medial reſidual line AB (AC 
| -—— — 30) 7 /elf a medial reſidual, 
E F and of the ſame order. 


Again, 
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Again à make AB DE:: AG. DF. b whence AC -|- a 12. 6 
BC a DF + EF. c therefore DF + EF is a bime- blem. 103. 
dial of the ſame order with AC BC, d and conſe- 10. 
quently DF —. EF ſhall be a medial reſidual of the c 68. 10. 
lame order with AC — BC. WW hich was to be dem. d 75. and 


| 76. 10. 
PROP, CVI. 
A right line DE commen- A B C 


ſurable to 5 Minor line 5 — — 1 — — 

AC - BC) is it ſelf alſo — —— 1 
: Minor line. 4 D E F 

Make AB. DE:: AC. DF. | 

a then is AC + BC. DF Ker but AC + BC alem. 103. 
is a Major line; c therefore DF -|- EF is alſo a Major 10. 
line; 4 and conſequently DF == EF is a Minor line b Hp. 
W bich was to be dem. c 69. 10. 


| d 775-100 
PROP. CVII. 


A rial line DE commenſurable A 1 :. 
to a line AB (AC — BC) which 5 5 
makes with a rational ſpace the 1 | 
avhole ſpace medial, is it ſelf alſo a 2 F 
line making with a rational ſpace the whole ſpace medial. 
For, accordingly. as in the former, we may ſhew 
DF + EF to contain in power py and uy. a whence à 78. 103 
DF — EF is a line making, &c. 


PROP. CVIII. 


A right line DE commenſurable A B C 
to a line AB (AC — BC) which aw - 
with a medial ſpace makes the - | —— 
whole ſpace medial, is it ſelf a line D E 


making with a medial ſpace the 
 evhole ſpace medial. 


For according to the e © EF ſhall con- 
tain in power 2 yg. a therefore 
in the Prop. 


P 2 PROP. 


F — EF ſhall be, as a 79. 10. 
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PROP TIN 
| 1 A medial rectangle B 


e — beine taken from a rati- 
onal rectangle A ＋ B, 
A] B the right line 1H which 
| containeth in power the 
| | —_ — A, is _ 
3 | theſe two irrationa 
FL D E IT lines, viz. either a reſi- 

dual line, or a Minor line. 
Upon CD þ make the rectangles CI = ALB, and 
a3. ax; 1 EI = B. whence CE a = A — q. wherefore becauſe 
b byp. and Cl b is py. c therefore CK is f CD. but becauſe FI5 


conſtr. is yy, d ſhall FK be pL . e whence CK N. FK. 3 
c 21. 10. f therefore CF is a reſidual line. Wherefore if CK 
d 23.10 be M. Y CKq — FKq, g then CF ſhall be a firſt ( 
e 13. 10. reſidual. þ therefore y/ CE (H) is a reſidual line. But i 
f 74. 10. if CK NM / CKq— FKq k then CF ſhall be a fifth . 
g 1. def. 85, reſidual; and conſequently H (V CE)! ſhall be a Mi- 8 
10 nor line. FL hich avas to be dem. | 
h 92. 10. EIN 
K 4 def. 85, PROP. UE 
_ | 7 
195. 10. See the preceding Scheme. 
mT 
A rational rectangle B being taken away from a medinl A 
rectangle AB, other tao irrational lines are made, name- re 
ly ; either a firſt medial reſidual line, or a line making with T'< 
a rational ſpace the who'e ſpace medial. | | tl 
| Upon CD the propounded þ make the rectangles CI fo 
a 3. ax. I. A B, and FI B à whence CE — A = Hg. cc 
b hyp. and Therefore becanſe CI b is yy; c ſhall CK be p a. CD. m 
conſtr. © but becauſe FI b is py. d thence FK þ tx CD. e whence F] 
5 c23, 10. CR N FK. f therefore CF is a reſidual, g and that a th 
d 21. 10. ſecond. If CK π * CKq _- FKq, 5 then II (V an 
e 15. 10. CE) is a firſt medial reſidual. But if CK. N. / CKq be 
74 10. — FK q, & then ſhall CF be a fifth reſidual; and / con- fo 
g 2. def. 85. ſequently H ( CE ) ſhall be a line making us with bo 
10. ; T5 I bich Was to be dem. ö YE 
It 95. 10. | 
8 def. 8 5. : P R O P. 


196. 10. 


Te e n Te BIR. 8 * —— . 
©. ö us 8 - RE 8 E. pes 


CO OO ee de ran ed TAR 
F 3 


U. FW hich was to be dem. 10. 


ſame with a binomial line B. E | D 2 


Fucripe?®s Elements, 


PROP. CXL 
See the ſame Scheme. 


A medial ſpace B being taken away from a medial ſpace 
A -|- B, wvhich is incommenſurable to the whole A ＋ B, 


the other tavo irrational lines are mage, viz. either a ſecond 


medial reſidual line, or a line making with a medial ſpace 
the whole ſpace medial. | x 

Upon CD þ make the rectangles CI = AB, and a 3. ax. 1. 
FI — B. a wherefore CE — A = Hq. Becauſe there- b 23. 10. 
fore CI is wy, ö thence CK is 6 Ta CD. and in like c þyp. 
manner FK 5 8 CD. Likewiſe becauſe CI C x F I, d 10. IOs 
d therefore CK N. EK e wherefore CF is a reſidual, e 74. 10. 
f namely a third, If CK A / CKq— FKgq, g whence f 3 def. 85. 
HCV CE) ſhall be a ſecond medial reſidual, but if 10. 
CK ay CKq FKq. Y then ſhall CF be a ſixth re- g 94. 10. 
ſidual. & wherefore A ſhall be a line making wy with +4 def. 8 5. 


| k 97. 10. 
PROP. CXIL & 


4 reſedual line A is not the A 


Upon BC propounded þ 
make the rectangle CD = 
Aq. Therefore . A is a 
reſidual, a BD ſhall be a firſt CI — _ a 98. 10. 
reſidual, to which let DE be | 
the line congruent or that may be adjoined. þ where- b 74 10. 
fore BE, DE, are p g.. c and BE Tx BC. If you c 1, def. 85. 
conceive A to be a binomial, then BD is a firſt bino- 10. 
mial, whoſe names let be BF, FD; and let BF be d 37. 10. 
FD. d therefore BE, FD are p Y.; and BF e N. BC: e1.def. 48; 


therefore ſince BC N BE, f ſhall BE be N. BE. g 10. 


and thence BE tx. FE. h therefore FE is p. Likewiſe f 12. 10. 
becauſe BE N. DE, & ſhall FE be . DE. I where- g cor 16, 
fore FD is a reſidual, and fo FD is p. but it was ſhewn 10. 

fo which are repugnant. therefore A is falſely concei- h ſcb. 12. 


ved to be a binomial. V hich avas to be dem. 10. 
k 14. 10. 
5 3 The 1 74. 10. 
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The names of the 13 irrational lines differ®= | - 
Ee ing one from another, | F 
1. A Medial line, | tl 
2. A binomial line; of which there are ſix ſpecies. - 


3. A firft bimedial line. 
4. A ſecond bimedial. 
5. A Major line. 
: 6. Aline containing in power a rational ſuperfi- 
| cies, and a medial ſuperficies. | 
; Aline containing in power two medial fuperfi- | 
cies. 
8. A reſidual line; of which there are alſo ſix kinds. 
9. A firſt medial reſidual line. 
10. A ſecond medial reſidual line. 
II. A Minor line. 1 
12. A line making with a rational ſuperficies the 
whole ſuperficies medial. | 
13. A line making with a medial ſuperficies the 
whole ſuperficies medial. 

Since the differences of breadths do argue differences of 
right lines, whoſe ſquares are applied to ſome rational line, 
and it is demonſtrated in the preced. Propoſitions that the 
breadths which ariſe from applying of the ſquares of theſe 
13 lines do differ one from another, it evidently follows that 
theſe 15 lines do alſo differ one from another. 


PR OP. CxIII. 


. GO EE & + T he ſquare of a ratio- 
5 | Deng | nal line A applied to 4 bi- 


nomial BC (BD + DC) 
D — makes the breadth EC a 
| reſidual line, whoſe names 
| II, CH, are commenſu- 
rable to the names BD, 
| | DC, of the binomial line, 
N and in the ſame proportion 
Bi—— (EH BD :: CH. DC;) 
and moreover, the veſidual line EC auhich is made, is of 

the ſame order with BC the binomial. 2 
Acoy.16,6, Upon DC the lefs name a make the rectangle DF l 2 


b 14 6. == Aq — BE, whence BC. CD h:: FC. CE. there- 2 
Te 


fore by diviſion, BD. DC:: FE. EC. And whereas 
c byp. BD c CDC, 4 thence FE ſhall be c- EC, Take EG 
d 14. 5. = EC, and make FG. GE:: EC. CH, Then EH, 


and CH ſhall be the names of the reſidual EC, where- 
unto 


ER: 
wet 
'O 
by 
-— 


© AE ˙ A n. ABD "_ 
* FN 8 * mo 3 * By * 2 A "PIPE, MES.” 2 5 
= 8 N . e 
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EucriDre's Elements. | 231 
unto all is agreeable that 1s . in the theorem. 


For by compounding, FE, GE (EC) :: EH, CH, 
therefore FH. EH e:: EH. CH f :: FE. EC:: BD. e 12. 5. 


DC. wherefore ſince BD g N. DC thence ſhall EH f before. 


be 13- CH, þ and FHN 3 EHg Therefore becanſe g hyp. 
FHq. EHq k:: FH. CTI. Þ ſhall FH be T CH. 7 and h 10..10- 
ſo FC N. CH. Moreover CD g is p, and DF (Aq) k cor. 20. 6. 
g is v. m therefore FC is p, A CD. whence alſo CH 116. 10. 

is þ N. CD. therefore EH, CH are p and N., as be- m 21. 10. 
fore. o therefore EC is reſidual line, to which CH may 1 ſch, 52+ 
be joined. Furthermore EH. CH f : : BD. DC, and ſo by 10. | 
permutation EH. BD :: CH. DC whence becauſe CH f o 74. 10. 
TL DC, þ ſhall EH be x. BD. But ſuppoſe BD N p 10. 10. 
4 BDq — DCq, q then ſhall EH be x V Eq. — q 15. Y. 
CHq. Alſo if BD Tx p propounded, then ſhall EH x 12. 10. 
be NA to the ſame p. / that is, if BC be a firſt bino- ſ 1. def 48, 
mial, f EC ſhall be a firſt reſidual. In like manner, if 10. 


DC be to the A. propounded , „then is CH N to fr def. 85. 


the ſame p. # that is, if BC be a ſecond binomial, x 10+ 

EC fhall be a ſecond reſidual : And if this be a third u 2. 40. 48. 
binomial, then that ſhall be a third reſidual, &%. But 10. 

if BD be . / BDq —DCq, y then ſhall EH be T. x 2. def. 83. 
x EHq — CHq. therefore if BC be a 4, 5, or 6 bi- 10. 
nomial, EG ſhall be likewiſe a 4, 5, or 6 reſidual. y 15. 10: 
Is bich was to be dem. | | Cr  - 


p ROP. CXIV. 


T he ſquare of a rational line 
A applied to a veſidualline BC. A: F G TFT 
(BD—CD) makes the breadth B x 7 
BE a binomial; whoſe names | | 
BE, GE are commenſurable C 
to the names BD, BC of the T 
reſidual lineB C, and in the | 
ſame proportion, and moveover, 
the binomial line <uhich is x! ⸗ 
made (BE) is of the ſame 
order with the reſidual line (BC.) 
a Make the rectangle DF == Ag. and BF. FE 5 a cor. 16.6, 
:: EG. GF. whence for that DF — Aq — CE, c there- b 12. 6. 
fore BD. BC :: BE. BF. therefore by converſion of pro- c 14. 6. 
portion BD. CD:: BE. FE :: EG. GF:: d BG. EG. d 19. f. 
but BD C9 CP. F therefore BG I GE. therefore ebyp. 
| T4 be- £ 10. 10. 


* 


— 
* 
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becauſe BGq. GEq g:: BG. GF. bh ſhall BG be xx GF. 


k and ſo BG N. BE. moreover BD e is 6, and the rec- 


K cor.16.10. tangle DF (Aq) e is py. / therefore BF is p N BD. 2 


1] 21. 10. 
m 12. 102 


therefore alſo BG is pþ xx BD. » therefore BG, GE 


are p N.. o wherefore BE is a binomial. Laſtly, be- 


n ſch. 12 10. cauſe BD. CD:: BG. GE. and by permutation BD. BG : : 


o 37. 10. 
p 10. 10. 


a 113. 10. 


b hyp. 

C 19 5. 
d 12. 10. 
e 10. 10. 


CD. GE, and BDA BG. þ thence ſhall CD be c GE. 
therefore if CB be a firſt reſidual, BE ſhall be a firſt 
binomial, &c. as in the prec. therefore, &c. 


PROP. CXV. 
F AA. 0 l 
p—— | | 
E E 


: 1 
— 
e 
If a ſpace AB be contained under a reſidual line AC 
(CE —AE) and a binomial CB, whoſe names CD, DB 


are commenſurable to the names CE, X the reſidual 
line, and in the ſame proportion (CE. AE : : CD. DB) then 


| #he right line F which containeth in power that ſpace AB, 


7s rational. 
Let G be p. and make the rectangle CH = Gq; 4 
then ſhall BH (HI — IB) be a reſidual line, and HI 2 
CDG a CE. a and BIT DB. a and Hl. BI:: CD. 
DB b:: CE. EA. therefore by permutation HI. CE :: 
BI. EA. c therefore BH. AC :: HI. CE :: BI, EA: 
wherefore ſince d HI a. CE, e thence BH a AC. 


f1.6. and f therefore the rectangle HC N BA. But HC( Gq ) 


IO. 10. 


g ſch. 12. 


10. 


b is fy. g therefore BA (Fꝗ) is x. and conſequently F 
is p. hich qas to be dem. —_ 


Coroll. 


Hereby it appears that a rational ſuperficies may be 
contained under two irrational right lines. 


1 
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4 | © PROP. CXVIL. 


8 Of a medial line AB are A B E 
e- produced infinite. irrational | 
92 lines BE, EF, &c. whereof 
E. | none is of the ſame kind with | ; 
-{t any of the precedent. | 
| | Let AC be propounded © DD 
p. and AD a rectangle con- 
tained under AC, AB. à therefore AD is py. Take BE 
— VAL. ö then BE is p, and the ſame with none of 
the former. For no ſquare of any of the former being 
applied to p, makes the breadth medial. Let the rec- 
tangle DE be finiſhed, à then DE ſhall be py. and ö a lem. 38. 
7 conſequently EF (V DE) ſhall be p, and not theſame 10. 
= with any of the former, for no ſquare of the former b 11. to. 
: being applied to p, makes the latitude BE. there- 
fore, c. | 17 
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PROP. CXVIL 


PEE On I 
Bo 1 


Let it be required to ſhew that in F 
ſquare figures BD, the diameter AC is 


9 — 


1 
incommenſurable in length to the ſide AB. Af 
Q. therefore AC N. AB. Which b cor. 24.8. 1 
was io be dem. This Theorem was B C c 9. 10. 8 9 
of great note with the ancient Philoſophers ; ſo that it 
he that underſtood 1t not was eſteemed by Plato unde- Wo 
ſerving the name of a man, but rather to be reckoned 1 
among brutes. | i - 
The End of. the Tenth Book. 1 
. ; Wi £*U8 
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EUCLFDEs 


ELEMENTS. 


F 4 | 4 


- 


— — 1 


Definitions. 


Superficies. 


. 


Solid is that which hath length, breadth 
and thickneſs. | | 
II. The term, or extreme of a ſolid is a 


III. A right line AB is 
perpendicular to a Plane 
CD, when it makes right 
angles ABD, ABE, ABF, 
with all the right lines BD, 
BE, BF, that touch it, 
and are drawn in the ſaid 


Plang. | 


IV. A Plane AB, is per- 
pendicular to a Plane, CD, 
when the right lines FG, 
HK, drawn in one Plane 
AB to the line of common 
ſection of the two Planes 
EB, and making right an- 
gles therewith, do alſo make 


right angles with the other 


V. The 


Plane CD. 


e 


5 


Eucri ID E' Elements. 
V. The inclination of 


a right line AB to a Plane | . A 


CD, is when a perpendi- 


cular AE 1s drawn from C. — 
A the higheſt point of | | 
that line AB to the plane | 
CD, and another line EB 


drawn from the point E, B E. 
which the perpendicular 5 D 
AE makes in the plane CD, to the end B of the ſaid 
line AB which 1s 1n the ſame plane, whereby the an- 
gle ABE which 1s contained under the inſiſting line 
AB, and the line drawn in the plane EB is acute. 


Y 


VI. The inclination 
of a plane AB to a plane 
CD, is an acute angle 


7 \ | 4 E = 
FGH contained under G 
the right lines FH, GH 
E E H 
| D 


which being drawn in ei- 
ther of the planes AB, B 
CD to the ſame point H ns 


— 


of the common ſection BE, make right angles FB, 


GHB, with the common ſection BE. 
VII Planes are ſaid to be inclined to other planes 


in the ſame manner, when the ſaid angles of inclina- 


tion are equal one to another. | 

VIII. Parallel planes are thoſe which being pro- 
longed never meet. : 

IX. Like ſolid figures are ſuch as are contained un- 
der like planes equal in number. | 

X. Equal and like ſolid figures are ſuch as are con- 


tained under like planes equal both in multitude and 


magnitude. 

XI. A ſolid angle 1s the inclination of more than 
two right lines which touch one another, and are not 
in the ſame ſuperficies. or 


Or thus; 


A folid angle is that which is contained under more 


than two plane angles not being in the ſame ſupery- 


cies, but conſiſting all at one point. 
XII. A Pyramide is a ſolid figure comprehended 
under divers planes ſet upon one plane (which 1s the 
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baſe of the pyramide,) and gathered together to one 


oint. 
E XIIT A Priſme is a folid figure contained under 
planc:, whereof the two oppoſite are equal, like, and 
parallel; but the others are parallelograms. 

XIV. A Sphere is a ſolid figure made when the di- 
ameter of a ſemicircle abiding unmoved, the ſemicir- 
cle is turned round about, till it return to the ſame 
place from whence it began to be moved. 


Coroll. 


Hence, all the rays drawn from the center to the 
ſuperficies of a ſphere, are equal amongſt themſelves. 
XV. The Axis of a ſphere, 1s that fixed right line, 


about which the ſemicircle 1s moved. 


XVI The Center of a ſphere, is the ſame point 
with the center of the ſemicircle | 

XVII. The Diameter of a ſphere, 1s a right line 
drawn thro! the center, and terminated on either fide 
in the ſuperficies of the ſphere. 

XVIII A Cone is a figure made, when one ſide of 
a rectangled triangle ( viz. one of thoſe that contain 
the right angle) remaining fixed, the triangle is turn- 
ed round about till it return to the place from whence 
it firſt moved. And if the fixed right line be equal to 
the other which containeth the right angle, then the 
Cone is a rectangled Cone: But if it be leſs, it is an 
obtuſe-angled Cone; if greater, an acute- angled Cone. 


XIX. The Axis of a Cone is that fix d line about 


which the triangle is moved. 
XX. The Baſe of a Cone is the circle, which is de- 


ſcribed by the right line moved about. 
XXI. A Cylinder is a figure made by the moving 


round of a right- angled parallelogram, one of the 


ſides thereof, (namely, which contain the right angle) 
abiding fix d, till the parallelogram be turned about 
to the ſame place, where it began to move. 

XXII. The Axis of a Cylinder is that quieſcent right 
line, about which the parallelogram is turned. 

XXIII. And the Baſes of a Cylinder are the circles 
which are deſcribed by the two oppoſite ſides in their 
motion. 

XXIV. Like Cones and Cylinders, are thoſe both 
whole Axes gnd Diameters of their Baſes are propor- 
tional. | : VV 


Eucrips's Elements. 
XXV. A Cube is a ſolid figure contained under fix 


equal ſquares. ; : 
XXVI A Tetraedron is a ſolid figure contained 
ander four equal and equilateral triangles. 
XXVII. An Octaedron is a ſolid figure contained 
under eight equal and equilateral triangles. 
XXVIII A Dodecaedron is a ſolid figure contain- 
ed under twelve equal, equilateral, and equiangular 
Pentagones _ | N 
XXIX. An Icoſaedron is a ſolid figure contained 
under twenty equal and equilateral triangles : 
XXX. A Parallelepipedon is a ſolid figure contained 
under ſix quadrilateral figures, whereof thoſe which 
are oppoſite are parallel 5 
XXXI. A ſolid figure is ſaid to be inſcribed in a ſo- 
lid figure, when all the angles of the figure inſcribed 
are compreheided either within the angles, or in the 
ſides, or in the planes of the figure wherein it is in- 
ſcribed. 
XXXII. Likewiſe a ſolid figure is then ſaid to be 
circumſcribed about a ſolid figure, when either the an- 
gles, or ſides, or planes of the circumſcribed figure 
touch all the angles of the figure which it contains. 


PROPOSITION j 


One part AC of a riabt line cannct 
be in a plane ſuperficies, and another 
part of it CB above the ſame. | F 

Produce AC in the plane directly 2 
to F. If you conceive CB to be | E 
drawn ftrait from AC, then two right lines AB, AF, 
have one common ſegment AC. a Which is impoſſible. 


PROP. II. 


If tævo right lines AB, CD, cut 88 
one another, they are in tbe ſame B 
Plane: And every triangle DEB + 
is in one and the ſame plane E 

For imagine EG, part of the A. O 
triangle DEB, to be in one plane, and the part FDGB 
to be in another, then EF part of the right line ED 


D 
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a 10. AX. I, 5 


is in a plane, and the other part elevated upwards. a a 10. ax. 1, 
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b 14 2x. I. 
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Which is abſurd. Therefore the triangle EDB is in 


one and the ſame plane; and ſo alſo are the right lines 


ED, EB; a wherefore the whole lines AB, DC, are 
in one plane. Whih was to be dem. 


PROP. III. 
3 — IF tao planes AB, CD, cut one 
the other, their common ſection EF 
E 4 je #5 a rigbi line. 
7 ooo 25 If EF the common ſection be 


not a right line, a then in the plane 
AB draw the right line EGF. à and in the plane 
CD the right line EHF. therefore two right lines 
EGF. EHF include a ſuperficies. b ¶ hich i abſurd. 


PROP. Iv. 


5 If at E the common ſection of tavo 
N right lines AB, CD, a viebt line EF 
A 7 . 1 


ſtands at right angles to them, it 

ſhall alſo be at right angles to the 

H plane ACBD drawn thro the ſaid 
lines. 

| Il. Take EA, EC, EB, ED, equal 

i) B one to the other, and join the right 

lines AC, CB, BD, AD. draw any right line GH thro E, 


and join FA, FC, FD, FB, FG, FH. Becauſe AE is a = 


a conſtr. 
b 15. 1. 
. 
dſch. 34 1. 


E 29. 1. 


f constr. 


g 26. I. 
h 4 1. 
. 1. 


2” TH 


m 8. 1. 
18. def. I. 


03 def. 11. 


EB, and DE a = EC, and the angle AED YU — CEB, 
c therefore AD is — CB, c likewiſe AC DB. d there- 
fore AD is parallel to CB, d and AC to BD. e wherefore 
the angle GAE — EBH, and the angle AGE = EHB. 


But alſo AE f = EB. g therefore GE — EH, g and 


AG — BH. whence by reaſon of the right angles, by 
the hyp. and ſo equal, at E, þ the baſes FA, FC, FB, FD, 
are equal. Therefore the triangles ADF, FBC, are e- 


quilateral one to another, & and thence the angle DAF 


= BCF. Therefore in the triangles-AGF, FBH, the 
fides FG, FH 1 are equal; and ſo by conſequence the 
triangles FEG and FEH are mutually equilateral. »: 
therefore the angles FEG, FEH are equal, and n to 
right angles. In like manner, FE makes right angles 
with all the lines drawn thro' E in the plane AD3C, 


o and is therefore perpendicular to the ſaid plane. 
NRO. 


8 


clicular to three right lines A 


therefore in the ſame plane f wherein AB is. Where- 


and CD ſhall be parallels. hich was to be dem. 


ben in both of them, the line EF avhich 


. 
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TT PROF Xo 
If a right line AB be erected N 


| AD, EF] 


AE, touching one the other at the com- F — 905 E 
mon ſettion, thoſe three lines are in A Fe 
the ſame plane : BY 
For AC, AD, 2 are in one plane | = 
FC; a and AD, AE, are in one plane 5 


BE, which if you conceive to be ſeveral planes, then 


let their interſection b be the right line AG ; there- b z. II. 
fore becauſe BA by the Hyp. is perpendicular to the 
right lines AC, AD. c and ſo to the plane FC, d it is alſo c 4. 11. 


perpendicular to the right line AG. therefore (ſince à d 3. def. 11. 
that AB is in the ſame plane with AG, AE) the angles 
BAG, BAE, are right angles, and conſequently equal, 
the part and the whole. ¶ hich is abſurd. | 
ROF. 
If two right lines AB, DC, be e- 
rected perpendicular to one and the 
ſame plane EF, thoſe right lines AB, E 
DC, are parallel one to the other. | | 
Draw AD, whereunto let DG 4 
— AB be perpendicular in the 
lane EF, and join BD, BG, AG. | 
1 in the triangles BAD, ADG, the angles DAB, 
ADG a are right angles, and AB þ — DG, and AD is x hyp. 


common, c therefore BD 1s AG. whence in the tri- h conſtr. 
angles AGB, BGD, equilateral one to the other, the c 4. 1. 
angle BAG is d — BDG; of which ſince BAG is a d 8. x. 


right angle, BDG ſhall be ſo alſo, but the angle GDC 


is ſuppoſed right, therefore the rig t line GD is per- 
pendicular to the three lines DA, DB, CD. e which are « 5: 1. 


fore ſince AB and CD are in the ſame plane, and the 


internal angles BAD, CDA, are right angles, g AB 8 28.1 


PROF. FL | 
If there are tao parallel right lines 
AB, CD, and any points E, F, be ta- A E_B 


is joined at theſe points, is in the ſame 


tlane with the parallels AB, CD. 2 


ir 


1 = . ER 
3 * — — — 
EF g 2 
ry STS I” 2 A 
8 - 2 2 7 RT 
ELLE 2 — — . 
om — — 
5 * 28 PO — * 
= On = 


mio ora © ES 
= 


TBE) 


Fit 
19 
þ 


7 . «4 = 
22 4 — 
5 2 . PA Rs — 2 . - — 
TTT SIT. —— 
ant * * z — . 


— 2 2 * 27 8 2 punto > A 
* y C S. — < 7 = 
2 — — — " Sw 8. * YL * — DP. * -=. 
* 4 — - 7 » * > 
= 54 q 2 — o » 8 2 
- > * _ wry 7 7 
* . % 5 3 A2 
12 » — — 


— 


— — 


SED 
* 


— 22 
= 2 - oY 


2 
= EO - g 
- PER =p; D * 
. 0605.” ow wo moe »» rus 22 1 2 „„ 
—— - — >a dence — 2 — 2 
- > - A —_ 


ASCLTWE Math, 


— — - = 2 „ _ 
Att = 2 = TEENS + 8 


——— — 


— way” Wn 
— — CES 
= 3 a. 


— 


— 


* 
j 


240 The eleventh Book of 


Let the plane in which AB, CD, are, be cut by ano- 
ther plane at the points E, F. then if EF is not in the 


pe ABCD, it ſhall not be the common ſection. There- 
ore let EGF be the common ſection; which à then is 
a right line, therefore two right lines EF, EGF, in- 
b 14. ax. 1. clude a ſuperficies. b Which is abſurd. © 


= PROP. VIIL Ss 
| If there ave two parallel right lines 
© AB, CD, <vhereof 2 AB, is per · 
endicular to a plane EF. then the o- 
ther CD ſball be perpendicular to the 

ſame plane EF. 
F The preparation and demonſtra- 
tion of the ſixth of this Book be- 
: ing transferr'd hither; the angles GDA, and GDB are 
2 4. 11. right angles: a Therefore GD is perpendicular to the 
b 7.11. plane, wherein are AD, DB (Y in which alſo AP, CD, 
C 3. def. II. are.) c therefore GD is perpendicular to CD. but the 
d 29.1. angle CDA is alſo d a right angle, e therefore CD is 
© . 11. perpendicular to the plane EF. HF hich was to be de- 

 monſirated. | 


A 3 . 


A | 3 OP. _ 5 
H B ight lines (AB, CD) ich are 
E —— [© © HAN gp parallel to the ſame right line EF, but 
| — not in the ſame plane with it, are al- 

— 4 D &þ e one to the other. 

n the plane of the parallels AB, 
EF, draw HG perpendicular to EF; alſo in the plane 
of the parallels EF, CD, draw IG perpendicular to EF. 
a therefore EG is perpendicular to the plane wherein 
HG, GI are; and AH, CI are perpendicular to the 


fame plane, c therefore AH and CI are parallels. J bich 


Was to be dem. | 
PROP. ©. | 
A If tuo right lines AB, AC, touching one 
0 another be parallel to tævo other right lines 
B C ED, DF, touching one another, and not be- 
ing in the ſame plane, thoſe right lines con- 
tain equal angles, BAC, EDF. | 
Let AB, AC, DE, DF, be equal one 
7 to the other, and draw AD, BC, EF, BE, 
a byp and E F CF. Since AB, DE, aare parallels and e- 


conſt qual, b alſo BE, AD, are parallels and equal. In like 
b-33-1. manner 
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manner CF, AD, are parallel and equal; c therefore c 2. ax. I · 
alſo BE, FC, are parallel and equal. 4 Therefore BC, and 9. 11. 
EF are equal. Wherefore ſince the triangles BAC, d 33. I. 


ELF, are of equal fides one to the other, the angles e 8. x. 


BAC, EDF e ſhall be equal. V hich was to be dem. 


PROP. XI. ꝑ DNA 
From a point given on high A to 


_ drawv a right line Al perpendicular to 


A plane below BC. 
fin the plane BC draw any line G E LG 
DE; to which from the point A 4 a 12. 1. 
draw the perpendicular AF, to the ſame DE through b 11. 1. 
F in the plane BC b draw the perpendicular FH, then c 31. 1. 
to FH a draw the perpendicular Al, this ſhall be per- d confer. 
pendicular to the plane BC, | e 4.11. 
For thro Ic let KIL be drawn parallel to DE. Be- f 8. 11. 
cauſe DE d is perpendicular to AF, and FH, e there- g 3 aef 11, 
fore DE ſhall be perpendicular to the plane IFA. and fo h conſtr. 
alſo KL is perpendicular to the ſame plane, g there- 1 4 11. 
fore the angle KIA is a right angle, but the angle AIF 
is alſo þ a right angle, / therefore Al is perpendicular 
to the plane BC. ich cvas to be done. 


PROP. XK 

In a plane given BC, at a point gi- 
ven therein A, io erect a perpendicular 
line AF. | 

From ſome point D without the 
plane, a draw DE perpendicular to „5 
the ſaid plans BC. and joining the points A, E, by a VE be 
line AE, b draw AF parallel to DE. c it is apparent © 8. Il, 
that AF is perpendicular to the plane BC. J pich 
was to be done 3 

This and the preceding problem are practically per- 
formed by applying two Squares to the point given; as 
appears by 4. II. | 


Þ 


PROP, WM 
At a point given C in a plane given 1 
AB, two right lines CD, CE, cannot F, 5 
be erected perpendicular to the ſaid | 7 7 
given plane on the ſame ſide. es 


For both CD, and CE a ſhould — RE a 6. 12. 


then be perpendicular tothe plane AB, and conſequently 
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a hyp and 


3. def. II. 
b 17. 1. 


a Il. II. 
b 31. 1. 
CY. I. 


d 3 def 11. gles IGA, HGA, d are right angles, alſo CAG, BAG, 


1. 
£4. 17. 


g conſtr, 
M164 £1 
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parallels ; which is repugnant to the definition of pa- 
rallel lines, | 


PROP. XIV. 


Planes CD, FE, to which the ſame 
right line AB is perpendicular, are pa- 
rallel. | 

If you deny this; then let the 


common ſection be the right line 
GH, in which take any point I, draw 
to it the right lines IA, IB, in the 
ſaid planes. whereby in the triangle IAB, two angles 
IAB, IBA à are right angles. b W hich is abſurd. 


PROP. XV: 


If tavo right lines AB, AC, touching one 

the other, are parallel to tavo other right 

F lines DE, DF, touching one the other, 

I ad not being in the ſame plane with 

them, the planes BAC, EDF, drawn 

BARE by thoſe right lines are parallel one to 
the other. | 

From A 2 draw AG perpendicular to the plane EF. 

b and let GH, GI be parallel to DE, DF. c theſe alſo 

ſhall be parallel to AB, AC. Therefore ſince the an- 


e ſhall be right angles. f therefore GA 1s perpendicu- 
lar to the plane BC; but the ſame is pegpendicular to 
the plane EF, þ therefore the planes BC, EF, are pa- 
rallel. 7 hich was to be dem. 


PRUP.AVL 


N | If two parallel planes AB, CD, 
are cut by ſome other plane HEIGF, 
2 their commen ſections EH, GF are 


; 7 parallel one to the other. 
4: For if they are ſaid to be not 
| parallel, then, ſince they are in 
the ſame cutting plane, they muſt 
N LY meet ſome where, ſuppoſe in I, 


B F D wherefore ſince the whole lines 
HET, 


planes CD, EF meet, ſo that their 


iy bd 6 prong ys hg mn mm Lc. 


lar to ſome plane GH, their line 


— 
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| planes alſo ſhall meer. contrary to the Hyp. 
- PROP. XVII. 
IF tao rigbi lines ALB, CMD, are 


cut 5 parallel planes EF, GH, IK ; they 
Hol e cut proportionally, (AL. LB : : CM. 
MD. ) 


Let the right lines AC, BD, be 
drawn 1n the planes EF, IK ; as alſo AD 
meeting the plane GH in the point N. 
and join NL, NM, the planes of the tri- 
angles ADC, ADB, make the ſections BD, LN, and A 
NM, 2 parallels, Therefore AL. LB;: AN. ND h:: à 16. II. 
CM. MD. # hich was to be dem. b 2. 6. 


PROP. XVIII 


J Fa right line AB be per- 
pendicular to ſome plane CD, TED, 


Tn 2 
allthe planes EF paſſing thro | 
that right line AB {hall be C | | a 5 
endicular to the ſame E | 
Blaue CD. RY 
Let there be ſome plane \- — 1» 
BF drawn thro' AB, mak- Op 
ing the ſection EG with the plane CD; from ſome 
point whereof H, a draw HI parallel to AB in the plane a 31. 
EF; 6 then ſhall HI be perpendicular to the plane CD, b 8. 11. 
and ſo likewiſe any other lines, that are perpendicu- | 


lar to EG. c therefore the plane EF is perpendicular c 4. def.1x' 
to the plane CD; and for the ſame reaſon any other 


» 


planes drawn thro' AB ſhall be perpendicular to CD. 


HF hich was to be dem. 


N e 
If tevo planes AB, CD, cut- 


ting one the other, are perpendicu- 


of common ſection EF ſhall be 
perpendicular to the ſame plane 
(GH.) 

Becauſe the planes AB, CD, 


2 : are 
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A 13. II. 


a 32 1 
ſch. 31 I. 
b 20. II. 
C 5. ax. I. 
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are taken perpendicular to the plane GH, it appears by : 


4. def. 11. that from the point F there may be drawn in 


both planes AB, CD, a perpendicular to the plane GH, 


which ſhall be a one and the ſame line, and therefore 
the common ſection of the ſaid planes. HY hich was 
to be demonſtrated. 


PROP. XX. 


D Tf a ſolid angle ABCD he contained 
under three plane angles, BAD, DAC, 
BAC, any tævo of them howſoever taken 
are greater than the third. 

B E 0 If the three angles are equal, the 
aſſertion is evident; if unequal, then let the greateſt 
be EAC; from whence à take away BAE = BAD, and 
make AD— AE; and alſo draw BEC, BD, DC. 

Becauſe the fide BA is common, and AD — AE; 
and the angle BAE b BAD, c thence is BE — BD. 
but BD 4- DC is 4 c BC. e therefore DC = EC. 
Wherefore ſince AD — AE, and the fide AC is com- 


mon, and DC = EC. F the _— CAD ſhall be c 


＋ CAD © BAC. 


PROP. XXL 


D Every ſolid angle A is contained 
under leſs angles than four plane 
right angles. 

For let a plane 2 cut- 


7 ting the ſides of the ſolid angle 
A make a many- ſided figure BC- 
Bl CDE, and as many triangles ABC, 


E 


gone by X; and I term the ſum of the angles at the 
baſes of the triangls V. whereof X - A right angles a 
—Y + A, but becauſe that (of all the angles at B) b 
the angle ABE + ABC is © CBE, and the ſame is 
true alſo of the angles at C, at D, and at E, c it is ma- 
nifeſt that Y is = X, and conſequently A ſhall be — 
4 right angles. V bich was to be dem. 


PROP. 


ACD, ADE, AEB. I denote all the angles of the poly- | 


oy by jad OY ans + 
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PROP. XXII. 


If there are three plane angles A, B, FI CI, whereof tao 
howſoever taken are greater than the third, and the right 
lines which contain them are equal AD, AE, FB, &c. then 
of the right lines LE, FG, Hl, cone&ing thoſe equal right 
lines together, it is poſſible to make a triangle. 

A triangle may be à made of them, if any two be à 22. 1. 
greater than the third; but they are ſo, For b make b 23. 1. 
the angle HCK — B, and CK. — CH, and draw HK, | 
IK. thence KH FGG and becauſe the angle KCI d C |. 1. 
A. e therefore KI . DE, but KIF A HL + KH d }yp. 
(FG.) therefore DE H HI + FG. By the like argu- e 24. 1. 
ment any other two may be proved greater than the f 29, 1. 
third ; and conſequently à it is poſſible to make a tri- 
angle of them. hich was to be dem. 


PROP. XXII. 
7 E 


| G 
Jo make a ſolid angle MHIK of three plane angles 
A, B, C, «whereof two howſoever taten are greater than the 


third. * But it is neceſſary that thoſe three angles be leſs * 2.1. 11: 


than four right angles. 

Make AD, AE, BE, BF, CF, CG, equal one 
to the other; and of the ſubtended lines DE, EF, 
FG (that is, of the equal lines HI, IK, KI) à make 


the triangle EIKI; about which h deſcribe the circle þ 5. 4 


LEKI. * But becauſe AD IS CEE HL, C let A0 be — * Fee Cla> 


HLq E LM. d and let LM be perpendicular to the 
plane of the circle HKE and draw HM, KM, IM. 


US. 


a 22. I Is 
and 21. I. 


: c ſch. 47 L. 
| | Q3 where- d 12 11. 
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e 3.def. 11. wherefore ſince the angle HLM e is a right angle, 
f 47. 1. thence is MHq — HLq + LMq g = ADq. therefore | 


g conſtr. MH—AD. o the ſame way of reaſoning MK, MI, 
h conflr. AD (that is AE, EB, &c.) are equal; therefore ſince 
FM = AD, and MI = AE, and DE þ — III, k the 
angle A ſhall be = HMI, & as likewiſe the angle IMR 
B, k and the angle HMK C, wherefore a ſolid 
angle is made at M of the three given plane angles. 
I hich was to be done. AD is aſſumed to be — HL. 
But this is manifeſt, For if AD be — or — HL, then 
I conſtr. & is the angle A/ = m or =- HLI. In like manner 
8. I. ſhall B be equal or — ILK, and C— or KLI, 
m 21. 1. wherefore A + B + C * fhall either equal or exceed 
. cor. 13. four right angles. contrary to the Hyp. therefore rather 
| let AD be - HL. Which was to be dem. 


PEOE AA, 
" PRIOR 1 If a ſolid AB be contained 
| under parallel planes, the oppo- 
fite planes thereof (AG, BD, 
 &c ) are like and equal parat- 
telograms. 

The plane AC cutting the 
parallel planes AG, DB, 4 
makes the ſections AH, DC, 

- arallels, and for the ſame 
reaſon AD, IIC are parallels. Therefore ADCH is a 
pgr. By the like argument the other planes of the pa- 

b 35. def. I. rallelepipedon are h pgrs wherefore ſince AF is paral- 

C 10. II. Tel to HG, and AD to HC, c the angle FAD ſhall be 


k 8. 1. 


d 34. I — GEIC, therefore becauſe AF d— HG, and AD 4 = 
175 HC, and fo AF. AD:: HG. HC, the triangles FAD, 
g 6.6. GHC-# are like and h equal; and conſequently the pgrs. 
h4 1 AE, HB are like and & equal, and the ſame may be 
k G ax. 1. ſheyn of the reſt of the oppoſi:e planes, therefore, &. 


FRO 


wy CC If a ſolid Parallele- 
F * pipedon ABCD be cut 


8 . 8 
T, / G J 7 by a plane EF paral. 

| lel to the oppoſite planes 
: 0 


AD, BU; then asthe 


M/ H 7 baſe AFI is to the baſe 
he | | BH, /o/ball /ol'd AHD 


B K Ze to oli BHC. 
Conceive 


7. 


= Dee rA Pe.” 


EVUciIDE's Elements. 


Conceive the parallelepipedon ABCD to be extended 
on either ſide, and take AI —. AE, and BK — EB, 
and put the planes IQ, KP, parallel to the planes AD, 
BC; then the pgrs. IM, AH, and à DL, DG, band IQ, 

AD, EF, &c. are a like and equal, c wherefore the Pa- 
rallelepipedon AQ is — AF; and for the ſame reaſon 
the Parallelepipedon BP — BF. therefore the ſolids IF, 
EP are as multiple of the ſolids AF, EC, as the baſes 
IH, KH, are of the baſes AH, BH. And if the baſe IH 
be , =, KI, 4 likewiſe ſhall the ſolid IE be 
, =, EP. e conſequently AH. BH :: AF. EC. 
hich wvas to be dem. 

T he ſame may be accomodated to all ſorts of priſmes, 
evhence 


Coroll. 


If any priſine whatſoever be cut by a plane parallel 
be a figure e- 


to the oppoſite planes, the ſection ſhall 
qual and like to the oppoſite planes. 


PR OF. XXVFL 


Upon a right line given 
AB, and at a point given 
init A, to make a ſolid 
angle AHIL equal to a 
ſolid angle given CDE. 

From ſome point Fa 
draw FG perpendicular 
to the plane DCE, and draw the right lines DF, FE, 
EG, GD, CG. Make AH = CD, and the angle HAI 
= DCE, and AI — CE; and in the plane HAI make 
the angle HAK — DCG, and AK — CG, then erect 
KL perpendicular to the plane HAI, and let KL be — 
GF, and draw AL: Then AHIL ſhall be a ſolid an- 
gle equal to that given CDEF. For the conſtruction 
of this does wholly reſemble the framing of that, as 
will eaſily appear to any who examine it. 


Q4 


PROP, 
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PROP. XXVIL 


. FE. ven AB to deſcribe a pa- 


K Open a right line gi- 
= { rallelepipedon AK, like, 
/ 7 and in like manner ſi- 

tuate, with a ſolid pa- 


| A BC F rallelepipedon givenCD. 


AE 


[— — 
9 


oo By 
tI 
=» Þ 


C9.def 11. 


Of the plane angles, BAH, HAI, BAI, which are e- 
qual to FCE, ECO. FCG, a make the ſolid angle A e- 
qual to the ſolid angle C. alſo b make FC. CE :: BA. 
AH. h and CE. CG :: AH, AI (c whence by equality FC. 
CG :: BA. AI) and finiſh the parallelepipedon AK, 
which ſhall be like to that which is given. 

For by the conſtruction, the Pgr. d BH is like to FE, 
and d HI to EG, and d BI to FG, and e ſo the oppoſites 
of theſe to the oppoſites of them: Therefore the ſix 
planes of the ſolid AK are like to the fix planes of the 
ſolid CD, F and conſequently AK, CD, are like ſolids. 
FW hich was to be dem. | 


* 


PROP. XXVIII. 


1F a ſolid parallelepipedon AB 
be cut by a plane F drawn 
thro' the diagonal lines DF, CG, 
of the oppoſite planes AE, HB, 
that ſolid AB ſball be equally bi. 
: | ſeed by the plane CCB 
For becauſe DC, FG, are a equal and parallels, h the 
plane FGCD is a Pgr and becauſe a the Pgrs. AE HB, 
are equal and like, 6 alſo the triangles AFD, HGC, 
CGB, DFE are equal and like. But the Pgrs. AC AG, 
are equal and like to FB and FD, therefore all the 
planes of the priſme FGCDAH are equal and like to 
all the planes of the priſme FGCDEB, and c conſe- 
quently this priſme is equal to that. ¶ hich was to be 
demonſtrated, 


OP. 
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19 


PROP. XXIX. 
8 


K 
i 


TI 

Solid parallelepipedins AGHEFBCD, AGHEMLKT, 
being conſtitued upon the ſame baſe AGHE, and * in the * i. e. bed 
ſame height, whoſe inſiſting lines AF, AM, are placed in tween the 
the ſame right lines AG, PL, are equal one to the other. parallel 

For à if from the equal priſmes AFMEDI, GBLH- planes AG- 
CK, the common priſme NBMPCI be taken away, and HE, FL- 
the ſolid AGNEHP be added, the Parallelepipedon KD. & /o 
AGHEFBCD fhall be = AGHEMLKI MH hich was underſtand 


to be demonſtrated. it in the fol. 
a Io. def IT 
PROF. S335. 1. 
| b 3.and2s 
L AX. I. 
G F HL T = 
2 N 
Y B G ' 
HAS 0 
D 


Solid parallelepipedons ADBCHEFG, ADCBIMLEK ;e- 
ing conſtituted upon the ſame baſe ADBC, and in the ſame 
height, whoſe inſiſting lines AH, AI are not placed in the 
ſame right lines, are equal one to the otber. 

For produce the right lines HEO, GEN, and LMO 


* 


KIP, 


T IS Ex © — 2 * 5 
2 Tn; « — rern 82 e * — 2 _ I © an 7 
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a 34. IJ. KIP; and draw AP, DO. BO. CN. a then ſhall DC, AB, 
HG, EF, PQ, ON be as well equal and parallel one to 
b 29.11. the other as AD, EE, GF, BC, KL, IM, QN. PO. 5 
wherefore the parallelepipedon ADCBPONQ ſhall be 
© 1. ax. 1 equal to either parallelepipedon ADCBHEFG, ADCB- 
IMLK ; and c conſeguently theſe two are equal one to 
the other. Which <vas to be dem. 


PROP. XXXI. 


2 c 


7 PE 


Solid paralleletipedcns, ALEKGMBI, CP. OHQDN, 


* Ly height being conſtituded upon equal baſes AER, CPO, and * 
zmderſtand in the ſame height are equal, one to the other. | 
he perpen- Firſt, let the parallelepipedons AB, CD, have the 
dlicular 

drawnfrom ing produced, a make the Pgr. PRTS equal and like 
zhe plane of to the pgr. KELA. b and fo the parallelepipedon PR- 
the baſeto TSQVYNX equal and like to the parallelepipedon AB. 
the oppoſite Produce OwE, ND, PZ, DQF, ERB, VY, TISZ, 
plane. YXF; and draw Ed, By, ZF. | 

a 18. 6 The planes ON, CRVII, ZT VF, care parallels 
h 27. 11 & one. to the other; d and the Pyrs. ALEK, CPO. 
10. def. 1 I. PR To, PRBZ are equal. Therefore ſince the parallele- 


d Vyp. and lelepipedon PRBZQV+y F. PV Ja; the parallelepipedon 


3 

e 25. II. AB. Which was to be dem. | 
. Eut if the parallelepipedons AB, CD, have ſides ob- 
g 29. 11. lique to the baſe, then on the ſame baſes and in the 
i confir. ſame height place parallelepipedons whoſe ſides are per- 


k 29. 11. peudicular to the baſe. x They ſhall be equal to one ano- 
m 1. ax. 1. ther, and to thoſe that are oblique, n whence alſo the 


oblique parallelepipedons AB, CD are cqual./ hich was 
to be demonſtrated. 5 8 
| PROP. 


ſides perpendicular to the baſes, and at the ſide CP be- 


pipedon CD. PV So e:: Pgr. Co (PRBZ.) Ro :: paral- 
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PROP: YXXE 


Solid parallelepipedons ABCD, EFGL, of the ſame height, 
4 are one to the other, as their baſes, AB, EF. 
Produce EHI, à and make the pgr. FI — AB, and 
b compleat the parallelepipedon FINM. It is clear that 
the parallelepipedon FINM. (c ABCD) EFGL d:: FI 
(AB) EF. V hich auas to be dem. 


PROP. XXXIII. 


— — A 
- * oy 
— 

— 4 
% 


eo O 


4 
2 
3 
2 


5. II. 


Like ſolid parallelepipedons 2 
ABCD, EEGH, are 5g aw C 
not her in triplicate ratio of their 8 
Ho mologots ſides AI, EK. 8 
Produce the right lines 
AIL, DIO, BIN, and a make „ AK IN X 23. k. 


| 
[TT 1/1 
70 


IL, IO, IN, equal to EK, KH, 


ae 
e 
ke 
R= KF, b and fo the parallelepi- F b 27. IL. 
B pedon IXMT equal and like : * 
5 to the parallelepipedon EF- E K i 
GH. c Let the parallepps. IX PB, DL LQ be finiſhed. d c 31.1. 
_ | Then ſhall be AL. IL(EK):: DI TO (FIK):: BI. IN. d hyp. 
le- 
al- 
ON 


(KF) e that is the pgr. AD. DL : DL. HR. BOCIE © 1-6. 

fie the parallepp. ABCD. DLQY : : DLQY. IXBP f 32. 11. 

: IXBP. IXMT. (g EFGH,) / therefore the proporti- g conſtr. 

on of ABCD to EFG H is triplicate of the proportion h 10.4.5. 
of ABCD to DLQY, X or of AI to EK. Which was to K 1. 6. 


be de monſtrated. 
55 | ift 
the Coroll. b 
CE” Hence it appears that if four right lines be continu- 
ou ally proportional, as the firſt is to the fourth, ſo is a 


parallelepipedon deſcribed on the firſt to a parallele- 
hats pipedon deſcribed on the ſecond, being like and in like 
manner deſcribed, | 

| | N 
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PROP. XXXIV. 


F In equal ſolid parallele. 
pipedons ADCB, EHGF, 
the baſes and altitudes 
are reciprocal (AD. EH: : 

IT EG. AC) And ſolid pa- 

rallelepipedons, ADCB, 

EHGEF, whoſe baſes and 

altitudes ave reciprocal, ave equal. | 
Firſt, let the ſides CA, GE be perpendicular to the 
baſes; then if the altitudes of the ſolids are equal, the 
-  baſesalfo ſhall be equal, and the thing is clear. But if 

1. the altitudes are unequal, from the greater EG 2 take 

1. I. EI = AC, and at I b draw the plane IK parallel to 

2. 11. the baſe EH. then 

d 17. . 1. Hyp. AD. EH :: parallepp. ADCB. EHIK d:: 

e 1. 6. parallepp. ELI GF. EHIK c:: GL. IL ũ e:: GE. IE (f 

f conſlr. AC) g it is plain therefore that AD, EH:: GE AC. 

g 11. 5. Which was to be dem. 

h 32. 11: 2 Hyp. ADCB. EHIK h:: AD. EI X:: EG. EI I:: 

K byps GL. IL nr :: parallepp. EHGF. EHIK, » wherefore the 

11.86. parallelepipedon ADCB — EHGF. V bich was to be 

m 32. II. demonſtrated. 

Ng 5, Moreover, let the fides be oblique to the baſes and 
erect right parallelepipedons upon the ſame baſes in the 
ſame altitude; the oblique parallepps. ſhall be equal to 
them. Wherefore ſince by the firſt part, the baſes and 
altitudes of thoſe are reciprocal, the baſes and altitudes 
of theſe alſo ſhall be reciprocal. I hich was to be dem. 


b _ \ uy = 1 N 2 | — : = = 9 = . 
: = En OS - - 
2 * 
—  ——— _— _ — — — bn — — — 
— — — — ——— —ę—  —  — ——Þ — —— — 
7 — — — —— 
1 — — — — — 
— ——— — —„-— 
—ͤJ—UF— — — 


3. If they are like, their proportion is triplicate of 
that of their homologous ſides. | 

4. If they are equal, their baſes and altitudes are re- 
ciprocal; and if their baſes and altitudes are recipro- Rs 
cal, they are alſo equal. PROP. 


Coroll. 

| All that hath been dem. of parallelyps. inthe 29, 30, 31, 55 
| 32, 33, 34. Prop. does alſo agree to triangular priſmes, which 
| are half parallelpps as appears by Prop. 28. Therefore, Fl 
| 1. Triangular priſmes are of equal height with their i 
1 baſes. 8 i 
| 2. If they have the ſame or equal baſes and the ſame _ 
| alti | 

i altitude, they are equal. an 


* n 
= 
_— SD, 


EucrIiDE's Elements. 


PROP. XXXV. 


If there are ivo plane 
angles BAC, EDF, e- 
qual, and from the point 
of thoſe angles two right 
lines AG, DH, be eleva- 
ted on high, containing e- 

ual angles with the lines 
bY given, each to his correſpondent angle (the angle GAB 


HDE, andGAC— HDF) and if in thoſe elevated lines 


AG, DH, ſome points be taken, G, ; and from theſe points 
rg lines Gl, HK, drawn to the planes BAC, 
F, in which the angles firſt given are, and right lines Al, 
DK, be drawn to the angles firſt given from the points I, K, 
which are made by the perpendiculars in the planes; thoſe 
right lines with the elevated lines AG, DH fhall contain e- 
qual angles GAM, HDK. 
Make DH, AL, equal; and GI, LM parallels, and 


MC to AC, MB to AB, KF to DF, KE to DE perpen- 


dicular; and draw the right lines BC, LB, LC, and EF, 
HF, HE; a and LM is perpeudicular to the plane BAC; 


b wherefore the angles LMC, EMA, EMB; and for 


the ſame reaſon the angles HKF, HKD, HKE are 
right angles. Therefore ALq c = LMq + AMq c — 
LMq + CMq + ACqsc — LCq + ACq, d therefore 
the Angle ACL is a right angle. Again ALq e = LMq 


+ MAqe =LMq+ BMq + BAq e —BLq + BAg. 4 


therefore the angle AB is alſo a right angle. By the 
like inference the angles DFH, DEH are right an- 
gles; f therefore AB— DE, f and BEL = EH, F and 
AC = DF, and CL = FH, # wherefore alſo BC — EF; 
g and the angle ABC — DEF, g and the angle ACB 
DFE. h whence the other right angles CBM, BCM, 
are equal to the other FEK, EFK: k therefore CM — 
FK, 1 and ſo alſo AM — DK. therefore if from LAq 
m = HDq be taken away AMq — DKgq, » there re- 
mains LMq — FHKq, wherefore the triangles LAM, 


HDK are equilateral one to the other; o therefore the 


angle LAM — HDK hich 4vas to be dem. 


Coroll. 
Therefore, if there be two plane angles equal, from 
whoſe points equal right lines are elevated on high con- 
| raining 
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m conſir. 
n 47-1. 
3. ax. 
81. 
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taining equal angles with the lines firſt given, each to 
each ; perpendiculars drawn from the extreme points 
of thoſe elevated lines to the planes of the angles firſt 
given, are equal one to the other, viz. LM = HK. 


PROP, XXXVI. 


a H If there are three right | 
fr lines DE, DG, DF Pro- f 
N portional, the ſolid paral- | 


lelpp. DH. made of them, 


| i equal to the ſolid paral- : 
D = E 25 IN made fb. mid- l 
| dle line DG (IL) which is : 
= nn and equiangular to the ſaid parallelepipe- 8 
don DH. | 
a hyp. Becauſe DE. IK 2 :: IL. DF, b the pgr. LK ſhall be 
b 14. 6. FE, and by reaſon of the equality of the plane angles 
at D and IJ, and of the lines GD, IM, alſo the altitudes t 
of the parallelepps. are equal by the preceding Coroll, 
© 31. II. c therefore the parallelepps. are equal one to the other, of 
] bich was fo de dem. 1 
PROP. XXXVII 1 
co 
. an 
: 7 ra, 
/ oth 
| | the 
B C D an 
| bat 
If there are four vieht lines A, B, C, D, proportional, the the 
ſolid parallelepps. A, B, C, D being like, and in like fort de- Ag 
ſcribed from them, ſhall be proportional. And if the ſoli pat FC 
ralletps being like and in like fort deſcribed, be proportional gu 
(A. B:: C. D.) then thoſe right lines A, B, C, D, /ball be and 
Proportional. 3 the 
a 33. 11. For the proportions of the parallelepps. a are tripli- AS) 
b/ch. 23 5, cate of thoſe lines; therefore if A. B:: C. D, 6 then ſhall AV 
the parallelpp. A. parallelpp. B:: parallelpp. C. paral- 
lelpp. D. and fo alſo contrarily. 
PROF. JL. 


biſe 


Evucripse's Elements, -- 


PROP. XXXVIII. 
If a plane AB be perpen- 


dicular to a plane AC, and 2 EE. 72 
a perpendicular line EF be AN I» Yo „ 


drawn from a point E in 
one of the planes (AB) 10 
the other plane AC, that perpendicular EF ſhall fall upon 
the common ſection of the planes AD. 

If it be poſſible, let F fall without the interſection 
AD. and in the plane AC a draw FG perpendicular to à 12. I. 
AD, and join EG. The angle FGE bis a right angle, b 4 and 3. 
and EFG is ſuppoſed to be ſuch alſo; therefore two right def. 11. 
angles are in the triangle EFG. c hich is abſurd. C 17. J. 


PROP. XXXIX. | 
If the fides (AE, FO, AF, N. 


EC, and DH, GB, DG, HB) |\ - > 8 
of the oppoſite planes AC, DB, 25 
of a ſolid parallelpp. AB, be di- | C 
vided into tavo equal parts, and R 


F 
planes ILQO, PKMR, be | I A 
drawn thro their ſections, the D \ —K\ 
common ſection of the planes ST O \ | 
and the diameter of the ſolid „ G T 
rallelpp. RB. ſhall divide one the P B 
other into two equal parts. = ; 

Draw the right lines SA, SC, TD, TB. Becauſe 2 , - 4-13 
the ſides DO, OT are equal to the ſides B, QT, b b 29. 1. 
and the alternate angles 'TOD, TB equal, alſo c the c 4. 1. 
baſes DT, TB, and the angles DT O, BTQ are equal, 4 9 ſch. 15. 1. 
therefore DT is a right line. and ſo in like manner is e 34. x. 
ASC. Moreover e as well AD is parallel and equal to f9. 11. and 
FGe as FG to CB, and f thence AD is parallel and e- 1 ax. 
qual to C3; and conſeqently AC to DB þ wherefore AB g +-. x. 
and ST are in the ſame plane ABC D. Therefore ſince h 7. It. 
the vertical angles AVS, BVT, and the alternate angles 
ASV, BTV are equal; & and AS — BT; therefore ſhall K J. ax. I. 


AV be — BV, I and SV = VT. hich was tobe dem. } 26. x. 


Coroll. 


Hence in every parallelepipedon. all the diameters 
biſeck one another in one point, V. PFROE 
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8 PROP. XL. 


"+ FE N Q 


IG 


FPS} 
WE / 
A N 


I tavo priſmes ABCFED, GHMLIK, be of equal alti- 

#ude, whereof one bath its baſe ABC F a parallelogram, and 

the other GHM atrianele; and if the parallelogram ABCF 

be double to the triangle GHM ; thoſe priſmes ABCFED, 
GHMLIK are equal. 

a 31. 11. For if the parallelepps AN, GO, be compleated, x 

b 34. I. and they ſhall be equal, becauſe of the equality h of the ba- 

7. ax. ſes AC, GP, and c of the altitudes, d therefore alſo the 


c byp. priſmes, e the halfs theereof ſhall be qual. V bich as 


d 28. 11. to be dem. | | 
. Schol. 

From the preceding demonſtrations, the demenſion of trian- 
| gular priſmes, and quadrangular, or parallelepps. is learnt ; 
Andr. Tac viz. by multiplying the altitude into the baſe. 

As if the altitude be 10 foot, and the baſe 100 ſquare 
foot (the baſe may be meaſured by ſch. 3 5. I. or by 41.» ) 
then multiply 100 by 10, and 1000 cubic foot ſhall be 
produced for the ſolidity of the priſme given. 

For as a rectangle, ſo alſo is a right parallelepp. produ- 
ced from the altitude multiplied into the baſe. There- 
fore every parallelepp. is produced from the altitude 
multiplied into the baſe, as appears by 3 11. of this Book. 

Moreover, ſince the whole parallelepp is produced 
from the altitude drawn into the baſe, the half thereof 
(that is, a triangular priſme) ſhall be produced from the 
altitude drawn into half the baſe, namely the triangle. 

: An Advertiſement 
Obſ That of thoſe letters which denote a ſlid angle, the 
firſt is always at the point in<ubich the angle is; but of thoſe 
letters which denote a pyramide, the laſt is at the ſupreme 
point thereof. 

Ex. gr. the ſolid angle ABCD is at the point A; and 
the ſupreme point of the pyramide BUDA is at the point 
A. and the baſe 1s the triangle BCD. 

The End of the eleventh Book, 1 
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PROPOSITION I. 


* 


K 
ö 
= ww. 


IKE polygonous ures ABCDE, FGHIK inſcribed 
in circles ABD, Fl, are one to another, as the 
ſquares deſcribed on the diameters of the circles AL, 


Draw AC, BL, FH, GM. Becauſe a the angle a 1. def. C. A 
ABC == FGH, a and AB. BC: : FG. GH &. therefore b 6. 6. * 
ſhall the angle ACB (c ALB) be. FHG (cFMG.) c 21. z. 
but the angles ABL, FOM 4 are right and fo equal; d 31. 3. 
therefore the triangles ABL, FGM are eqiangular, fe 32. 3. 
wherefore AB. FG :: AL, FM. g therefore ABCDE. f cor 4. 6. 
FGHIK :: ALq. FM. g 22. 6. 


Coroll. 
Hence (becauſe AB. FG :: AL FM :: BC. GH, &:.) 


the ambits of like polygonous figures inſcribed in a | 
circle are in h proportion as the diameters 3 
ns PROP 125. 
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PROP. II. 


Su 
ABT. L I fay then I is equal to the 
circle EFN. | 
For firſt, if it be poſſible, let I 
be leſs than the circle EFN, and let K be the exceſs 
or difference Inſcribe the ſquare EFGH in the cir- 


C | 
Circles ABT, EFN, are in propor- 
tion one to another, as the ſquares of 
their dia meters AC, EG are. 
poſe ACq. EGq : : the circle 


a ſch. 7. 4. cle EEFN, a it being the half of a circumſcribed ſquare, 


b 3o. 3. 


and ſo greater than the ſemicircle. b Divide equally 
in two the arches EF, FG, GH, HE, and at the points 
of the diviſions join the right lines EL, LF, &. thro L 


c ſch 273. draw the tangent PQ (c which 1s parallel to EF) and 


d 41. I. 


S I. I Os 


produce HEP, GFQ. then is the triangle ELF d the 
half of the pgr. EPOF, and ſo ne than the half of 
the ſegment ELF; and in like ſort the reſt of thoſe tri- 
angles exceed the halfs of the reſt of the ſegments, 
And if the arches EL, LF, FM, Ec. be again biſected, 
and the right lines joined, the triangles will likewiſe 
exceed the half of the ſegments Wherefore 1f the 
ſquare EFGH be taken from the circle EFN, and the 


triangles from the other ſegments, and this be done 


continually, at length e there will remain ſome magni- 
tude leſs than K. Let us have gone ſo far, namely, to 


f. Iyp. and the ſegments EL, LF, FM, Ec. taken together lei 


3. Ax. 


than K. Therefore J (F the circle EFN = K) 7 


g 30. 3 & the poly ELFMGNEIO (the circle EFN — the ſeg- 


1. pf 1. 


112. 


k hyp. 


ment EL -j- LF, c.) In the circle ABT g conceive 
a like polygon AKBSCTDV infcribed. therefore ſince 
AKBSCTDV. ELFMGNHD + :: ACq. EGq k 8 the 


circle 


3 
e ſeg- 
jceive 
e ſince 
:: the 
circle 
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circle ABT. I. and the polyg AKBSCTDV 1 — the 


1 Ax. 1 
circle ABT. the polyg. ELFMGNHO z ſhall be — 9 


m 14. 5. 
I. but before, I was -2 ELFMGNHO. which is re- TY 
pugnant. 


gain, if it be poſſible, let I be = the circle EFN. 

Therefore becauſe ACq. EGq » : : the circle ABT. I: n 5 b. 
and inyerſely I. the circle ABT :: EGq. ACq. ſuppoſe 
I. the circle ABT :: the circle EFN. K. o therefore the o 14. 5. 
circle ABT c K p and EGq. ACq:: the circle EFN. p 11. 5. 
K. which was juſt now ſhewn to be repugnant. | 

Therefore it muſt be concluded, that I is = to the 
circle EFN. hich <vas to be dem. 


Coroll. 
Hence it follows, that as a circle is to a circle, ſo 


is a polygon inſcribed in the firſt to a like polygon in- 
ſcribed in the ſecond. | Poly 


PROP. III. 
Every Pyramide ABDC having | A 


2 triangular baſe, may be divided 


into tavo pyramides AEGH, HIKC, 

equal, and like one to the other, hav- | | 
ing baſes triangular, and like to ths E SG 
abhole ABDC ; and into two equal Ee 
priſmes, BFGEIH, FGDIHK:; 
which two priſmes are greater than B 
the half of the whole pyramide ABDC 

Divide the ſides of the pyramide into two parts at the 

points E, E, G, II, I. K, and join the right lines EF, FG, 

GE, El, IF, FK, KG, GH, HE. Becauſe the ſides of 

the pyramide are proportionally cut, a thence Hi, AB; à 2-6, 
and GF, AB; and IF, DC; and HG, DC, & are pa- 
rallels, and conſequently HI, FG; and GH, FTI are al- 
ſo parallels, therefore it is apparent that the triangl::s 


ABD, AEG, EBF, FDG, HIK, b are equiangular, and b 29. 1. 


that the four laſt are c equal: In like manner the trian- C 26. Is 


_ gles ACB, AHE, EIB, HIC, FGK are cquiangalar; and 


the four laſt are equal one to the other Alſo the trian- 
gles BFI, FDK, IKC, EGH; and laſtly, the triangles 
AHG, GDK, HKC, EF are like and equal. Moreover 
the triangles, HIK to ADB, EG to BDC, and EFI 
to ADC, and FGK * AEC, d are parallel From d 1 *. 


2 VWhence 
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11. 


f 2. ax. 1. 
g 40. 11, 
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a 15 6. 
6 
22 6 Ee. 
d 16 5. 
e cl. 3411 
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| whence it evidently follows, firſt, that the pyrarhides 


AEGH, HIKCareequal, and e like to the whole ABDC, 
and to one another. Next, that the ſolids BFGEIH, 
FGDIHK are priſmes, and that of equal height, as be- 
ing placed between the parallel planes ABD, HIK, but 
the baſe BFGE is f double of the baſe FDG. wherefore 
the ſaid priſmes are equal; whereof the one BFGEIII 
is greater than the pyramide BEFl, that is, than AEGE1, 
the whole than its part; and conſequently the two 
priſmes are greater than the two pyramides and ſo ex- 
ceed the half of the whole pyramide ABDC, Which 
eas to be dem. 


PROP. Iv. 


If there are tavo pyramides ABCD, EFGH, of the ſame 
altitude, havino triangular baſes ABC, EFG; and either 
ef them be divided into two pyramides (AILM, MNOD ; 
and EPRS, ST'VH ) equal one io the other and like to the 
evhole; and into two equal priſmes ( IBKLMN, KLCN- 
MO; and PFQRST, QRGTSV ;) and if in like man- 
ner either of thoſe pyrs. made by the former diviſion be divid- 
ed, and this be done continually; then as the baſe of one py- 
ramide is to the baſe of the other pyramide, ſo are all the 

priſmes which are in one pyramide, to all the priſmes which 
are in the other pyramide, being equal in multitude. 

For (applying the conſtruction of the precedent 
prop.) BC. KC A:: FG. OG. ö therefore the triangle 
ABC is to the like triangle LKC as EF is to c the 
like ROG. therefore by permutation ABC. EFG d:: 
LKC. ROG e:: the priſme KLCNMO. GRG TSV 
(for theſe are of equal altitude) f : : IBKLMN. PFO. 
RST, e wherefore the triang. ABC. EFG : : the priſme 
KLCMNO 4+- IBKLMN. the priſme QRG'TSV + 
PFQRST, Which ws to be dem. Bat 


0 KA, T0! pra Py ky eat. . hoes 


.  pmritey 
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af But if the pyramides MNOD, AILM ; and EPRS, 
? STVH be further divided; in like manner the four 
N new priſmes made hereby ſhall be to four produced be- 
5 fore, as the baſes MNO and AIL are to the baſes STV, 
4 and EPR, that is, as LKC to RO, or as ABC to EFG. 
1 5 wherefore all the priſmes of the pyramide ABCD 
are to all the priſmes of the pyramide EFGH as the 
0 baſe ABC is to the baſe EFG. hich was to be dem. 
5 A 
B C & 
Pyramides ABCD, EFGH, being of the ſame altitude, 
and hating triangular baſes ABC, EFG, are one to another 
as their bates ABC, EFG. 
| Let the triangle ABC EFG :: ABCD. X. Ifay X is 
ne equal to the pyramide EFGH. For if it be poſſible, 
er let X be EFGH. and let the exceſs be Y. Divide 
95 the pyramide EFH into priſmes and pyramides, and 
be the other pyramides in like manner, à till the pyrs. a 1. 10. 
N- left EPRS, ST'VH, be leſs than the ſolid V. Therefore 
n- ſince the pyramide EFGH = X ＋L Y, it is manifeſt 
id- that the remaining priſmes PFQRST\, QRGTSV are 
5 1 greater than the ſolid X, Conceive the pyramide AB- 
be CD divided after the fame manner; h then will be the b 4. 12. 
ch priſme IBKLMN -E KLCNMO. PFQRST + QRG- 1 
TSV :: ABC. EFG c :: the pyr. ABCD. X. d therefore c byp. 
nt XC the priſme PFQRST -+ QRGTSV; which is d 14. 5. 
le contrary to that which was affirmed before, = 
ne Again, conceive X Cc the pyr. EFGH. and make the 
22 pyr. EFGH. Y :: X. the pyr. ABCD e:: EFG. ABC. e hyp. and 
* Becauſe EFGH f N, g thence Y the pyr. AB- cor. 4. 5. 
* CD. which is ſhewn before to be impoſſible. Therefore f ſuppoſe 
ne I conclude, that X is equal to the pyr. EFGH. 1 bich g 14. 5s 
* was to be demonſtrated, : | DW 


3 PROP. 


1 
| 
1 
: 
1 

| 


| 
| 
} 
' 
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PROP. VI 


DI K 


Pyramides ABCDEF, GHIK LM, being of the ſame al- 
titude, and having polygonous baſes ABCDE, GHIKL, are 
to one another as their baſes ABCDE, GHIKL are 

Draw the right lines AC, AD, GI, GK. then is the 
baſe ABC. ACD a: : the pyr. ABCF. ACDF, 4 therefore 
by compoſition, ABCD. ACD: : the pyr. ABCDE. AC- 
DF. but alſo ACD ADE :: the pyr. ACDF. AD¹EF. 
therefore by equality ABCD ADE :: ABCDE. AD- 
EF, and b thence by compoſition AECDE ADE: : the 
pyr. ABCDEF. ADEF, moreover ADE, GKL d:: the 
pyr. ADEF GKLM; and as before, andinverſely GL. 

HIKL :: the pyr. GELM. GHIKLM c therefore a- 
gain by equality ABCDE. GHIKL : : the pyr. ABCD- 
EF. GHIKLEM. FH hich «vas to be dem. 

1 If the baſes have not ſides 
of equal multitude, the de- 
monſtration will proceed 


thus. The baſe ABC. GHI e 


B e : : the pyr. AB CF. GHIK. e 
and ACD. GHI:: the pyr A- 

C 2 CDF. GHIK, ftherefore tlie 

DIE T . baſe ABCD. GHI:: the pyr. 


ABCDF. GN IR. Moreover the baſe ADE.GHT :: the 
pyr. ADEF. GHIK. f therefore the baſe ABCDE. GHI 


the pyr. ABCDEF. GHIK. 


PROP. VIL 
Every priſme, ABCDEF, hav- 


D ing a triangular baſe, may be di- 
E 8 E vided into three pyrs. ACBF, AC- 
DF,CDFE, equal one to the other, 


and having triangular baſes. 
Draw the diameters of the parallelograms AC, CF, 

FD. Then the triangle ACB is a = ACD. 6 therefore 

5 the 
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che eee of equal height ACBF, ACDE. are equal. 

In like manner the pyr. DFAC the pyr. DFEC, but 

ACDF and DF AC are one and the fame pyr. c therefore c 1. ax. 1 
the three pyramides ACBF, ACD F, DF EC, into which N 
the priſme is divided, are equal one to the other. hich 
was to be demonſtrated. 

Hence, every pyramide is the 
third part of the priſme that has 
the ſame baſe and height with it, 
or every priſme is treble of the . 
pyramide that has the ſame baſe 
and height with it. | 

For reſolve the polygonous 


e | 
priſme ABCDEGHIK F into tri- 
e angular priſmes; and the pyr. AB- 
8 CER into triangular pyramides; D 
7 a then all the parts of the priſme ſhall be treble to all a 7. 12. 
I, the parts of the pyramide,b conſequently the whole priſ- b 1. 5. 
N me A CDEGHIKF is treble to the whole pyr. AB- 
e CDEH. bich «vas io be dem. | 
. 
© | PROP. VIIL 
20 
J- 
es 
e. 
ed 
le &> 
. e 


. * 


2 7 


ramides ABCD, EFGH, which have triangular 


Likeþ 
yr. b RC EFG — . . 8 * . 
5 aſes , are in triplicate ratio of their homolo- 
I] gous ſides AC, EG. 


a Compleat the parallelpps. ABICDMKL, EFNG- a 23. 11s 
HQOP, which b are like, and c ſextuple of the pyra- bg def. 13. 
mides ABCD, EFGH. d and «therefore the pyrs. have c 28. II. 
the fame proportion to one another as the parallelpps. and 7. 12. 


. have, that is, e triplicate of their homologous ſides. d 15. 5. 
C- | | | S AM 
| | | Coroll, | 

I Hence, alſo like polygonous pyramides are in tripli- 

F cate ratio of their homologous ſides; as may be eaſily 

. proy'd by reſolviug them into triangular pyramides. 


= | Ra PROP. 


"1 
; 
Ne 
' 
4 


— C - . 
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PROP, IX. 
See the prec. Scheme i 


In equal pyramides ABCD, EF GH, having triangular 


baſes ABC, EFG, the baſes and altitudes are reciprocal; 


A I. cor. 12. 
& ſch. 4. 
. 

b 7. 12. 


And pyramides having triangular baſes, whoſe altitudes and 
baſes are reciprocal, are equal, 

1 Hyp The compleated parallelpps. ABICDMKL, 
EFNGHQOP are a ſextuple of the equal pyramides AB- 


z. CD, EFGH (each to each) and ſo equal one to the 


other, therefore the altitude (H.) the altitude (D) 6 :: 


© ABIC EFNG C:: ABC. EFG. W hich was to be dem. 


2 Hyp. The altitude (H.) the altitude (D) d:: ABC. 
EFG e:: ABIC EFNG f therefore the parallelpps. 
ABICDMKL, EFNGTIQOP are equal, g conſequent- 
ly alſo the pyramides ABCD, EFGH being ſubſe xtuple 
of the ſame, are equal. V hich was to be dem. 

The ſame is applicable to polygonous pyramides, for they 
may alſo in like manner be reduced to triangulars, 


Coroll. 


IV hatſoever is dem. of pyramides in prop. 6, 8, 9 does 
likewiſe agree to any ſort of priſmes; ſeeing they are triple 
of the pyramides that have the ſame baſe and altitude with 
them. Therefore | 

1. The proportion of priſmes of equal altitude is the 
ſame with that of their baſes 25 

2. The proportion of like priſmes is triplicate of 
that of their homologous ſides. | 

3- Equal priſmes have their baſes and altitndes reci- 
procal; and priſmes which are ſo reciprocal ; are equal. 


Schol. 


From what has been. hitherto dem. the dimenſion of 
any priſmes and pyramides may be collected. 

a The ſolidity of a priſme is produced from the al- 
tude multiplied into the baſe; h and therefore likewiſe 
that of a pyr. from the third part of the altitude mul- 
tiplied into the baſe. gy | 


PROP, 


r /// WY AO OT DoS T9 


the half of the ſegment of the cyl. AFB, continue an e- 12. 
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PROP. X. 


Every Cone is the third part of a cylinder having the ſame 
baſe with it ABCD, and the altitude equal. 
If you deny it, then firſt let ſuch cylinder be more ges the fe- 
than triple to the cone, and let the exceſs be E. A priſ- ,,,.1 feure 
me deſcribed on a ſquare in the circle ABCD a is ſub- of this Book. 
duple of apriſme deſcribed upon a ſquare about the cir- 4 ſcb. 3. 4. 
cle, being equal to it and the cylinder in height. There- 4d cor. 9. 
fore a priſme upon the ſquare, ABCD exceeds the half 12. 
of the cylinder, and likewiſe a priſme upon the baſe h. 27:4." 
AFB, of equal height to the cylindars, h is greater than and cor. g. 
qual biſection of the arches, and ſubſtract the priſmes til 
the remaining ſegments of the cyl. namely, at AF, FB, 
Ec. become leſs than the ſolid E. Therefore the cyl. 
— ſegm. AF, FB, c. (the priſme on the baſe AFBGCH- « 5. ax. I. 
Die ts greater than the cyl. — E (d the triple of the q byp. =» 
cone) therefore the pyr. e a third part of the ſaid prif- e g. 7. 12. 
me (being placed on the ſame baſe, and of the ſame * 
height) 1s greater than the cone of equal height on the 
baſe ABCD a circle, i. e. the part greater than the whole. 
FW bich is abſurd. | 5 | | 

Bur if the cone be affirmed to be greater than the 
third part of the cyl. then let the exceſs be E. Detract 
the pyrs. from the cone, as you did in the firſt part 
the priſmes from the cyl. till ſome ſegments of the cone 
remain, ſuppoſe at AF, FB, BG, c. leſs than the ſolid 
E therefore the cone —E( f ; of the cyl.) H the pyr. 
AFBGCHDI (the cone — ſeg. AF, FB, e) therefore 
the priſme triple to the pyr. (viz. of equal height, and 
on the ſame baſe) is greater than the cyl. on the baſe 
ABCD, the part than the whole. V hich is abſ. Where- 


fore it muſt be granted, that the cyl is equal to triple 


of the cone. // bich was to be dem. F 


2 30. 3. and 
1. poſt. 


Ccor. 2. I2. 


d byp. 


E 4.5. 
1% & by 


inverſion. 


8 14- 5: 
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PROP. XL 


mu! 


Cylinders and Cones ABCDK, EFGHM, being of the 
2 altitude, are to one another as their baſes ABCD, EF- 
are. 
Let the circle ABCD. the cir. EF GH:: the cone AB- 
CDE. N. I ſay N is equal to the cone EF GIM. 
For if it be poſſible, let N be == the cone EFGHM, 
and let the exceſs be O. The preparation and argumen- 


tation of the prec. prop being ſuppoſed; then ſhall O 


be greater than the ſegments of the cone EP, PF, FO, 
Ec. and fo the ſolid N — the pyr. EPFQGRHSM. In 
the circle ABCD a make a like polyg. fig. ATBVCXDY, 
Becauſe the pyr. ABVYK. the pyr. EFQSM 2 the 
polygon AT BVV. the polygon EPFQS c :: the circle 
ABCD the cir. EFGFI d:: the cone ABCD K. N. e thence 
the pyr. EPFQGRIBSM ſhall be - N. contrary to 
what was affirmed before. Again conceive N cc the 
cone EFGEHM. and make the cone EFGHM. O:: N. 
the cone ABCDK F:: the cir. EFGH. ABCD. g& there- 
fore O the cone ABCDE. ; which is abſurd, as ap- 
pears by what is ſhewn in the firſt part. 

Therefore rather admit ABCD. EFGHI: : the cone 
ABCDK. EFGHM. HM hich was to be dem. ä 

The ſame may be dem. of cylinders, if cylinders an 


priſmes be conceived in the place of cones and pyra- 


mides. therefore, & c. Schol. 
Hence, is gathered the dimenſion of all ſorts of cylin- 


ders and cones. The ſolidity of a right cyl. is produced 


a I. Prop. de 
demenſe cir. 
11. 12. 
e 10. 12. 


from the circular baſe (a the dimenſion whereof is to 
be learnt out of Archimedes) multiplied into the height; 
b whence in like manner that of every cylinder. 
Therefore the ſolidity of a cone is produced from the 
third part of the altitude multiplied into the baſe. 55 
| ke 


diameters of their baſes, 


Eucrtine's Elements, 
PROP. XII. 


2 A 2 0 

1 , 
G DP ( 
k XL S 


Like cones and cylinders ABCDK, EFGTIM, are in tri- 
plicate ratio of that of the diameters TX, PR, of their ba- 
{es ABCD, EFGH. 

Let the cone A have to Na triplicate ratio of TX to 
PR. I fay N is — the cone EFGHM. For if it be poſ- 
ſible let N be EFGHM, and let the exceſs be O, 
therefore N Athe pyr EPFQGRHSM. Let the axes 
of the cones be IK, LM, and join the right lines VK, 
CK, VI, CI, and QM, GM, QL; GL. Becauſe the cones are 
like, a thence VL IK :: QL, LM. but the angles VIK, 
QLMbare right angles, c therefore the triangles VIK, 
QLM are equiangular, d whence VC. VI:: QG QL. 
alſo VI. VK:: QL QM. therefore by equality VC VK 
:: Q& QM. e moreover VK. CK :: QM MG. there- 
fore again by equality VC. CK : : QG. GM, f therefore 
the triangles VEC, QM are like; and by a like way 
of reaſoning the other triangles of this pyr.are like to 
the other of that, g wherefore the pyrs. themſelves 
are like þ But theſe are 1n triplicate proportion of that 
of VC to QG, & that is, of VI to QL, /or TX to PR. 
m therefore the pyr. ATBVCXDYK. the pyr. EPFQ- 
GREHSM :: the cone ABCDK. NM whence the pyr. 


_ EPFQGREHSM N. which is repugnant to what was 


affirmed before. es 

Again, take N (— the cone EFGHM. make the cone 
EFGHM, O:: N. the cone ABCDKo: : the pyr. EPRM. 
ATCK p:: GQ. YC thrice ::: q PR. TX thrice, there- 
fore Oris D ABCDK. which was before ſhewn to be 
repugnants Wherefore N= the cone EFGHM. / hich 
was to le dem, | 

But foraſmuch as what proportion ſoever cones have, 
alſo cylinders, being triple of them, have the ſame ; 
therefore cyl. ſhall be to cyl. in triplicate ratio of the 
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b 11. 12. 


C II. 12. 
d 6. def. 5. 


A 11. 12. 
. 


* apply 9, 
and 7. 12. 


2 14. 12. 
d conſtr. 
c byp. 
a = 12. 
e hyp. 
C1412, 
g 11. 5. 
Ri 12. 
k 9 5. 
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FROP MME 

Fa cyl. ABCD be divided by a plane 
EF parallel to the oppoſite planes BC, 
AD, then as one cyl. AEF D is to the 
other cyl. EBCF, ſo is the axis GI to 
the axis IH. 

The axis being produced, a take 
GK Gl, and HE — IH — LM. 
and conceive planes drawn at the 
points K, L, M, parallel to the cir- 
cles AD, BC, ö therefore the cyl. 

ED the cyl. AN, and the cyl. EC 
b — BO b Op. therefore the cyl. 
EN is the ſame multiple of the cyl. 

ED as the axis IK is of the axis IG. and in like manner 

the cyl. EP is the ſame multiple of the cyl. BF, as the 

axis IM is of the axis IH. but as IK is , =, IM, 

c ſo is the cyl. EN =, N=, — EP. d therefore the cyl. 

AEF D. the cyl. EBCF :: GI. IH. V hich was to be dem. 

PRG 
GS D | Cones AEB, CFD, and cylin- 


ders AH, CK, inſiſting upon equal 


| baſes AB, CD, are to one anothey 
A B K 40 their altitudes ME, NF. 

| The cyl. HA, and the axis EM 
being produced, take ME — 
O PC D FN; and thro' the point L draw 
a plane arallel to the baſe AB, a then ſhall the cyl. AP 
DEED K. b but the, = AH. AP. (CK): : ME. ML 

F. hich ab dem. ä 

5 Aer e rmed of cones which are ſubtri. 
ple of cylinders; * as alſo of priſmes and pyramides. 


: KPR OP. XV. | 
:.N $ In equal cones BAC,EDF and cy- 
ES GC IHinders BH, EK, thebaſes and alti- 


tudes are recipro. (BC. EF : : MD. 
LA.) Aud cones and cylinders, 
e whoſe baſes and altitudes are reci- 
B E trocal, are equal one to the other. 
If the altitudes be equal then the baſes are equal too, 
and the thing is evident. If. unequal, then take away 
10 —LA. ' | 

M 1. Hyp. Then is MD. MO (a LA)b:: the cyl. EK. (c 
BH) EQ 4: : the cir. BY EF. Which was to be dem. 


— 


8 BC. EF e:: DM. OM (LA) f:: the cyl. EK; 
Q's Be. Ef h 5 BH. EQ. k Therefore the cyl. EK 


| 5 5 
8 Oy = 155 uſed for cones. Two 
J he fame argument n male N 


Eucripr's Elements. 


= PROE AYE 
Two unequal circles ABCG, 
DEF, having the ſame center 
M, to inſcribe in the greater cir. 
ABCG a polygonous fig. of equal 
and even ſides, which ſhall not A 
touch the leſſer cirle DEF. 
Thro' the center M draw 
the line AC cutting the cir. 
DEF in F, from whence raiſe | 
a perpendicular FH. a divide the ſemicircle ABC in- 
to two equal parts; and the half thereof BC alſo; and fo 
do continually, b till the arch IC becomes leſs than the 
arch HC. from I let fall the perpendicular IL. It is ma- 
nifeſt that the arch IC i the whole circle, and 
that the number of arches is even, and ſo that the ſub- 
rended line IC is the fide c of the polygon that may be 


inſcribed without touching the leſſer circle DEF. For 


HG 4 touches the circle DEF, e to which IK is paral- 
lel, and placed outwardly; F wherefore IK docs not 
touch the circle DEF; much leſs do CT, CK, and the 
other ſides of the. polygon more remote from the cen- 
ter. Which was to be done. | 
Coroll. Obſerve that IK touches not the circle DEF. 
PROP. XVII. 
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c. ſch.16.4; 


d cor. 16.3. 
e 28. 1. 
f 34. def 1, 
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Tao ſpheres ABCV, EFGH, conſiſting about the ſame 
center D, being given, to inſcribe a ſolid of many ſides (or 
Polyedron) in the greater ſphere ABCV, which ſball not 
touch the ſuperficies of the leſſer ſphere EFGH. 

Let both the ſpheres be cut by a plane paſſing thro' 
the center, making the circles EFGH, ABCV; and the 
diameters AC, BV drawn, cutting derpendicularly. In 
the circle ABCV, à inſcribe the equilateral 6 on 
VMLNC, &c not touching the circle EFGH - Then 
draw the diameter Ne, and ere& DO perpendicular 
to the plane ABC thro' DO, and thro' the diameters 
AC, Ne, conceive planes DOC, DON erected, which 
ſhall be h perpendicular to the circle ABCV, and fo in 


the ſuperficies of the ſphere make c the quadrants DOC, 


DON. In which let the right lines CP, PQ, QR, RO, 
NS, 8 T, Ty, yO d be fitted, equal, and of equal multi- 


tude with CN, NL, & make the ſame conſtruction in 


the other quadrants OL, OM, &. and in the whole 
ſphere. 'Then I fay the thing required 1s done. 

From the points P, S, to the plane ABCV draw the 
perpendiculars PX, SY, e which ſhall fall on the ſec- 
tions AC, Næ Therefore becauſe both f the right an- 
gles PXC, SYN, e and PCX, SNY infifting on h equal 
circumferences, f are equal, the triangles alſo PCX, 
SNY h are equiavgular Wherefore ſince PC k — N, 
] alſo is PX = SY, I and XC YN; m whence DX 
— DY, » and therefore DX. XC :: DY. YN. o there- 
fore XX, NC are parallels, but becauſe PX, SY are e- 


qual, and ſince being perpendicular to the ſame plane 


ABCV, they are alſo p parallels, therefore XX, SP 
ſhall be equal and parallels, » whence SP, NC, are pa- 
rallel one to the other; and ſo the / quadrilateral NC- 
PS, and for the ſame reaſon SPQT), 'TQRG, as alſo the 
t triangle yROare fo many planes In like manner the 
whole ſphere may be ſhewn full of ſuch quadrilaterals 
and triangles, wherefore the figure inſcribed is a po- 
lyedron. 
From the center D draw DZ. perpendicular to the 
plane NCPS; and join ZN, Z C, Z8, ZP. Becauſe DN. 
NC x :: DV. XX, thence NC is y c X( SP.) and in 
like manner SPH. L, and TQt＋ = R. And becauſe 
the angles DZ. C, DZ. N, DZS, DZ P > are right, and 
the ſides DC, DN, DS, DP, à equal, and DZ, common, 
b thence Z. C, Z. N, Z.8, ZP are equal one to the other; 
and conſequently about the quadrilateral NC PS, c a ci TD 
cle 


Mu eas . ea... es OE oo en og 5, 
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cle may be deſcribed, in which (becauſe NS, NC, CP, 

are d equal, and NC © SP) NC e ſubtends more than d conſtr. 
a quadrant, f therefore the angle NZC at the center is e 28. 3. 
obtuſe, g therefore NCq © 2 ZCq(Z£q+ZNa) f 33. 6. 
Let NI be drawn perpendicular to AC, therefore ſince g 12. 2. 
the angle ADN (þ DNC + DCN) & is obtuſe, the half h 32. 1. 
of it DON ſhall be greater than the half of a right an- Kk 9 ax. I. 
gle; and ſo that which remains of the right angle CNT I 5.1. 
ſhall be leſs than it, » whence IN © IC, therefore n 19. 1. 
NCq (NIq - ICq) o -2 2 INq. therefore IN & C, o 47. 1. 
and conſequently DZ. p > DI. but the point I is g with- p 47. 1- 
out the ſphere EFGH. and fo, much more, the point Z. q cor. 16. 
wherefore the plane NCPS, (of which y the neareſt point 12. 

to the center is Z,) does not touch the ſphere EF. 1. 
And if a perpendicular Dq be drawn to the plane SP. 

QT, the point J, and fo alſo the plane SPQT is yet 

further removed from the center, which is alſo true of 


the other planes of the polyedron. Therefore the po- 


lyedon ORQPCN, &. inſcribed in the greater ſphere, 
does not touch the leſſer. ¶ Hich was to be done. 
| Coroll. 

Hence it follows, that if in anv ether ſphere a ſolid po- 
lyedron, like to the aboveſaid ſolid polyedron, be inſcribed, the 
proportion of the polyedron in one ſphere to the polyedron inthe 
other is triplicate of that of the diameters of the Spheres. 

For if right lines be drawn from the centers of the 


| ſpheres to all the angles of the baſes of the ſaid polye- 


drons, then the polyedrons will be divided into pyrs. 

equal in number and like; whoſe homo. ſides are ſemi- 
diameters of the ſpheres ; as appears, if the leſſer of 

theſe ſpheres be conceived deſcribed within the greater 

about the ſame center, For the right lines drawn from 
the center of the ſphere to the angles of the baſes will 

agree one to the other by reaſon of the likeneſs of the 

baſes ; and ſo will like pyramides be made, Wherefore 

ſince every pyr. in one ſphere to every pyr. like it in the 

other ſphere a has proportion triplicate to that of acor. S. 12. 
the homologous ſides, that is, of the {emidiameters of 

the ſpheres ; and ö as one pyr. is to one pyr fo all the b 12. 5. 
pyrs.that is, the ſolid polyedron compoſed of theſe, are 

to all the pyrs. that is, the ſolid polyedron compoſed of 

the others; therefore the polyedron of one ſphere ſhall 

have to the polyedron of the other ſphere, proportion 
triplcate of that of the ſemidiameters, c and ſo of the c 15. 52 


diameters of the ſpheres, 


PROP. 


+> 
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Dcor 17.12. 
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d 14. 5. 
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PROP. XVIII 
FI BS 
"a 


heres BAC, EDF, are in triplicate ratio of their dia- 
meters BC, EF. 

Let the ſphere BAC be to the ſphere G in tripli. pro- 
portion of that of the diameter BC to the diameter EF. 
Iſay G ELF. For if it be poſſible, let & be = EDF. 
and conceive the ſphere & concentrical with EDF. In 
the ſphere EDF à inſcribe a polyedron not touching 
the ſphere G, and a like polyedron in the ſphere BA 


* 


Theſe polyedrons b are in triplicate proportion of the 


diameters BC, EF, c that is, of the ſphere BAC to G. 


d conſequently the ſphere G is greater than the polye- 


dron inſcribed 1n the ſphere EDF, the part than the 
whole. 

Again, if it be poſſible, let the ſphere G be - EDE. 
and as the ſphere EDF is to another ſphere , ſo let & 
be to BAC, e that is, in triplicate proportion of the di- 
ameter EF to BC, therefore ſince BAC f Ce H, we ſhall 
incur the abſurdity of the firſt part, wherefore rather 
the ſphere G EDE. Which was to be dem. 


Coroll. = 
Hence, as one ſphere is to another ſphere, ſo is a 
polyedron deſcribed in that to a like polyedron deſ- 
cribed in this, | 


The end of the twelfth Book, 
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PROPOSITION-L 


F a vight line 2 be divided according to extreme and 
mean proportion (2. a :: a. e.) the ſquare of the half 
of the whole line 2, and of the greater ſegment a, as 

one line, is quintuple to that which is deſcribed of half of 
that <vhole line 2. 


Ifay Q. a+ T z =5Q: | 48 
za==2Z2 4 22 b or aa ＋ 2a = . 


= 22. For zeza cz. and ze Q aa. e therefore aa d Ip. and 


Ta zz. Which was to be demonſtrated. | 16. 6. 
| e 2. ax. and 
PRO P. II. I. AX. 


See the Iſt Scheme, 


If a right line æ 2 Ta be in power quintuple to a ſegment 
of ze ſelf 4 2. the line double of the ſaid ſegment (2) being 
divided according to extreme and mean proportion, the 
greater ſegment is (a) the other part of the right line at 
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* 4.2 I ſay 2 4: a.e, Becauſe by the hyp. * aa ＋ 4 22. F 
A 2. 2. Za-= 22 ＋ 4 2z; or aa ＋ zazzzz a= ze|2a, b thence i 
b 3. ax. t. ſhall aa be = ze, c wherefore z. a:: a. e. Which was to 1 
c 17. 6. be demonſtrated. | | 
| 7 
PR OFF. H. 0 
ff a right line 2 be divided according to extreme and P. 

mean proportion (Zz. a : : a. e.) the line made of the leſs. ſeg- 
ment e and half of the greater ſegment a, is in power f 
quintuple to the ſquare, evhich is deſcribed of the half line a 
of the greateſt ſegment a. | : 


A 4. 2. : IfayQ:e+ia=5;Q: 
D Jo if. Z a: 4 that is ee ＋ 4 aa + ea 4 
3 4 E =aa. + aa. b or ee-þ ea be 


d byp. and Tor ee — ea c = ze da. Nhicb was to be demon- 


17. 6. ſtrated. PROP IV 


If a right line 2 be cut according to extreme and mean 
proportion (Zz a :: a. e) the ſquare made of the euhole line 2, 
and that made of the leſſer ſegment e, both together, are 


7 the ſquare made of the greater ſegment a. 
triple of the ſquar . 


a 4. Is TE 3. a or aa ＋ ee +2 ae bee 

b 3. 2 1 =3 aa. For ae | ee b= 
- A 1 

C 17. 6. ze c aa. d therefore aa 


d 2. ax. T2 ae T2 ee 3 aa. Mbich was to be demonſtrated. 


PROP. v. 


according to extreme and 2 
mean proportion in C, and a line AD, equal to the greater 25 
ſegment BC, added to it, the whole rigbt line DB is di- 8. 

vided according to extreme and mean proportion; and the | 
greater ſegment is the right line AB given at the begin- = 

ning. 1 

a Hf. For becauſe AB. AD 4a :: AC. CB. and by inverſion | B 
AD. AB :: CB. AC. therefore by compoſition DB. AB by 
: AB. AC (AD.) Which <vas to be demonſtrated. 21 
. A 
But if BD.BA : : BA. AD. then ſhall be BA.AD. ::AD. my 
BA—AD, For by dividing BD—BA (AD) BA : : BA ” 
AD. AD. therefore inverſely BA. AD : : AD, BA— AD. 7 


4 Pk, | PR OP. 


is DC N. DA. g therefore DC— AD, that is, AC, is a 


77000 ͤ 5 5 3 
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VFD 

. BI #4 rational right line 
| Os AB be cut according to ex- 
treme and mean proportion in C, either of the ſegments (AC, 
CB) is an irrational line of that kind which is called a- 
potome or reſidual. | 
To the greater ſegment AC à add AD = E AB. 5 1 = 


therefore DCq= 5 DAq. c therefore DCq N- DAq. con- 5 10 
ſequently d ſince AB, e and fo the halt thereof DA are p, 7 5 BY 
likewiſe DC is p. Bur becauſe 5. I :: not Q. Q. F thence : 3 


10. 
l 
g 74. 10. 


reſidual line. Further, becauſe ACq þ = AB x BC, an 
AB is p, 7 likewiſe BC is a reſidual line, Which was to 


be demonſtrated, | 3 
PROP. vl. 


198. 10. 


If three angles of an equilateral pentagone ABC DE, aube- 
they they follow in order, (EAB, ABC, BCD,) or not, (EAB, 
BCD, CDE) are equal, the pentagone ABCDE fall be 
equiangular. : 

Let the right lines BE, AC, BD, be ſubtended to the 


equal angles in order. | | 
Becauſe the ſides EA, AB, BC, CD, and the included 


angles a are equal, h therefore ſhall the baſes BE, AC, à hyp, 


BD, c and the angles AEB, ABE, BAC, BCA, be e- b 4. 1. 
qual. 4 Wherefore BF =P A, e and conſequently FC== c 4. and 5. 
FE ; therefore the triangles FCD, FED, are equilateral 1. 
one to the other: f whence the angle FCD =FED. g d 6. 1. 
conſequently the angle AED==BCD. In like manner e 3. ax. I. 
the angle CDE is equal to the reſt ; wherefore the pen- f 8. 1. 
tagone is equiangular. Which as to be demonſtrated, Bu g 2. ax. Is 
8 2 | ut 
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N. 1. 
. 
a. . 


a 14. 4. 
b 28. 3. 
3. 
t. 
e 33. 6. 
f 6. 1. 

g 27. 3. 
h 4. 6. 
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But if the angles EAB, BCD, CDE, which are not 
in order, be ſuppoſed equal, 6b then ſhall the angle AEB 
be BDC, and BE BD. k and thence the angle BED 
==BDE. 1 conſequently the whole angle AED CDE, 


therefore becauſe the angles A, E, D, in order, are equal, 


as before, the pentagone ſhall be equiangular. Which ævas 


to be demonſtrated. 


FNr. II. 


If in an equilateral and equiangu. 
lar pentagone ABCDE, two right lines 
B BD, CE, ſubtend tao angles BCD, 
CDE following in order, thoſe lines do 
cut one another according to extreme 
and mean proportion ; and their great- 
er ſegments BF or EF are equal to the 
ſide of the pentagone BC. 

a Deſcribe about the pentagone the circle ABD, 6 
The arch ED is BC, c therefore the angle FED==FDC.d 
therefore the angle BFC=2 FCD (FCD FDC.) But the 
arch BAE is—2 ED, and conſequently the angle BCF. 8 
==2 FCD = BFC. f wherefore BF BC. Which avas to 
be demonſtrated. Moreover, becauſe the triangles BCD, 
FCD, are g equiangular. V therefore BD. DC (BE.) :; 
CD. (BF. ) FD. and likewiſe EC. EF: : EF. FC. Abich 


was to be demonſtrated. | 
. 


If the fide of an Hexagone RE, 
and the (ide of a Decagone AB both 
deſcribed in the ſame circle ABC, be 
added together, the whole rigbt line 

C AE is cut according to extreme and 
mean proportion (AE. BE:: BE. AB) 
and the greater ſegment therefore is 

1 e ſide of the Hexagone BE. 

Draw the diameter ADC, and join the right lines 


a Hp. aid DB, DE. Becauſe the angle BDC a = 4 BDA and the 


$5: 3. 
. 


angle BDC U 2 DBA (DAB + DBA) thence ſhali 


DBA (b DBE+BED) c be = 2 BDA4=2BDE, whence 


c 7. ax. 1. the angle DBA or DAB Se S ADE. Therefore the tri- 


. 


angles ADE, ADB, are equiangular : f wherefore AE. 


e l. ax. 1, AD (g BE) :: AD. (BE.) AB. Which 4vas to be demon- 
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Coroll. 
Hence, If the fide of a hexagone in a circle be cut 
according to extreme and mean proportion; the greater ch, 5, 13. 
ſegment thereof ſhall be the ſide of the decagone in the | 
ſame circle, | 


PROP. X 


If an equilateral Pen- K A 
ragone ABCDE be inſcri- ,, 
Sa 


H 
bed in a circle ABCE, the . 
ſide of the pentagone AB 2 
containeth in power both E 


the ſide of a hexagone FB, 
and the fide of a deca- F 
gone AH inſcribed in the 1 
ſame circle. , 

Draw the diameter b 
AG, and biſect the arch C 'D 


FK, FH, FB, BH, HM. 


The ſemicircle AG — the arch AC a = AG — AD. a28.3.and 


that is, the arch CG = GDb= AH==HB. therefore the 3. ax. 
arch BCG== 2 BHK; c and ſo the angle BFG =2 BEK. b ip. and 
d but the angle BFG= 2 BAG. e therefore the angle 7. ax. 
BFK = BAG. Wherefore the triangles BFM, FAB, Fe 33. 6. 
are equiangular. g whence AB, BF : : BF. BM. 5 there- d 20. 3. 
fore AB Xx BM =BFq. Moyeover the angle AFK &= el. ax. I. 
HFK, and FA==FH. m wherefore ALz=LH, m and the f 32. 1. 
angles FLA, FLH are equal, and fo right angles, there- g 4. 6. 
fore the angle LH M 22 = LAMA HBA. therefore the h 17. 6. 
triangles AHB, AMH, o are equiangular; wherefore k 27. 3. 
AB. AH :: AH. AM. 7 therefore AB XxX AM = AHq. m 4. 1. 
Since therefore ABq r = AB x BMA AB x AM, / thence n 27. 3. 
ABq=BFqÞAHq. Which was to be demonſtrated. © 32. 1. 
| Coroll, p 4 6. 

1. Hence, a right line (FK) which being drawn q 17. 6. 
from the center (F) divides an arch (HA) into two equal r 2. 2. 
ſegments, does alſo divide the right line (HA) ſub- f 2. ax. 


| tending that arch perpendicularly into two equal ſeg- 


ments. | | 
2. The diameter of a circle (AG.) drawn from any 
angle (A) of a pentagone, does divide equally in two, 
both the arch (CD,) which the (ide of the pentagone 
oppoſite to that angle ſubtends, and alſo the oppoſite 

lide ic ſelf (CD) and that perpendicularly. 
| S 3 Schok, 
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b conſtr. 
E. 
* 
e 17. 6. 
fog. 13. 
g 10. 13. 
h 47. Is 


. 


* 10. 6. 


a cor. 10. 


. 


1. 
e 4. 6. 
d 15. 5, 
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Schol, 


Here, according to our promiſe, wwe ſhall lay down 4 
ready praxis of the 11 prop. of the 4 Book. 8 
| FEE Probl. 


„ 


To find out ibe ſide of a pentagone to be inſcribed in a 
circle ADB. . 6 | 

Draw the diameter AB, to which erect a perpendi- 
cular CD at the center C, divide CB equally in 
and make EF = ED. then DF ſhall be the fide of the 

entagone. „ . 

For BF x FC ECq a = EFq b= EDq c= DCq + 
ECq. d therefore BF x FC Dq or BCq. e wherefore 
BF. BC. :: BC. FC. therefore fince BC is the (ide of a 
hexagone, F FC ſhall be the fide of a decagone. Con- 
ſequently DF þ =// DCq+FCq g is the hide of a pen- 
tagone. Which wwas to be done, | | 
. „. 

A Fin a circle ABCD, whoſe 
diameter A, is rational, an 
equilateral pentagone be inſcri- 
bed ABCDE ; the ſide of the 
pentagone AB 1s an irrational 
line of that kind which is cal- 
led a minor line. 

Draw the diameter BFH, 
and the right lines AC, AH; 

- | and * make FL of the ra- 

dius FH; and CM==+ CA, | 

' Becauſe the angles AKE, AIC, are à right angles, and 
CAI common, the triangles AKE, AIC, are 6 equian- 


gular : c therefore CI. FK c :; CA. FA (FB) d:: CM. - | 


Un 4 


4 in a 


pendi- 
in E, 
of the 
Cq + 
erefore 
e of a 
Con- 

a pen- 


, whoſe 
nal, an 
e inſeri- 
ä of the 
rational 
bh is cal. 


« q BFH, 
GAN; 
the ra- 


es, and 
equian- 
Fl. 
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FL. therefore by permutation FK. FL:: CI. CM 4 :: 
CD. CK (2 CM) and fo by e compoſition CD CK. CK e 18. 5. 
: KL. FL. f conſequently Q: CD CK. (g 5 Ckꝗ) f 22. 6. 
CKq :: KLq. FLq. therefore. KLq=5 FLq. wherefore if g I. 13. 
BH (b) be taken 8, FH ſnall be 4, FL I, and FLq 1, 
BL 5, and BLq 25, KLq 5. by which it appears that 
BL and KL are p þ T3-,k and fo BK is a reiidual, and h 9, 10. 


EKL. its congruent or adjoining line. but ſince BLq= k 74. 10. 


KLq. = 20. I thence BL Tx / BLq= KLq * whence | 9. 10. 
BK ſhall be a fourth reſidual line. Therefore becayſe *4 def. 85, 
ABq m is = HB x BK, * ſhall AB be a minor line. 10. 


Which <vas to be demonſtrated. m cor. 8.6. 
PROP, XII. and 17. 6. 
If in a circle ABEC an equila- n 95. 10. 


teral triangle ABC be inſcribed, 
the fide of that triangle AB us in 
powver triple to the line AD drawn 
yum D the center of the circle to 
the circumference, | C 
The diameter being extend- * SW” 
ed to E, draw BE. Becauſe the | 
arch BE a==EC, the arch BE is 4 
the ſixth part of the circumference, b therefore BRE. 13 
hence AEq c = 4 DEq (4 BEq) d =ABq+ BEq( + b 5 13 
ADq.) e conſequently ABq = 3 ADq. Which was to be | | 2 
demonſtrated, d = * 


Ec 3. ax, T, 


co. 10. 


- | Coroll. 
I. AEq. ABq :: 4. 3. 
2. ABq. AFq :: 4. 3. F For ABq. Aq: AEq. ABꝗ. , og 
3. DF=FE. For the triangle EBD g is equilateral, þ 3 


and BE perpendicular to ED. þ therefore EF=FD. 2 
4+ Hence, AF = DETDF = 3 DF. h cor. 3. 3. 


PRO P. XIII. 


pd 


To deſcribe a pMamid EGFI, and comprehend it in a 
ſphere given : and to demonſtrate that the diameter of the 


ſphere Az is in power ſeſquialtey of the ſide EF of the py- 


rami d EGFI, | 
| $ 4 About 
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About AB deſcribe the ſemicircle ADB;' 4 and let 
AC be =2 CB. From the point C ere& the perpendicu- 
lar CD, and join AD, DB, then at the interval of the ra- 


b cor. 1 5. 4. dius HE CD deſcribe the circle HEFG, 6 wherein in- 


C 12, II. 


d 3. Io 


ce conſtr. 


4 r. 

g 20. 6. 
2. ax. 

k 12. 13. 

11. ax. 1. 


m 8, ax. 1. 


n 15. de,. i. 


.. 
11. 

o cor. 8. 6. 
p conſer, 


9 Iz. 13. 


1 conſtr. 


ſcribe the equilateral triangle EFG. from H c eret IH 
A perpendicular to the plane EFG, produce IH to 
K, d ſo that IK AB; and join the right lines IE, IF, 
IG, Then EFGI ſhall be the pyramid required. 

For becauſe the angles ACD, IHE, IHF, IHG, e are 
right angles; and CD, HF, HF, HG e equal, e and 
IH=AC ; F therefore AD, IE, IF, IG, ſhall be equal 
among themſelves. But becauſe AC (2 CB.) CB g:: ACq. 
CDq. thence ſhall ACq be =2 CDq. therefore ADq 
f = ACq+CDqhb =3 CDq = 3 HEqk=—EFq. I there- 
fore AD, EF, IE, IE, IG are equal, and ſo the pyramid EFGLI 
is equilateral, Bur if the point C be placed upon H, and 
AC upon HI, the right lines AB, IK, 2 ſhall agree, as 


being equal. Wherefore the ſemicircle ADB being drawn 


about the axis AB or IK » ſhall paſs by the points E, F, G, 
* and fo the pyramid EFGI ſhall be inſcribed in a ſphere. 
Which avas to be done, | 
Alſo it is manifeſt that BAq. ADq o:: BA. AC p:: 3. 2. 
Which was to be demonſtrated, 


Coroll, | 

1. ABq. HEq: : 9. 2. For if ABq be put 9, then 
ADq (EFq) ſhall be 9. q conſequently HEq ſhall be 2. 

2. If L be the center, then ſhall AB. LC : : 6. I. For 
if AB be put 6, then AL ſhall be 3. 7 and thence AC 4 
wherefore LC ſhall be xz. Hence, | 

3. ABHI::6.4: :3. 2, whence 

4. ABq. Hlq :: 9. 4. 


„„ 


L Jo deſcribe an Oct aedron 
KEFGDL, and comprehend it 
& in the given ſphere, wherein 
a pyramid is : and to de- 
monſtrate that AH, the dia- 
meter of the ſphere, 1s in 
power double of AC, the ſide 

D of that Octaedron. 
About AH deſcribe the 
K ſemicircle ACH. and from 
the canter B erect the perpendicular BC, draw AC, WG 
2 then 
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then upon ED AC à make the ſquare EFG D, whoſe a 46. 1. 
diameters DF, EG, cut in the center I. from I. draw 

IL=AB b perpendicular to the plane EFGD. produce b 12. 11. 
IL c till IK IL. and join KE, KF, KG, KD, LE, LF, c 3. 1. 
LG, LD; then ſhall KEFGDL be the Octaedron re- 

uired, | = 

k For AB, BH, FT, IE, &c, being ſemidiameters of equal 

ſquares are equal one to the other. d whence the baſes d 4, 1. 
LF, LE, FE, &c. of the right angled triangles LIE, LIE, 

FIE, &c. are equal, and conſequently the eight trian- 

gles LEE, LFG, LOD, LDE, KEF, KFC, KGD, KDE, 

are equilateral, e and make an Octaedron, which may e 25. def. 
be inſeribed in a ſphere, whoſe center is I. and IL or 11. 

AB the radius. (becauſe AB, IL, IE, IK, &c. F are equal.) f conſtr. 
Which was to be done, Moreover, it is evident that AHq 

(LKq) g = 2 ACq (z LDq.) Which was to be demon- g 47. 1. 
ſtrated. | | 


Coroll. 


1. Hence it is manifeſt, that in the Octaedron the 2 
three diameters EG, FD, LK do cut one the other perpen- 
dicularly in the center of the ſphere. | 
2. Alſo, that the three planes EFGD, LEKG, LFKD 
are ſquares, cutting one another perpendicularly. _ 
The Octaedron is divided into two like and equal 
pyramids EFGDL, and EFGDK, whoſe common baſe is 
the ſquare EFGD.' | | 
4, Laſtly, it follows that the oppoſite baſes of the 15. 1g. 
Octaedron are parallel one to the other, = 


PROP. xv. 


To deſerile a cube B 
EFGHIKLM, and com- 
prehend it in the ſame 
ſphere, wherein the for- 
mer figures were ; and to | 
demonſtrate that AB the P de. 
diameter of the ſphere 1s | | 
in power triple to EF the A 
fide of that cube. : | 
pon AB deſcribe a ſemicircle ACB; à and make a 10. 6. 
AB ; DA, from D raiſe the perpendicular DC, and 
join BC and AC. Then upon EF==AC b make the b 46. 1. 
ſquare EFGH, upon whoſe plane let the right lines ET, 2 
FK, HM, GL, ſtand perpendicular, being equal to EF, 

ED, | and 


* — — 
8 8 = 3 * 
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and connect them with the right lines IK, KL, LM, 1M, 

The folid EFGHIKLM, is a cube, as is ſufficiently ap- 

parent from the conſtruction. : 

In the oppoſite ſquares EFKI, HGLM, draw the dia- 

meters EK, FI, HL, MG, through which let the planes 

EKLH, FIMG be drawn, cutting one another in the line 

c cor, 39, NO. which c ſhall divide equally in two parts the diame- 

11. ters of the cube EL, FM, GI, HK, in P the center of the 

d 15. def. cube. d therefore P ſhall be the center of a ſphere paſſing 

1, and 14. through the angular points of the cube. Moreover, 

def. 11. ELqe=EKqKLqe==3 KLyq, for 3 ACq. but ABq. 

e 47. 1. ACq g:: BA. DA F:: 3. 1. ö therefore AB = EL. 

f conſtr. wherefore we have made a cube, &c. Which was to be 

g coy. 8. G. dane. 

h 14. 5. Coroll, : 

| I. Hence it 1s manifeſt that all the diameters of the 

cube are equal one to another, and do equally biſect one 

another in the center of the ſphere. And for the ſame 

reaſon the right lines which conjoin the centers of the op- 

polite ſquares are biſected in the ſame center, | 

2. The diameter of a ſphere containeth in power {the 

k 47. 1. fide of a tetraedron and of a cube, viz. ABq k==1 BCq 


. m ACq. 
m 15. 13. 


PROP. XVI. 


]Fereſaid ſolids; and to demonſtrate 
that FG the fide of the Icoſaedron is 
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To deſcribe an Icoſaedron ZoHIXK A 5 
FIVXRST, and encompaſs it in the 
ſphere, auherein ere contained the 


that irrational line, which is ſcal- 
led a minor line. 

Upon AB the diameter of a 
ſphere deſcribe the ſemicircle ADB; 


and à make AB—'5 BC. then a 10. 6. 
from C ere& CD perpendicular, and h 
draw AD and BD. At the di- 
ſtance EF=BD deſcribe the cir- 
cle EFKNG ; b wherein inſcribe the b 11. 4. 


equilateral pentagone FKIHG, Di- & 
vide equally in two parts the ar- 

ches FG, GH, &c. and join the right lines FL, LG, &c. 

being the ſides of a decagone. 'Then c erect EQ, LR, c 12. 11. 
Ms, NT, OV, PX equal to EF, and perpendicular to the | 
plaſſe FKNG ; and connect RS, ST, TV, VX, XR; as 

alſo. FX, FR, GR, GS, HS, HT, IT, IV, KV, KX. Laſts 

ly, produce EQ, and take QY=FL, and EZ = FI, 

and conceive the right lines ZG, ZH, ZI, ZK, ZF to be 

drawn; as alſo IV, VX, YR, YS, YT. Then I fay the 
Icoſaedron required is made. 8 

| For becauſe EQ, LR, MS, NT, OV, PX, are d equal d conſtr. 


and e parallel, alſo choſe lines that join them EL, OR, e 6. 11, 


EM, OS, EN, QT, EO, QV, EP, QX, F are equal and f 33. r. 
parallel. And thence likewiſe LM (or FG) RS, MN, 
ST, &c. are equal one to the other. g therefore the plane g 15. xx, 
drawn through EL, EM, &c. is equidiſtant from the 

lane paſſing through QR, Qs, &c. þ and the circle h 1. def. 3. 

XRSTV drawn from the center Q 1s equal ta the cir- 

cle EPLMNO ; and RSTVX is an equilateral pentagone. 
But EF, EG, EH, &c. and QM, QR, QS, &c. being con- K 47. r, 
ceived to be drawn; then becauſe FRq k= FLq—+ LRq, 
] or EFq m = FG. u therefore FR, FG, and 5 all Rs, I confer, 
FG, FR, RG, GS, GH, &c. ſhall be equal one to the o- m 10. 13, 
ther, and conſequently the ten triangles RFX, RFC, n. ſcb. 48. 1. 
RGS, &c. are equilateral and equal. Moreover, becauſe and 1. ax. 
XQY is a o right angle; therefore XYq p=QXq+ o cor. 14. 
QYq q= VXq or FGq. wherefore XY, VX, and like- 11, 
wiſe IV, YT, YS, YR, ZG, ZH, &c. are equal. There- p 47. 1. 
fore other ten triangles are made, cquilateral and _ 310,13 
„ Oy | bot 


284 De Thirteenth Book of 


both to one another, and to the ten former; and ſo an 

Icoſaedron is made. | 
Moreover, divide equally EQ in a, draw the right 

r 15. def. 1. lines, a F, a X, & V; and becauſe QX == Q, and 
| & Q the common fide, and EQX, EQV are right an- 

4. 1. gles, / therefore ſhall a X be S V; and for the ſame 
reaſon all the lines a X,aR,aS,aT,aV, & F, aG, 

t 9. 13. & H, al, & K are equal. But becauſe ZQ. QE ? : : QE. 
u 3.13. ZE. therefore Zaq u=5 Eq x== EQq (EF q) + Eaq 
X 4. 2. q. therefore Za F. in like manner aF =Ya. 
y 47. 1. therefore the ſphere, whoſe center is æ and F the ra- 
+ dius, ſhall paſs through the 12 angular points of the Ico- 


ſaedron. | 
. Laſtly, 2 becauſe Za, & E:: ZI. QE; a and fo Zaq, 
222.6, Eq :: ZYq. QEq. b therefore ZYq N QEq, or 5 BDq: 
b 14. 5. but ABq. BDqc:: AB. BC:: 5. 1. d therefore ZY = 
c cor, 8. 6. AB. Which was to be done. Therefore if AB be put p, 
d 1. ax. I. e then EF=y/ AB x BC ſhall be alſo þ, and conſequent- 
e /ch. 12. ly FG the fide of the pentagone, and likewiſe of the Ico- 
10. facdron, f is a minor line, Which was to be demonſtrated, 
t. 13. | | 
Coroll. 

1. From hence is inferred, that the diameter of the 
ſphere 1s in power quintuple of the ſemidiameter of the 
circle encompaſſing the five ſides of the Icoſdedron. 

2. Alſo it is manifeſt that the diameter of the ſphere 
is compoſed of the fide of a hexagone, that is, of the ſe- 
midiameter, and two ſides of the decagone of a circle en- 
compaſſing the five ſides of the Icoſaedron. | 

3. It appears likewiſe that the oppoſite ſides of an Ico- 


2 33. 1. ſaedron, ſuch as RX, HI, are parallels, For RX 4 is 


b /ch. 26. parallel to LP, 6 parallel to HI, 
z. | : 


PROP, 
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To deſcribe a Dodecaedron, and comprehend it in the ſphere 
Wherein the former figures were comprehended-; and to de- 
monſtrate that the fide RS of the Dodecaedron is an irratio- 
nal line of that ſort which is called an apotome or reſidual 
line. EL 

Let AB be a cube inſcribed in the given ſphere, and 
let all the ſides thereof be divided equally in the points 
E, H, E, G, K, L, &c. and join the right lines KL, MH, 
HG, EF. a make HI. I Q:: IQ. QH; and take NO, Aa 30. 6. 
NP, =IQ. then erect OR, PS, perpendicular to the 
plane DB, and QT to the plane AC; and let OR, PS, 
QT, be equal to IQ, NO, NP. whence DR, RS, SC, 
CT, TD, being connected, DRSCT ſhall be a pentagone 
of the Dodecaedron required. For draw NV parallel to 
OR, and having drawn NV out as far as the center of the 2 47. 1, 
cube X, join the right lines DS, DO, DP, CR, CP, HV, b 7. ax. 1. 
HT, RX. Becauſe DOq a=DKq (bKNq) + KOqec=3 c 4. 13. 
ONq (3 ORq) d thence DRqz 4 ORq e = OPq, or, RSq. d 47. 1. 
therefore DBR RS. By a like way of reaſoning DR, e 8 
RS, SC, CT, TP are equal. But becauſe OR f is =and f conſt, 96. 
g parallel to PS, e ae RS, OP, and conſequently RS, 1 I. 
DC ſhall be alſo parallels. ö therefore theſe with thoſe 533. I. 
that conjoin them DR, CS, VH, are in one and the an Fo. . 

; / Plane. 


2868 The Thirteenth Book of | 
k 7. 11. plane. Moreover, becauſe HI, IQ k: : IQ. (ro. QH 
k confer. :: HN. NV. and both TQ, HN, and QH, NV & are 
16. 11. perpendicular to the ſame plane, I and fo alſo parallels, 
m 32. 6. m THV ſhall be a right line. » therefore the Trapezium 
n I, and 2. DRSO, and the triangle DTS are in one plane extended 
11. through the right lines DC, TV. o therefore DT CSR is 
© 5. 13. A pentagone, and that alſo equilateral, by what is ſhewn 
p 47. 1. Already. Furthermore, becauſe PK. KN: : KN. NP; and 
q I. ax. 2. DSq p=DPq+PSq (PNq) =p DKq+PKq+ NPg, 9 
and 4. 13+ thence On 3 KNq=4 DKq(4DHq)r—=DCgq. 
r 4.2. therefore DPS DC. whence the triangles DRS, DCT, 
18. 1. are equilateral one to another, f therefore the angle 
DRS = DTC, and likewife the angle CSR =DCT, 
therefore the & pentagone DTCSR is alſo equiangular. 
Moreover, becauſe AX, DX, CX, &c. are ſemidiameters 
t 15. 13. of the cube, ? thence is XN==IH, or KN, # and fo 
u I. ar. I. XV KP; wherefore becauſe RVX, is a x right angle, 
2 thence RX q XVqRVq (NPq) =KPq+NPgq 


1 


. 
4 * 1. 4==3 KNqb==AXq or DXq, &c. therefore RX, AX, 
a 4. 13. DX, and for the fame reaſon XS, XT, AX, are equal 
b 15. x3. one to another. And if by the ſame method whereby 


the pentagone DTCSR was made, twelve like penta- 
gones, touching the twelve ſides of the cube, be made, 

they ſhall compoſe a Dodecaedron; and a ſphere paſſing 
through their angular points, whoſe radius is AX, or 
RX, ſhall comprehend that Dodecaedron. Which Was to 
be done. | 


Laſtly, becauſe KN. NO c:: NO. OK, d thence KL. 


c conſt O. ( a 
d 15. 8. OP:: OP. OK PL. Therefore if AB the — of 


e 15. 13, the ſphere be ſuppoſed ß, then ſhall KL e = =o F be 


o_ . alſo p. g whence OP, or RS the fide of the 8 
„mall be a reſidual line. Which cas to be demonſtrated, 
1 | Coroll. | 
From this demonſtration it follows, 1. That if the fide 
of a cube be cut in extreme and mean proportion, the 
reater ſegment ſhall be the fide of the Dodecaedron de- 
cribed in the ſame ſphere, | 
2. If the lefler ſegment of a right line, cut in extreme 
and mean proportion, be the fide of the Dodecaedron, 
the greater ſegment ſhall be the {ide of the cube inſcribed 
in the ſame ſphere. _ 5 
3. It is manifeſt alſo, that the ſide of the cube is equal 
to the right line which ſubtendeth the angle of a penta- 
gone of the Dodecaedron infcribed in the ſame 175 ; 


— — 


oY 


Ph ky ly » % 1 


2 
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-R OP. XYDL 
To find out the fides of | . 
the five precedent figures, 
and compare them together. 
Let AB be the dia- 
meter of the ſphere gi- 
ven, and AEB the ſemi- 
circle, and let AC be 
a = AB, and ADG 
AB. then erect the per- 
pendiculars CE, DF, and 
BG = AB. join AF, AE, 
BE, BF, CG; and let : — 
fall the perpendicular HI * Ms = 
from H, and CK being taken equal to CI, from K ere& 
the perpendicular KL, and join AL, Lafily, c make AF. c 30. 6. 
AO: : AO. OF. | 
Therefore 3. 2 4: : AB. BD e:: ABq, BFq the fide of d conftr. 
a Tetraedron. and 2.1 ::4 AB. AC:: ABq. BEq F the e cor. 8.6, 
fide of an Octaedron. | f:44: 23; 
Alſo 3.14d:: AB. ADe :: ABq. AFq. g the fide of g 15. 13. 
an Hexaedron, | ; h confer. 
Moreover, becauſe AF. AO h:: AO. OP. & thence k cor, 17. 
ſhall AO be the fide of a Dodecaedron. Laſtly, BG, 13. 
(2 BC.) BC I:: HI. IC, m therefore HI=2 CI A= Kl. 1 4. 6. 
therefore HIq o=4 CIq. conſequently CHq p=5 Clq m 14. 5. 
7 therefore ABq= 5 Klq. v therefore KI, or HI is a radi- n conftr. 
us of a circle encloſing the pentagone of an Ieoſaedron; o 4. 2. 
and AK or IB r is the (ide of a decagone inſcribed in the p 47. I. 
ſame circle. T whence AL ſhall be the fide of a penta- q 15. 5. 
gone, # and alſo the fide of an Icoſaedron. Whereby it r cor. 16. 
appears that BF, BE, AP are p Y... and AL, AO f Th, 13. 
and BF —BE, and BE —AF, and AF r-AO. And be- f 10. 13. 
cauſe 3 AFq=zABquz=5 KLq, and AF x AO AF xt 16, 13. 
OF, x and fo AF x AO AF x OF 2 AF xx OF, y that u 1. 6. 
is, AFqz2 2 AOq: 4 thence ſhall 3 AFq (5 KLq) be x 4. ax. 1. 
6 AOq. conſequently KL c AO and much rather y 1.2. 
AL - AO. 2 17. 6. 
That we may expreſs theſe ſides in numbers; If AB a 47. 1. 
be ſuppoſed / Go, then, reducing what is already ſhewn | 
to ſupputation, BF== 40, and BE zo, and AF 
=+4/20. Alſo AL=y/30o—y 180 (for AK=y 15 
-V. and KL (HI) =y/ 1z:) Laſtly, AO=y/: 30 
—y 500 n =) 
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| Schol. . 

It 7s very apparent that beſides the five aſoreſaid figures, 
there cannot be deſcribed any other regular ſolid figure (viz. 
ſuch as may be contained under ordinate and equal plane 

gures.) | 

4 For three plane angles at leaſt are required to the con- 
ſtituting of a ſolid angle; à all which muſt be leſs than 
four right angles. 5 But 6 angles of an equilateral tr 
angle, 4 of a ſquare, and 6 of a hexagon, do ſeverally 
equal 4 right angles; and q of a pentagon, 3 of a hep- 
tagon, 3 of an octagone, &c. do exceed 4 right angles: 
Therefore only of 3, 4, or 5 equilateral triangles, of 3 
ſquares, or 3 pentagones, it is poſſible to make a ſolid 
angle. Wherefore beſides the five above mentioned, 
there cannot be any other regular bodies. | 


Out of P. Herigon. 


The Proportions of the ſphere and the five regular figures 


inſcribed in the ſame. 


Let the diameter of the ſphere be 2, then ſhall the 
peripherie or circumference of the greater eircle, 
be 6. 28318. | 

The ſuperficies of the greater circle, 3. 14159. 

The ſuperficies of the ſphere, 12. 56637. 

The ſolidity of the ſphere, 4. 1879. 


The fide of the tetraedron, t. 62 299. 
The ſuperficies of the tetraedron, 4. 6188. 
The ſolidity of the tetraedron, o. 15132, 


The ſide of the hexaedron, 1. 1547. 
The ſuperficies of the hexaedron, 8. 
The ſolidity of the hexaedron, 1, 5396. 


The fide of the octaedron, 1. 41421. 
The ſuperficies of the octaedron, 6. 92 82. 
The ſolidity of the octaedron, 1. 33333. 


The fide of the dodecaedron, o. 71364. 
The ſuperficies of the dodecaedron, 10. 51452, 
The ſolidity of the dodecaedron, 2. 78516, 


The 
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The ſide of che Icoſaedron, 1. 05146. 
The germ of the Icoſaedron, 9. 57454. 
The Wlidity of the Icoſaedron, 2. 33613. 


Tf five equilateral and equiangular figures, like theſe in 


#he ſchemes, beneath, be made .of Paper, and rightly folded, 
they will repreſent the five regular Bodies. 


| 


a 
UU 
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| T Perpendicular line DF dyawwn | 
| A from D the center of a circle 
| S ABC to BC the ſide of a pen- of 
+ tagone inſcribed in the 2 * 7s 70 
nt the half of theſe two lines taken toge- and 
: j | ther, viz. of the ſide of the hexagone 5C 
=. DE, and the ſide of the decagone EC q 
= | 4 inſcribed in the ſame circle ABC. Ft 
3 4. Take FG==FE, and draw CG: 4 AB 
„ b 5. 1. Then CE is = CG. therefore the angle CGE U —= CEG ſo 
1 c 32.1, be ECD. therefore the angle ECG c = EDC. d==+ OP, 
i d Þyp. and ADCe=4 CED (4 ECD.) F conſequently the angle 5 C 
4 | 33.6 GCD=ECG=EDC. g wherefore BG = GC ( CE. ) {cri 
1 | 2 20. 3. therefore DF CE (DG) ＋EF —DET CE: SE: Which = 
þ | | Te aX. dpa tobe demonſtrated, * | 5 
1 | g 6. 1. que! 
d. — ny | 1 


A G B GC If two right lines AB, DE, are cut 
according to extreme and mean pro- 
D HH E F portion (AB, AG :: AG. GB. and DE, 
1—1 DH :: DH. HE.) they ſpall be cut af- 

ter the ſame manner, viz. in the 
a 17.6, ſame proportions (AG. GB:: DH, HE.) | 
b 8. 2. Take BC BG; and EF = EH. Then AB x BG is 
C l. ax. I. a= AGq. wherefore ACq b AABGT-AGq c=5AGq. 
d 22.5. In like manner ſhall DFq = 5 PHq. d therefore AC. 
and 22. 6. 1 AG 


— — 
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AG ;: DF. DH. whence by compounding Ac -A G. AG 
:.; DF DH. DH. that is, 2 AB. AG:: 2 DE. DH. e e 22. 5. 
* conſequently AB, AG:: DE. DH; F whence by diviſion f 17. 5. 
K AG. GB:: DH. HE, Which «vas to be demonſtrated, : 


PK OP;. IE 
42 


RAE 
— 


——— — K 
) 


. The ſame circle ABD comprehends both ABC DE the pen- a ſcb. 47. 1. 
tagone of a Dodecaedron, and LMN the triangle of an b 20, 6. 
Icoſaedron inſcribed in the ſame ſphere. | C47. 1. 
Draw the diameter AG, and the right lines AC, CG. d 4. 2. 
and let IK be the diameter of the ſphere, à and IKq = e 1c. 13. 
5 OPq. b and make OP. OQ :: OQ. QP. Becauſe A f 2, and 
Cq+CGq c Aq d =4FGQ; and ABqe=FGq4CGq. 3. ax. 
f thence ACqþABqzzs FGq. moreover, becauſe CA. g 8. 13. 
AB g:: AB.CA—AB,; and OP. OQ:: OQ. QP. 5 and h 2. 13. & 
ſo CA. OP:: AB. OO. & therefore 3 ACq (1IKq.) 5 16. 5. 
OPq ( IKq) :: 3 ABq. 5 OQ(q. therefore 3 AB k 22. 6. & 
70g. But becauſe ML » is the fide of a pentagone in- 4. 5. 
ſcribed in a circle, whoſe radius is OP, thence 15 115. 13. 
RMq. o==5 MLq p==5 OPqb5 O == 3 ACqH+ m cnftr. 
3 ABq q==15 FGq. r therefore RM==FG, / and conſe- n cor. 16. 
quently the circle ABD is to the circle LMN. Which 13. 


7645 to be demonſtrated. | o 12. 13. 
| p Io. 13. 

are cut q 15. 5. 
n pro- and above. 
1d DE. „ * before. 
ut af- ö 1 I. ax. Le 
in the | and ſchol, 
| 48, 1. 
BG 1s 1 5 3 . de,. 3 
Aq. 3 ENO 
'e AC. N 
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|| . 9 
| dre 
| : Tco 
if ; 8 E ſb 
ii A 
i q 1 clo! 
1 _ 
If from F the center of a circle encompaſſing the penta- _ 
gene of a Dodecaedron ABCDE, à perpendicular line FG be per 
drawn to one ſide of the Pentagone CD; the refttangle con- 51 
tained under the ſaid fide CD and the perpendicular FG, EE: 
being thirty times taken, is equal to the ſuperficies of a by 
Dodecaedron. Alſo, | : BD 
If from the center L of a circle incloſing the triangle of 8 
an Icoſaedron HIK, a perpendicular line LM be draaun to ſha! 
one fide of the triangle HR, the rectangle contained under ficii 
the ſaid fide HK and the perpendicular LM, being thirty dro 
times taken, ſball be equal to the ſuperficies of an Tcoſae- 
dron. ; 
a 8. 1. Draw FA, FB, FC, FD, FE. à then ſhall the trian- 2 
gles CFD, DFE, EFA, AFB, BFC be equal, but CD ext 
b 41. 1. FG b=—2 triangles CFD. therefore 30 CDX GF c== they 
c 15.5, G60 CFDd =12 pentagones ABCDE e =to the ſuperfi- tain 
4 6. ax, cies of a Dodecaedron. Which was to be demonſtrated, m 
e 17. 3. Draw LI, LH, LK; then HK x LM f is: triangles and 
f 41. 1. LHX. therefore 30 HK x LM g== 60 HLK = 2O HIK 5 grea 
g 15. 5. e to the ſuperficies of an Icoſaedron. Which wan to be righ 
h 16. 13. | demonſtrated, er 1 
who 
Coroll. | 380; | 7s 71. 
| | BG 1 
K 1.5. CDX FG. HKxX LM k: : the ſuperficies of a Dodecae- ſpbe. 
| aron to the ſuperficies of an Icoſaedron. | 11 
| BFC 
; the | 
the 
fore 
Eq. i 


5 5 E NO 


cae- 


OP. 


EvcLiiDEe's Elements. : 293 


PROF: YV, 


Me ſuperficies of a Dodecae- 
dron hath to the ſuperficies of an 
Teoſaedron inſcrib'd in the ſame 
ſphere, the ſame proportion that 
H the ſide of a cube hath to AD 
the ſide of an Icoſaedron. 

Let the circle ABCD à en- 
cloſe both the Pentagone of a 
Dodecaedron, and the triangle 
of an Icoſacdron; whoſe ſides | 25 
are BD, AD. upon which from the center E let fall the 
perpendiculars EF, EGC ; and draw CD. ng 

Becauſe EC4-CD, ECb:: EC. CD. thence EG. b 9. 13. 
( ECXI CD.) EF (dL EC) e:: EF. EG—EF.q 1. 14. 


(+ CD.) but H. BD :: BD. H—BD. g therefore H. d cor. 12. 


BD :: EG. EF. conſequently H Xx EF = BD X EG. 13. 


wherefore ſince H. AD h:: HX EF. ADX EF. k thence e 15. 5, 


ſhall be H= AD:: BDX EG. AD Xx EF 1:: the ſuper- f cor. 17. 
ficies of a Dodecaedron to the ſuperficies of an Icoſae- 13. 


dron. Which quas to be demonſtrated. g 2. 14. 
8 PR OP. VI. h 1. 6. 
; k 7. 5. 


If a right line AB be cut in 
extreme and mean proportion, 
then as the right line BF, con- 
taining in power that which is 
made of the whole line AB, 
and that which is made of the 
greater ſegment AC, 15 to the 
right line E containing in pow- | 1 
er that which is made of the + . E 
whole line AB, and that which 


Hor. 4. 145 


i 
i made of the. leſſer ſegment BC; ſo is the ſide of the cube 


BG to the ſide of an Icoſaedron BK inſcribed in the ſame. 
ſphere with the cube. „ 3 
In the circle, whoſe ſemidiameter is AB, inſeribe 
BFGHI the pentagone of a Dodecaedron, and BRL. 
the triangle of an Icoſaedron, 4 wherefore BG ſhall be 
the fide of a cube inſcribed in the ſame ſphere ; there- 5 . 
fore BKq b==3 ABq; and Eq =; ACq. therefore BKg. 5 ; x 
Eq. d:: ABq. Acq e:: BGq, BFq. wherefore by per- 4 . 
mutation BG q. BKq :: BFq. Eq. F. whence BG. BK:: ee 
BF. E. Which was to be demonſtrated. ian 8 
55 T. 3 . FN > 


a cor. 17. 
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a 3. 14. 
b 47. 7. 


© 5. and 6. 


„ 


4574. 


b 45. 1. 


d 12. 13. to be demonſtratedt. 
E 1. def. 3. s * 


* 


The Fourteenth Book, &c. 


PROP. VII. 


4 Dodecaedron is to an Icaſaedron, as the ſide of a Cube 
7s to the fide of an Icoſaedron, inſcribed in one and the 


ſame ſphere, 


Becauſe à the ſame circle comprehends both the pen- 
tagone of a Dodecaedron, and the triangle of an Icoſae- 
dron, þ the perpendiculars drawn from the center of the 
ſphere to the planes of the pentagone and triangle, ſhall 
be equal one to another. Therefore if the Dodecaedron 
and Icoſaedron be conceived divided into pyramids, 
right lines being drawn from the center of the ſphere 
to all the angles, the altitudes of all the pyramids ſhall 
be cqual one to the other. Wherefore ſince the pyra- 
mids. are c of equal height with the baſes, and the ſu- 
perficies of the Dodecaedron is equal to twelve penta- 
gones, and the ſuperficies of the Icoſaedron to twenty 
triangles, the Dodecaedron ſhall be to the Icoſaedron, as 
the ſuperticies of the Dodecaedron is to the ſuperficies of 
the Icoſaedron, d that is, as the ſide of the cube is to the 


fide of the Icoſaedron. 
| PROP. vin. 


F JI)0be ſame circle BODE 


comprehenads 


r 
D We tb ſphere. 


both the 


ſquare of the cube BCDE ; 
and the triangle of the 
ofFaedron FER inſcribed 
in one and the ſame 


: | Let A be the Liane 
a 15. 13. ter of the ſphere. Becauſe Aqazzz BCq b=6 Blq; 
and alſo Aq c=2 GFq; d==6 KFq; thence ſhall BI 


The End of the Fourteenth Book, 


rcle CBED=GFH. Which was 


THE 
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rns 
Cube ES 
| the 5 
FIFTEEN TH BOOK 
pen- : | 2 | 
ofae- 5 
f the O F | 
ſhall : | 
dron : | 
nds EUCELIFDB*'s 
here | 
ſhall | | 
pyra- | 
= LEMENTS 
enta- | | 8 
7enty | 85 
n, as —_— _ | ; | PE, 
1es of | 
o the FROFOSTTLION EL 
E __- I\ 
BCDE | 
the 
CDE; D 
f the 
cribed | 
Jams = * 
iame- — 
Bla; A. B 
11-BI 
das | 5 ; 
7 T. < oſs given ABGHDCFE to deſcribe a pyramid 
C. | 
From the angle C draw the diameters CA, CG, 
CE; and conne& them with the diameters AG, GE, EA. 
** which are 4 equal among themſelves, as being the 3 47. 1. 
iameters of equal ſquares: therefore the triangles CAG, 
CGE, CEA, EAG are equilateral and equal ; and con- 
ſequently AGEC is a pyramid, which inſiſts upon the 
1 angles of the cube, and therefore 6 is inſcribed in it, b 3. def. 
2 Which wwas to be done. 1 * 5 
T 4 FER OP. 


296 The Fifteenth Book of 


PROP. 1. ö 
In a pyramid given ABDC io de 
ſcribe an Octaedron EGKIPH. | 
à Biſect the ſides of the pyra- 


mid in the points, E, I, F, R, l 
i þ G, H, which join with the 12 E 
1 right lines EF, FG, GE, &c. All 7 
4. theſe are b equal one to the o- g 
FA ther ; conſequently the 8 triangles C 
kl EHI, IHK, &c. are equilateral and equal, and ſo make 8 
1 c. 27. def. c an Octaedron deſcribed d in the given pyramid. Which 1 
| Il. «vas to be done, | = = 1 d; 
d 31. def, | | I 
b, : ; PROP. UL th 
15 in 
A N G 
1 : | A 
| | ] ce 
| N = 
WW SZ N | 11 
3 a \ | o Q | ba 
V be 
cu — 
In a cube given CHGBDEFA to deſcribe an Oct aedron 
. 3 ET 

- +2 FR Connect * the centers of the ſquares N, P, Q, 8, O, R 

2 4. 1. With the twelve right lines NF, PQ, QS, &c, which 

b 37. and are 4 equal among themſelyes ; and ſo make 8 equila- 

27, def. 11. eral and equal triangles: wherefore b the Octaedron 

8 NPQSOR 6 is inſcribed in the cube. Mich was to be 
done. | Fo | 4 
1 
baſ 
tria 
line 


PROP, 


dron 


, R 


hich 


lila- 
ron 
'o be 


* 


EvUcL1DE's Elements. 
PROP, IV. 


In an Octaedron given AB 
CDEF, is inſcribe a cube. 
Let the ſides of the pyramid 
EABCD, whoſe baſe is the 
ſquare ABCD, be. biſeted by 
the right lines, LM, MN, NO, 
OL, which are à equal and 
5 parallel to the ſides of the 
ſquare ABCD. c then the qua- 
drilateral LMNO is a ſquare. 
In like manner, if the ſides of 
the ſquare LUNO be biſected 
in the points G, H, K, I, and 
GH, HK, KI, IG connected, GHKI ſhall be a ſquare. 
And if in the other 5 pyramids of the Octaedron, the 
centers of the triangles be in the ſame fort conjoined 
with right lines, then other ſquares will be deſcribed 
like and equal to the ſquare GHKl. wherefore ſix ſuch 
quares ſhall make a cube, which ſhall be deſcribed with- 
in an Octaedron, d ſince its eight angles touch the eight 
baſes of the Octaedron in their centers. Which wa #0 
be done. | Y 85 . | 


PROP. V. 


In an Icoſaedron given to inſcribe a Dodecaedron. 

Let ABCDEF be a pyramid of the Icoſaedron, whoſe 
baſe is the pentagone ABCDE ; and the centers of the 
triangles G, H, I, K, L; which connect with the right 
lines GH, HI, IK, KL, IG. Then GHIKL ſhall be a 
pentagone of the Dodecaedron to be inſcribed, , | 


== 


For 


d 31. def, 
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a cor. 3. 3. 


b 4. 1. 
1 
d 8. 1. 


e 4. 1. 


112.13. 


The Fifteenth Boot, &c. 


For the right lines, FM, PN, FO, Pp, FQ, paſſing 
through the centers of the triangles, à do biſect their ba- 


ſes. b therefore the right lines MN, NO, OP, PO, QM 


are equal one to the other; d whence alſo the angles 
MEN, NFO, OPP, PFQ, QFM are equal, therefore 
the pentagone GHIKL is equiangular, e and conſequently 
Ma — fince FG, FH, FI, FK, FE F are equal, And 
if in the other eleven pyramids of the Icoſaedron, the 
centers of the triangles be in like fort conjoined with 


right lines, then will pentagones equal and like to the 


pentagone GHIKL be deſcribed. Wherefore 12 of ſuch 
ntagones ſhall conſtitute a Dodecaedron ; © which alſo 
Il be deſcribed in the Icoſaedron, ſeeing the twenty 
angles of the Dodecaedron conſiſt upon the centers of 
the twenty baſes of the Icoſaedron. Whereby it ap- 

ars that we have deſcribed a Dodecaedron in an Icoſa- 
edroa given. Which cvas to be done. . 


* 


F 1 a. 


IX 


(299) 
bor ir horn rien 
DEFINITIONS. 


cs or Spaces, Lines, and Angles, to which we 
can find others. equal, are ſaid to be given in 


II. 4 Ratio is ſaid to be given, whey aue can Fnd it, 

or one equal to it. | 

III. Re#iline figures, whoſe angles are given, and alſo 

| the ratio of the ſides to one another, ave ſaid to be 
given in Species or Kind. 

IV. Points, Lines and Angles, which bave and keep always 
one and the ſame place and frtuation, are ſaid to be. 
given in Poſition or Situation. 

V. 4 Circle is ſaid to be given in Magnitude, when the 
ſemidiameter thereof is given in Magnitude. 

VI. A Circle is ſaid to be given in Poſition, and Magni- 

| tude, when the Center thereof is given in Poſt ition, and 
the ſemidiameter in Magnitude. 

VII. Segments of Circles, whoſe angles and baſes are 
given in Magnitude, are ſaid to be given in Magnitude. 
VIII. Segments of 4 Circle, whoſe angles ave given in 
Magnitude, and the baſes of the ſegments in Poſttion 

and Magnitude, are ſaid to be given in Poſition and 


IX. 4 Magnitude AB, is greater 
than another Magnitude C, by a A 
given Magnitude BD, when ba- 
ving taken away the given Mag- 
nitude DB, the reſt AD, is equal to the other Magni- 


X. A Magnitude AB, ts 72 than another Magnitude C, 
by a given Magnitude BD, when 
having added thereto the given 
Magnitude BD, the hole AD is 
equal to the other Magnitude C. 
XI. A Magnitude AB, is ſaid to be greater than Ja" 
Magnitude CB,by a given Mag- 
mitude AD, and in ratio, 
evhen taking from the ſame A 
Magnitude the given Magni- 
tude AD, the reſt DB, hath to the other . CB, 
a As ratio. f 
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a 1. def. 


EveL1D?'s DAT4 


XII. A Magnitude AB is ſaid to be leſs than anotber 
+ Magnitude BC, by a given 
A 1 Magnitude AD, and in ratio, 

D = 2 vhen the given Magnitude 
| AD being added thereto, the 

* ephole DB hath to theother Magnitude BC, a given ratio. 
XIII. A right line is ſaid to be drawn down from a given 


point, unto a right line given in Poſition, the right line 


being drawn in a given angle. i 

XIV. A right line is ſaid to be drawn up from à given 
point, to a right line given in Poſition, the right line be- 
ing drawn in a given angle. . 

XV. A night line is Salat 
auben it is drawn parallel thereto through a given point. 


PROPOSITION I. 


1 ˙ Magnitudes A and B being given, 
the ratio they have to one another A to 


: | B is alſo given. 


Demonſtration, .-For ſeeing that the Mag- 


ABCD nitude A is given, à we can find one equal 
thereto, which let be C. Again, foraſmuch 
as the Magnitude B is given, we can alſo find one equal 


to that, and let that be D. Therefore ſeeing that A is 


b 7. 5. 
C 16. 5. 
d 2. def. 


b 14. 5. 
c I, def, 


equal to C, and B to D, as A is to C, b'fo is B to D, 
and by permutation, c as ſhall be to B, fo C ſhall be 
to D. Therefore d the ratio of A to B is given, for 
it is the ſame ratio as of C to D, as we have found, 
and which ought to be demonſtrated. 1 


PROP. II. 

Ha given Magnitude A, hath to ſome other Magnitude 
B, à given ratio, that other Magnitude B, is alſo given 
in Magnitude, | | 
| Demonſt. For ſeeing that A is given, we 
can find one equal thereto, which let be 
C: And foraſmuch as the ratio of, A to B, 
is alſo given, we can find a one of the 
AB CD fame, Let it be found, and let the ratio 

| be of C ro D. Now ſeeing that as A is 
to B, oCis to D; and by permutation, as A is to 


C, ſo B is to D: But A is equal to C, therefore 5 B. 


ſhall be alſo equal to D. Therefore c the Magnitude B is 
given, ſeeing that thereto there hath been found one 


equal, to wit, th 


another vight line in Poſition, , 


pounded, that Magnitude AC, that is compound- 


'DE to DF; therefore the ratio of the ſame 


* Evclibx's DATA  gou 


If given Magnitudes AB and BC, are com- A D 


ed of them, Gall be alſo given. 
Demonftr. For ſeeing that AB is given, we BIE 

can find one equal to it, which let be DE. 

Again, ſeeing that BC is given we can alſo | | 

find one equal to that, which let be EF, C F 

Wherefore ſeeing that DE is equal to AB, 

and EF is equal to BC, the whole AC ' is equal to the , 2, g. 

whole DF. Therefore AC is given, ſeeing that DF is 

propoſed equal thereto. | 


1. 


ER OF. IV. 

If from à given Magnitude AB, there be ta- A D 
ken aqvay a given Magnitude AC, the remain- | 
ing Magnitude CB is alſo given. 
 Demonftr, Foraſmuch as AB is given, we C | F 
can find one equal thereto, which let be DE. | 
Again, ſeeing that AC is given, we can alſo 1 
find one equal to it, which let be DF. Seeing B E 
then that the Magnitude AB is equal to the 
Magnitude DE, and the Magnitude AC to the Magni- 
tude DF; the reſt CB à ſhall be equal to the reſt FE. a 3,ax.r. 
Whrefore CB is given, for. to it there hath been found | 
an equal, to wit, FE, „ | 


PROP. V. 

If a Magnitude AB, hath a given ratio to A 
ſome part thereof AC, it will have alſo a given 
ratio to the part remaining C. 

Demonſtr. Let DE be expoſed as a given 
Magnitude, and ſeeing that the ratio of the | 
Magnitude AB, to the Magnitude AC, is given, 

a we can find one of the fame, which let be B 2 2. def. 
DE to DF is given. But DE being given, ſo is þ alſo b 2. prop. 
its part DF ; and conſequently, c the reſt FE : Therefore c 4. prop. 


d ſeeing that DE and FE are given, the ratio of the d 1. prop. 


ſame DE to FE is alſo given. And foraſmuch as 

DE is to DF, as AB is to AC, and by converſion, as 

DE to FE, ſo AB is to CB, But the ratio of DE to 

FE, is given, as hath been demonſirated ; therefore the 19+ 5: 

ratio of AB to CB is alſo given, 
| N Scholium. 
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4 2. prop. 


b 3. prop. 
CI. prop. 


d 18. 5. 


#26 def. 


a 6, prop, 
b 2. prop. 


1 


Eb clip E'“ DAT A. 
Scholium, 


From this it is evident that if a Magnitude bath to ſome 
part thereof a given ratio, by diviſion, the ratio that one 
part bath to the other, Pall be alſo given. For ſeeing that 
as DE is to FE, ſo is AB to CB, by diviſion, as DF to FE, 
fo AC to CB. But it hath been demonſtrated that the parts 
DF and EF ave given, and conſequently their ratio 1s alſo 
given: In like manner, therefore, the ratio of AC to CB is 
given. : | 


PROP. VL 


A D if two Magnitudes AB and BC, having to 
| one another a given ratio, are compounded, 
the Magnitude AC compounded of them, ſball alſo 

B | E have a given ratio to each of them AB and BC. 
: Demonſt. Let the given Magnitude DE be 
| expoſed, and ſeeing that the reaſon of AB to 
C F BC is given; let there be made one and the 
| ſame of the ſaid DE to EF ; therefore the ratio 
of the ſame DE to EF is given; and therefore à the 
Magnitude DE being given, both the one and the other 
of them DE and FE, is given. Wherefore 6 the whole 
DF ſhall be alſo given. Therefore e the ratio of the 
ſame DF to each of them DE and EF, ſhall be given. 
And foraſmuch then as AB is to BC, ſo is DE to EF; 
by compounding, d as AC 1s to BC, fo is DF to EF: 
Therefore by converſion, as AC to AB, ſo is DFto 


DE. Therefore as the whole DF is to each of the other 
. Magnitudes DE and FE, ſo the whole AC is to each of 


the Magnitudes AB and BC. Therefore e the ratio of 


the ſame AC to each of the Magnitudes AB and BC is 


given. 

PROP. VI. ; 
i 5 If a given Magnitude AB be divided 
A — according to a given ratio AC to CB, 


each ſegment AC and CB is given. 
Demonſir. For ſeeing the ratio of AC ro CB is given, 
the ratio of a AB to each of them (AC and CB) is 
alſo given, But AB is given: Therefore ö each of the 
ſegments AC and CB is alfo given, 5 
| | : | PROP. 
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PROP, VIII. 

Magnitudes A and C, which have A D 
#0 one and the ſame a given ratio B, — 
Hall be to one another in a given B F 
ratio A #0 C. i : — 

Demonſtr. For let the given mag- C E 


nitude D be expoſed, and ſeeing 
that the ratio of A to B is given, 
let the ſame be done of the ſaid D to E. Now ſeeing 
that D is given, 4 E is alſo given. Again, ſeeing that a 2. prop, 
the ratio of B to C is given, let the fame be done of 
E to F. But E is given, and therefore F is alſo given. 
But ſeeing that D is given, 6 the ratio of the ſame D b 1. prop. 
to F is given; and ſeeing that as A to B, ſo D to E, 
and as B to C, ſo is E to F; in ratio of equality, c 22. f. 
as A is to C, ſo is D to F; but the ratio of DroF _. 
is given. Therefore the ratio of A to C is alſo 
given. 


NOR. TIX. 
F tevo or more magnitudes A, B, A D 
* and C, ave to one another in a given 
ratio, and that the ſame magnitudes B E 
A,B, and C, have to other magnitudes 
D, E, and E, given ratio's, although C F 


they be not the ſame, thoſe other 
magnitudes D, E, and F ſpall be alſo 
to one another in given ratio's, 
Demonſtr. Foraſmuch as the ratio of A to B is gt- 
ven, as alſo that of A to D, the ratio of D to B ſhall 
be given: But the ratio of B to E is alfo given; 
therefore the ratio of the ſame D to E ſhall be 1n like 
manner given. Again, ſeeing that the ratio of B to 
C is given, and alſo that of B to E, the ratio of E 


to C ſhall be given. But the ratio of C to F 13 alſo 


given. Therefore à the ratio of E to F ſhall be gi- 3 8. prop. 
yen, But it hath been demonſtrated that the ratio of | 
D to E is alſo given; and therefore h the ratio of D þ, g. prop. 
to F ſhall be given. Therefore the magnitudes D, E, 


and F are to one another in given ratio's. 


PRO. X. 
Fa magnitude AB, be "DF 
greater than another mag- A — 2 


nitude BC, by a given 
magnitude, and in ratio, tle magnitude AC compounded 


of 
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of both, ball be alſo greater than that ſame magnitude, by 
a given magnitude, and in ratio; but if that compound- 


N ed magnitude be greater than the ſame magnitude, by a | 
| given magnitude, and in ratio; either the remainder 27 
Hall be alſo greater than that ſame, by a given magnitude, a 
and in ratio; or elſe the ſame remainder is given with | 74 
he following, to which the other magnitude hath a given | 25 
ratio. 1 5 | 47 
i Diemonſtr. For ſeeing that AB is greater than BC by Sol 
a given magnitude, and in ratio, let the given mag- Fi, 
a 11. def. nitude AD be taken away. Therefore à the reaſon of |. re 
| the remainder DB to BC is given; and by compound- 1 
b 6. prop. ing, b the ratio of DC to BC is alſo given. But the | er 
magnitude AD is alſo given; therefore AC is greater : the 
than the ſame BC by a given magnitude, and in ratio. 1 
3 E Again, Let the mag- | the 
A- — C nitude AC be greater Le 
| than the magnitude BC, 5 of 
by a given magnitude, and in ratio: I ſay, that the SF the 
reſt AB, is either greater than the ſame BC by a given AE 
magnitude, and in ratio; or that the ſame AB, with 1 
that which followeth, to which BC hath a given = - 
ratio, is given. . ä 5 CD 
Foraſmuch as the magnitude AC is greater than the to! 
magnitude BC, by a given magnitude, and in ratio, Jive 
cut off from it the given magnitude: Now the ſame that 
given magnitude is either leſs than the magnitude AB, B AY 
or greater : Let it in the firſt place be leſs, and ler it give 
be AD. Therefore the ratio of the remainder DC to | E 
CB is given, Wherefore by divibon, the ratio of F nity 
DB. to BC is given. But the magnitude AD is alſo & orea 
c 11+ def, given; therefore the, magnitude AB is greater than | ratic 
the magnitude BC by a given magnitude, and in ra- : P 
tio. Now let the given magnitude be greater than WR Mag 
the magnirude AB, and let AE be put equal thereto ; | AB 
d 11. def. therefore 4 the ratio of the remainder EC to CB is rema 
e F. prop. given; and by converſion, e the ratio of the ſame mall 
BC to BE, is alſo given. But the ſame EB with BA of A 
is given, for that the whole AE is given: Therefore ven; 
there is“ given AB, with that which follows BE, to be a 
which BC hath a given ratio. AE 
= giver 
EB, 
w ali 
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a P RL 

Fa magnitude AB be great- SD -B 

er than a magnitude BC, by A——|—]}——}-C 

a given magnitude, and in 

ratio, the ſame magnitude AB, ſhall be alſo greater than 

the magnitude compounded of them by a given magnitude, 

and in ratio, and if the ſame magnitude be greater than 

the tao others together by a given magnitude, and in ra- 

tio, that ſame magnitud? ſhall be alſo greater than the 

reft by a given magnitude, and in ratio. . 

Demonſtr. Far ſeeing that the magnitude AB is great- 

er than BC by a given magnitude and in ratio; let 

there be taken from it a given magnitude AD: There- 

fore a the ratio of the reſt DB to DC, is given, and a 1r, def. 
therefore b the ratio of DC to BD ſhall be alſo given: b 6, prop. 
Let the ſame be done of AD to DE, therefore the ratio 
of the ſame AD to DE is given. But AD is given, 
therefore c DE is alſo given, and conſequently, d the reſt c 2. prop. 
AE, is alſo given. But ſeeing that as AD is to DE, ſo d 4. prop. 
is DC to BD; by permutation, e as AD is to DC, ſo is e 16. 5. 
DE to DB: Therefore by compounding, fas AC 1s to f 18. 5. 
CD, fo is EB to DB; and by permutation, g as ACis g 16. 5, 
to EB, fo is DC to DB, But the ratio of DC to DB is 
given: Therefore alſo is AC to EB, and conſequently, 
that of EB to AC. But it hath been demonſtrated that 


AE is given, therefore Y AB is greater than AC by a hir. def. 


given Magnitude, and in ratio. 

But now let AB be greater than AC by a given Mag- 0 
nitude, and in ratio: I ſay, that the fame AB is alſo 
greater than the reſt BC by a given Magnitude, and in 
ratio. 5 

For ſceing that AB is greater than AC by a given 
Magnitude, and in ratio. Let the given Magnitude 
AB be cut oft therefrom: Therefore i the ratio of the j x x, def. 
remainder EB to AC is given, and conſequently alſo 
ſhall be given that of AC to EB. Let the fame be done 
of AD to DE, therefore the ratio of AD to DE is gi- 
ven; and by converſion, & the ratio of AD to AE ſhall K 5. prop. 
be alſo given, and conſequently that of AE to AD. Now 
AE is given, therefore the whole AD ? ſhall be alſo 1 2, prop. 
given; and ſeeing that as the whole AC is to the whole | 
EB, fo the part cut off AD, is to the part cut off ED, 
ſb alio ſhall be n the remainder DC to the remainder DB. m 19. 50 
But the ratio of AC to EB is given: Therefore alſo | 
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ſhall be given that of DC ro DB. Wherefore by diviſion, 
n ſchol. 5. n the ratio of BC to DB is given; and conſequently alſo 
Prop. ſhall be given that of DB to BC. But it hath been de- 
@11, def. monſtrated that AD is given: Therefore o AB is greater 

than the ſame BC by a given Magnitude, and in ratio. 


PROP. .. 1 ö | 
B C F there are three magnitudes EL 
— — l=——D 23, BC, and CD, and that the ; F 


rſt AB, with the ſecond BC, to 
bit, AC, be given. And the ſecond BC, with the third CD, 
to vit, BD, be alſo given: Either the firſt AB ſoall be 


equal to the third CD, or the one ſoall be greater than the 5 + 

other by a given Magnitude, > 

Demonſtr. Foraſmuch as each of the Magnitudes AC 1 

and BD are given, the given Magnitudes are either equal a” 

to one another, or unequal. Let them be firſt equal: 2 * 

Therefore AC is equal to BD; take away the common . * 

a 3. ax. 1. Magnitude BC, and there will remain à AB, equal i 
to CD. But ſuppoſe them to be unequal as in this ſe- | 

| cond figure, and let BD be greater than AC: Let then B 

| BE be put equal to AC. an 

B 8 Now ſeeing that AC is gi- EEE 

| Am—_— l==—=—]———D ven, BE is alſo given, But wel 

. the whole BD is alſo given, bf 

b 4. prop, dhe reſt ED 6 ſhall be ſo alſo; and foraſmuch as BE is | 

| 3. ax. x, equal to AC, taking away the common Magnitude c BC, wil 

there will remain AB equal ro CE. But ED is given: WP mg 

Therefore CD is greater than AB by the given Magni- Pr 

tude ED, 1 

CT e 

. Fibere are three magnitudes AB, Z 4 * 

4 CD, and E, and that the frſt of 406 

F them AB, bath a given ratio to tbe ac 

Com l==——D ſecond CD; but the ſecond CD is | The 

E greater than the third E, by a gi- «yin 


ven magnitude, and in ratio; alſo 
tbe firſt AB, foall be greater than the 
third E, by a given magnitude, and in ratio. 

Demonſtr. For ſeeing that CD is greater than E by a 
given Magnitude, and in ratio; let the given Magni- 
tude CF be taken therefrom: Therefore the ratio of | 
the Reſt FD to E is given. And foraſmuch as the ratio | 
of AB to CD is given, let the ſame be done of AH to 
CF. Therefore the ratio of the ſame AH to CF is 

Siwven. 1 


of the ſaid AE to CF is given. 


A to CF is given: But the Magnitude GE is given: | 


Magnitude (to wit, from the 
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given. But CF is given: Therefore à AH it alſo given. a 2 prop. 
And ſeeing that as the whole AB is to the whole CD, 
ſo the part cut oft AH is to the part cut off CE, and ſo F | 
þ alſo the reſt HB is to the reſt FD, the ratio of the b 19. 5. | 
ſame HB to FD is alſo given, But the ratio of FD to 
E is alſo given: Therefore & the ratio of HB to F is c 8. prop. 
given, Bur it hath been demonſtrated that AH is gi- 

ven: Therefore d AB is. greater than the ſaid E by a gi- d 11. def. 
ven Magnitude, and in ratio. 


benen 
IF two Magnitudes AB B G 
and CD, have to one ano- A —ä w 
ther a given ratio, and D 


that to each of them there C= 1 
be added a given Magnitude, | 
to wit, BE and DP; either the whole AE and CF all have 
to one another a given ratio, or the one ball be greater 
than the other by a given Magnitude, and in ratio. 
Demonſtr. For ſeeing that each of thoſe Magnitudes 
BE and DF, is given, 4 the ratio of the ſaid BE , . prop; 
and DF is alſo given; and if that ratio be the ſame 
with that of AB to CD, that of the whole AE to the 
whole CF, ö ſhall be the ſame ; and therefore the ratio b 12. 65 


Fg 


Now. let the ratio of BE to DF be not the ſame 
with that of AB to CD, and let it be as AB to CD, fo 
BG to DF. Therefore the ratio of the faid BG to 
DF is given. But the Magnitude DF is given, there- 
fore c BG is alſo given; and ſecing that the whole BE o 2. prop. 
is given, d the reſt GE ſhall be alſo given. But foraſmuch q 4. prop. 
as AB is to CD, as BG is to DF, eſo alſo is the whole e 12. f. 
AG to the whole CF; and therefore the ratio of the ſaid 


S ˙ tn 4; + aol rel ee 
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Therefore F the Magnitude AE is greater than the Mag- f 11. def, 
nitude CF by a given Magnitude, and in ratio. : 


| FROUOUPF XV. 
tuo Mapnitudes AB and E G 
CD, have to one another a given An——-}--} 
ratio, and that from each of F 
them be taken «away a given C ————] D 


Magnitude AB the Magnitude AE, and from the Magni- 
tude CD the Magnituda CF) the remaining Magnitudes EB 
and FD, either ſhall have to one another, a given ratis, 

3 Li 
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a 19. f. 


b 2. prop. 
C 4. Prop. 


d 4. Prep. 
e Il, def, 


"2 7 


b 2 prop. 
C 3. N. 


d 19. 5. 


ratio. 


? 


Evettves A. 
or the one of them ſhall be greater thay tha other by a. given 


Magnitude, and in ratio. 
Demonſtr. For ſeeing that each Magnitude AE and CF 


is given, the ratio of AE to CF is given; and if it be 


the ſame with that of AB to CD, that of the remainder 
EB to the remainder FD, a ſhall be alſo the ſame; and 
therefore the ratio of the ſaid EB to FD ſhall be al- 

ſo given. Bur if it be not che 


E G ſame, let it be as AB to CD, ſo 
A———]}——]}——B ACtoCF. Now the ratio of 
F AB to CD is given, therefore 

C J—.——-) alſo that of AG to CF ſhall be 


given. But CF is given, there- 
fore b AG is given. But AE is alſo given, therefore c 
the reſt EG is given; and ſeeing that as AB is to CD, 


ſo the part cut off AG is to the part cut off CF, and ſo 
alſo is d the reſt GB to the reſt FD; the ratio of the 


ſaid GB to FD is alſo given. Therefore ſeeing that EG 


is given, EB is greater than FD e by a given Magnitude, 


and 1n ratio. 
PROF, AVE 
If two Magnitudes AB and 


G B CD, have to one another a given 
Am—}——|-F ratio, and that from one of them, 
E to wit, CD, there be taken away 


Da given Magnitude DE, and to 

the other AB there be added a 
given Magnitude BF, the whole AF ſball be greater than the 
reſt CE, by a given Magnitnde, and in ratio. 

Demonſtr. For ſeeing that the ratio of AB to CD is 
given, let the ſame be made of BG to DE: Therefore 4 
the ratio of the ſaid BG to DE is given. But DE is 
given therefore b BG is alſo given. But BF is alſo given, 
therefore c the whole GF is given. And ſeeing that as 


—] 


— 


AB is to CD, fo the part cut off BG, is to the part cut 


off DE; and d fo alſo is the remainder AG to the re- 
mainder CE; the ratio of the ſaid AG to CE is given: 
But GF is given, therefore the Magnitude AF is greater 
than the Magnitude CE by a given Magnitude, and in 


PROP, 


*% A wm As ia 0 


OP. 
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Rn 
If there are tbree Magnitudes | ; 
AB, E, and CD, and that the | F 


Frſt. AB be greater than the ſe- A————}———} 
cond E by a given Mapnitude,  ——E——— 
and in ratio: And the third G 


CD. be alſo greater than the C————|————D 
ſame ſecond E, by a given Mag- 
nitude, and in ratio; the Frſt AB ſpall have to the third 
CD, either a given ratio, or elſe the one ſpall be greater 
than the other by a given Magnitude, and in ratio. 
Demonſtr, For ſeeing that AB 1s greater than E by a 
given Magnitude, and in ratio, let the Magnitude AF 
be taken away: Therefore the ratio of the remainder 
FB to E is given. Again, ſceing that CD is greater than 
the ſaid E by a given Magnitude, and in ratio, let the 
given Magnitude CG be cut off therefrom ; and the ra- 
tio of the remainder GD to E ſhall be given: Therefore 


4 the ratio of FB to GD ſhall be alſo giyen. But to 


the ſaid FB and GD are added the given Magnitudes 


either have to one another a given ratio, or the one 
ſhall be greater than the other by a given Magnitude, 


— 


and in ratio. 


PROF XVIEL 


Tf there ave three Magnitudes B 
AB, CD, and EF, and that the A 
one of them, to vit, CD, be 1 G 
greater than either of the otber H — ! — —1—0 
AB or EF, by a given Magni- F 


tude, and in ratio; either the E———--———K 
tb others AB and EF, Hall haue to one another a given 
ratio, or the one Hall be greater than the other by a given 
Magnitude, and in ratio. : 
Demonſtr. Foraſmuch as the Magnitude CD is greater 
than the Magnitude AB by a given Magnitude, and in 
ratio, let the given Magnitude DG be taken therefrom: 
Therefore the ratio of the remainder CG to AB is 
given. Let the ſame be made of GD to BY, therefore 
the ratio of the ſaid DG to BH is given. But DG is 


Ny, 


a 8, prop. 
AF and CG: Therefore the whole AB and CD 5 ſhall b 14. prop. 


given, therefore a BH is alſo given. And ſceing that as a 2. prop. 
CG is to AB, ſo is GD to BH, 6 fo alſo is the whole CD b 12. 5. 


to the whole AH, the ratio of the ſaid CD to AH fhall 


be alſo given. = 
| U3 | Again, 
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a 19. 5. 


b 2. prop. 
c 4. Prop. 


4 4: prep 
e 11. def, 


a 2. def. 


b 2 prop. 
C 3. Prop. 


d 19. 5. 


EvVetip i” . 


or the one of them ſhall be greater than tha other by a. given 
Magnitude, and in ratio. 

Demon ſtr. For ſeeing that each Magnitude AE and CF 
is given, the ratio of AE to CF is given; and if it be 
the ſame with that of AB to CD, that of the remainder 


EB to the remainder FD, a ſhall be alſo the ſame; and 


therefore the ratio of the ſaid EB to FD ſhall be al- 
ſo given. Bur if it be not che 


E G ſame, let it be as AB to CD, ſo 

A —1— 1B AC to CF. Now the ratio of 
F AB to (D is given, therefore 

G — — ) alſo that of AG to CF ſhall be 


given. But CF is given, there- 
fore b AG is given. But AE is alſo given, therefore c 
the reſt EG is given; and ſeeing that as AB is to CD, 
ſo the part cut off AG is to the part cut off CF, and fo 
alſo is d the reſt GB to the reſt FD; the ratio of the 


ſaid GB to FD is alſo given. Therefore ſeeing that EG 


is given, EB is greater than FD e by a given Magnitude, 


and in ratio. 
| PH © ÞP.-AYE, 
If two Magnitudes AB and 


G B CD, have to one another a given 
Am—}——|-F ratio, and that from one of them, 
E to quit, CD, there be taken aqwway 


Da given Magnitude DE, and to 
the other AB there be added a 


— 


C 


given Magnitude BF, the auhole AF ſoall be greater than the 


reſt CE, by a given Magnitnade, and in ratio. 


Demonſtr. For ſecing that the ratio of AB to CD is 


given, let the ſame be made of BG to DE: Therefore 4 


the ratio of the ſaid BG to DE is given. But DE is 


given therefore b BG is alſo given. But BF is alſo given, 
therefore c the whole GF is given. And ſceing that as 
AB is to CD, ſo the part cut off BG, is to the part cut 
off DE; and d fo alſo is the remainder AG to the re- 
mainder CE; the ratio of the ſaid AG to CE is given: 
But GF is given, therefore the Magnitude AF is greater 


than the Magnitude CE by a given Magnitude, and in 


ratio. 


PROP, 


SSS SQ, 


Jo 


E 


. e 5 | 
9 1 a 6 6 & E 2 — 2 = a 
DE » 2 . 


P. 
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NO. XVIK 
If there are three Magnitudes 


AB, E, and CD, and that the 

fr ft. 4B be greater than the ſe- A——————} 
cond E by a given Magnitude, ———L——— 
and in ratio: And the third G 


CD. be alſo greater than the C————}————D 
ſame ſecond E, by a given Mag- 5 
nitude, and in ratio; the firſt AB ſpall have to the third 
CD, either à given ratio, or elſe the one ſpall be greater 
than the other by a given Magnitude, and in ratio, | 
Demonſtr, For ſeeing that AB 1s greater than E by a 
given Magnitude, and in ratio, let the Magnitude AF 
be taken away: Therefore the ratio of the remainder 
FB to E is given. Again, ſeeing that CD is greater than 
the ſaid E by a given Magnitude, and in ratio, let the 
given Magnitude CG be cut off therefrom; and the ra- 


tio of the remainder GD to E ſhall be given: Therefore 


a the ratio of FB to GD ſhall be alſo given, But to 
the ſaid FB and GD are added the given Magnitudes 
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a 8, prop. 


AP and CG: Therefore the whole AB and CD b ſhall b 14. prop. 


either have to one another a given ratio, or the one 
ſhall be greater than the other by a given Magnitude, 


and in ratio. 
VF 
If there are three Magnitudes B 


AB, CD, and EF, and that the A 


one of them, to quit, CD, be G 


greater than either of the othey C————|———l—D 
AB or EF, by a given Mapni- F 

tude, and in ratio; eit ber the E——-———K 
tebo others AB and EF, ſpall have to one another a given 
ratio, or the one ſpall be greater than the other by a given 
Magnitude, and in ratio. 

De monſtr. Foraſmuch as the Magnitude CD is greater 
than the Magnitude AB by a given Magnitude, and in 
ratio, let the given Magnitude DG be taken therefrom: 
Therefore the ratio of the remainder CG to AB is 
given. Let the ſame be made of GD to BH, therefore 
the ratio of the ſaid DG to BH is given. But DG 1s 


given, therefore à BH is alſo given. And ſceing that as a 2. prop, 
CG is to AB, ſo is GD to BH, b fo alſo is the whole CD b 12. f. 


to the whole AH, the ratio of the ſaid CD to AH ſhall 
be alſo given, | | 
U3 Again, 


310 


1 C IZ. 5. 


8 3. prop. 


Þ 19 5. 


< 
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Again, ſeeing that the ſame CD is greater than EP by 
a given Magnitude, and in ratio; let the Magnitude 
DI be cut off therefrom :- Therefore the ratio of the re- 

mainder CI to EF is given: Let the ſame be made of DI 
to FK. Therefore the reaſon of the ſaid DI ro PK ſhall 
be alſo given. But Dl is given, therefore FK is alſo gi- 
ven. And ſeeing that as CI js to EP, ſo is ID to FR; 
ſo alſo is the whole CD to the whole EK; the ratio 
of the ſaid CD to FK ſhall be given. But the ratio 


[ d 8, prop. of the ſame CD to AH is alſo given: Therefore d the 
1 ratio of the ſaid AH to EK ſhall be given, And ſeeing. 


that from the ſaid AH and EK, the given Magnitudes 


6 15. prop. BH and FK are cut off, the Magnitudes AB and EF e 


are either in 2 given ratio to one another, ar the one is 
greater than the other by a given Magnitude, and in ratio. 


PROP. XIX. 
. If there are three Magni- 
A 1.— 1 — g tudes AB, CD, and E, and 


that the firſt AB be greater 
—D than the ſecond CD, by a gi- 
ven Magnitude, and in ra- 
— tio; and that the ſecond CD 
| be greater than the third E, 
by a given Magnitude, and in ratio; alſo the firſt Magni- 
zude AB ſball be greater than the third E, by a given Mag- 
nitude, and in ratio. | ; 
Demonſtr. For ſeeing that CD is greater than E by a 
given Magnitude, and in ratio; let the given Magni- 
tude, CF be taken therefrom; Therefore the ratio of 
the remainder FD to E is given. Again, ſeeing that AB 
is greater than the ſame CD by a given Magnitude, and 
in ratio: Let the Magnitude AG be taken therefrom : 
Therefore the ratio of the remainder GB to CD is 
given : Let the fame be made of GH to CF, Therefore 
the ratio of the ſaid GH to CF is given. But CF is 
given: Therefore alſo GH is given, and then AG is alſo 
Ps : given, the whole a AH ſhall 
G H be alſo given. But as GB is 
A—]———]——B to CD, fois GH to CF, and 


* wi 2. 


1 
. 


F ſo alſo h the remainder HB to 
 P———l———ÞD the remainder FD: Therefore 
| E the ratio of the ſaid HB to 
— FD is given. But the ratio of 


the fame FDto E is alſo given: 
Thereſore the ratio of HB to E is in like manner 
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given, and fo 1s alſo the Magnitude AE: Wherefore 
the Magnitude AB e is greater than E by a given Mag- c 11. def. 
nitude, and in ratio, | 


OTHERWISE. 


Conſtruction. Let there be 3 
three Magnitudes AB, C, and A — — 
D, and let AB be greater than | C 
C by a given Magnitude, and — 
in ratio; but let C be alſo — 


greater than D, by a given 
Magnitude, and in ratio: 
I fay, that AB is greater than D by a given Magnitude, 
and in ratio. | 
Demonſtr. Foraſmuch as AB is greater than C by a 
given Magnitude, and in ratio, let the given Magni- 
tude AE be cut off therefrom: Therefore the ratio of 
the remainder EB to C is given, But the Magnitude C 
is greater than the Magnitude D by a given Magnitude, 
and in ratio; therefore 4 EB is greater than D by a dez. prop. 
given Magnitude, and in ratio: Wherefore let the gi- 
ven Magnitude EF be cut off therefrom; and the ratio 
of the remainder FB to P ſhall be given. But AF is 
e given. Therefore AB is greater than D by a given e 3. prop. 
Magnitude, and in ratio, | | 


PROP. XX. 


If there ave two given E G 
Magnitudes, AB and CD, A A — —6 
and that from: them there 8 

are taken Magnitudes AE C——-1 D 


and CE, having to one ano- | 
ther a given ratio; either the remaining Magnitudes EB 
and FD, Hall have to one another given ratio s; or elſe the 
one ſoall be greater than the other by a given Magnitude, 
and in ratio. | 
Demonſtr. For ſeeing that both the Magnitudes AB and 
CD, are given, the ratio of the ſaid AB ro CD is a alſo a 1. prep. 
given; and if ie be the ſame as of AE to CF, that of the re- 
mainder EB to the remainder FD ſhall be þ al'o the ſame; b 19. 5. 
and therefore the ratio of the ſaid EB to FD ſhall be 
alſo given. But if it be not the ſame, let it be fo as that 
AE be to CF, as AG to CD. Now the ratio of the 
faid AE to CF is given : Therefore the ratio of the ſaid 
AG to CD is given, But CD is given, therefore c AG © 3: prop. 
: | U 4 15 
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is alſo given. But the whole AB is likewiſe given, 
therefore d the remainder BG is given. And ſeeing that 
as AE is to CF, fois AG to CD, and alſo the remainder 
EG to the remainder FD, the ratio of the faid EG to 
FD is given But GB is alſo given: Therefore the Mag- 


nitude EB is greater e than the Magnitude BD by a given 


Magaitude, and in ratio. 


5 RN. 
55 "Tf there are t<vo Magnitudes gi- 
A 1— ——E ven, AB and CD, and to them are 
* added other Magnitudes BE and 
DF, having to one another a given 
ratio; either the whole AE and 


C 


— — 1 


Cg ſoall have to one another a given ratio, or elſe the one 


ſhall be greater than the other by a given Magnitude, and 
in ratio. | 7 
Demonſtr. For ſeeing that both the Magnitudes AB 
and CD are given; their ratio à is alſo given; and if 
it be the ſame ratio as of BE to DF, the ratio of the 
whole AE to the whole CF ſhall be alſo given; for it 
ſhall be ö the ſame. But if it be not the ſame, let it 
be as BE is to DF, ſo BG to CD: Therefore the ratio 
of the ſaid BG to CD is given. But CD is given; 
therefore c alſo BG ſhall be given. But the whole AB is 
given; therefore alſo the d remainder AG ſhall be given. 
And ſeeing that as BE 1s to DF, fo is BG to CD, and 
alſo e the whole GE to the whole CF, the ratio of the 
ſaid GE to CF ſhall be likewiſe given. But AG is given; 


therefore the Magnirude AE 1s greater than the Magni- 


tude CF by a given Magnitude, and in ratio. 


B P-R Q:P. XXII. | | 

If two Magnitudes AB and 
D + BC, have to ſome other Magni- 
tude D, a given ratio, alſo 


1 —0 


A 


their compound Magnitude AC, 


fall have to the ſame Magnitude D, a given ratio. 
Demenſtr. For ſeeing that each Magnitude AB and 
BC hath a given ratio to D, the ratio à of AB to 
BC is given; and by compounding, 6 the ratio of AC 
to BC 1s given, But that of BC to D is alſo given, 
therefore c the ratio of the ſaid AC to D ſhall be like- 
wile given. Lo ew» | BY 2 


PR OP. 


— 
4 * 
- k 
43> 
1 
< 
% * 


* — — 
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en, | 135 
1 | | P.R O Pe: XIII 11 
ler If the whole AB be to the © © E Wi: 
to evhole CD in a given ratio, and A————|—-— B 1 
19- that the parts AE and EB be to 3 8 | : Wt: | 
en | the parts CF and FD in given C=————D 1 7 
? ratio s, altho* they be not the 1 
ſame, the whole (to wit, AB, AE, and BE,) hall be to the Pi . | 
'evhole (to quit, CD; CF, and FD,) in given ratio's. 1 
gi- Diemonſtr. For ſeeing that AE is to CF in a given ra- 1 
are tio, let the ſame be made of AB to CG; therefore the ks. 
and ratio of the ſaid AB to CG is given ; and-conſequently 15 
ven alſo that a of the reſt EB to the reſt FG. But the ratio a 19. 5. Why 
and | of FD to the ſame EB is alſo given: Therefore the ratio 1 8 
one of FD to FG b is like wiſe given, and therefore c that of b 8, prop. 777 
and FD to the remainder GD 1s alſo given. But the ratio c 5, prop. 135 
of AB to each of the Magnitudes CD and CG is given: 4M 
AB Therefore 4 alſo the ratio of CD to CG is given, and d 8. prop. 0 
d if again e that of CD to the remainder GD. But the ra- e 5. prop. N 
the tio of FD to DG is given, therefore alſo f that of the f 8. prop. 1 
r It ſame CD to FD, and conſequently that of g CD to the g 5. prop. ny 
t it remainder ,FC; and therefore 8 þ 2 4 
atio alſo the ratio of CF to FD ſhall | E 6 
en; be given. But the ratio of EB A — —3 "i 
B is to FD is propoſed to be given;  F G 1402 
ven. therefore the ratio of CF to EB C 1—1— 1 
and ſhall be given. Again, for that . Wh, 
the the ratio of AB to OD is given; and alſo that of CD 1 
en; to each of thoſe FC and FD, the ratio of the ſame AB HR! 
gui- to each of the ſaid FC and þ FD, ſhall be likewiſe given. h 8, prop, Bll 
ü But the ratio of the ſaid FD to EB is given: Therefore 5 1 
the ratio of AB to BE ſhall be alſo given, and conſe- "EN 
quently AB to the remainder i AE. Wherefore by divi- i 5. prop. . 
and hon k& the ratio of AE to EB ſhall be likewiſe given, k ſch. 5. pr. 1 
gni- But the ratio of EB to FD is given. Therefore alſo 0 
alſo that of AE to FD. In like manner, ſeeing that the ra- 7 
AC, tio of CD to AB is given; and that of AB to each of Th 
. his parts AE and EB; alſo the ratio of the ſaid CD 1 
and to each of the ſaid AE and EB, I ſnall be given: Where- 18. p. pro at 
8 to fore each of the Magnitudes AB, CD, AE, EB, CF, and 10 
AC Pp. is to each of the others in a given ratio. 
ven, 5 | | 
like- 
| PROP, 
OP. 
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PROP. XXIV. - 
| A D | Tf of three vight lines A, B, and C, . 
| — —— pyojortional A to B, as B to C, the frft 
| E A hath to the third C a given ratio, hi 
[ — it evill alſo have to the ſecond B a given Ea 
f F ratio. | 1 
| — — Demonſftr. For, let there be expo- oh, 
| 5 ſed another right line D, and ſeeing oh 
. that the ratio of A to C is given; let the ſame be made os 
i of D to P; therefore the ratio of D to F is given. But oh 
l D is given, therefore F is alſo given; betwixt the two mk 
2 13. 7. Tight lines Dand P, let there be taken à a mean propor- | 
tional E. Therefore the rectangle made under D and E 
; b 17. 6. is equal b to the ſquare of E. But the ſame rectangle of AB 
c 3. def, D and F is e given; (for all the angles of that rectangle giv 
are given, being right angles, and the ratios that the 71 
ſides have to one another are alſo given;) therefore the the 
ware of E is given, and conſequently the ſame right alk 
line E is alſo given (for one equal thereto may be found, -_- 
d 14. 2. d ſeeing that the rectangle of D and F is given.) But D fic 
e 1. prop. is given, therefore e the ratio of D to E is given, and The 
f. 6. as A is to C, ſo D is to F. But as A is to C, fo the | 
: ſquare of A is to the rectangle of A and C, and alfo 
as D is to F, ſo the ſquare of D is to the rectangle of 18 
D and F. Therefore as the ſquare of A is to the rectan- hs. 
gle of A and C, ſo the ſquare of D is to the rectangle of A 
D and F. But the rectangle of A and C is equal to the D, 
ſquare of B, (ſeeing that A, B, and C, are proportional!) * 
and that of D and F to the ſquare of E, therefore as the Goda; 
ſquare of A is to the ſquare of B, fo the ſquare of D is 7 


g 12.6. to the ſquare of E: Wherefore g as A is to B, ſo D is 1 
h 2. def. to E. But the ratio of D to E is given, therefore þ fy 
alſo the ratio of A to B is given. 


of 

P R O P. V. there 

p | DAE, 

If tewo lines AB and CD, hs 

given by poſition do interſect, vioha 

the point E in aubich they in- 4 0 

| 18 terſect one another, is given 8 I 

c 22 18 maini 
: Demonſtr. For if it change 3 

its place, the one or the other of the lines AB and CD, fal | 

would change its poſition : But fo it is that by Suppo- the 5 


ſition 


CD, 
Fr 
in- 
i ven 


ange 
CD, 
ppo- 
ſition 


ep Bree wn 
ſition it changeth not: Therefore 4 the point E is given a 4. def. 


by poſition. 
2 PROP, XXVI. 
If the extremities A and g, 4 a right A 
line AB, are given in poſition, that ſame 
right line AB is given in poſition and in magnitude, 
Demonſtr. For if the point A remaining in its place, 
the poſition, or the Magnitude of the right line AB ſhall 
change, the point B will fall elſewhere. But fo it is, 
that by Suppoſition it doth not fall elſewhere. Therefore 
the right line AB is given in poſition, and in magni- 


tude, 

| PROP. -XXVIL 

If one of the extremes A of a right line A=————_— 
AB, given in poſition and magnitude, be 
given, the other extremity B ſhall be alſo given. 
Demonftr. For if, the point A remaining in its place, 
the point B ſhall change and fall in ſome other place, 
either the poſition of the right line AB, or its magnitude 
would change: But fo it is that according to the Suppo- 
fition, neither the one nor the other doth change. 


— 


B 


Therefore the point B is given. 


| OTHERWISE. 

Conſtr. On the center A, with 
the dittance AB, deſeribe the cir- 
cu mference BC. 

Demonſir. Therefore à that cir” : 5 
—— BC is given by po- A! ——Þ 26 def. 
ſition. But the right line AB is | 
alſo given by poſition ; therefore the 
point 6 B is given, 


PROP. XXVIII. 
If through the given point A, E 
there be drawn a right line 
DAE, againſt another right 
line BC, given in poſition, the 
right line DAE ſo drawn, is 
given in poſition. 

Demonſir. For if it be not given, the point A re- 
maining in its place, the poſition of the right line DAE 
may change: Let it then change if it be poſſible, and 
fall elſewhere, remaining paralle] ro BC, and let it be 
the line FAG: Therefore BC 1s parallel to the faid line 

| CE FAG, 
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b zo. wh 


4 16. I; 


B 
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FAG. But a the ſame BC is alſo parallel to DAE : There- 
fore b DAE is parallel to the ſaid line FAG, which is 
abſurd ; ſeeing they join together, and meet in A: 'There- 
fore the poſition of the right line DAE falls not elſewhere, 


. Wherefore the ſaid line DAE is given in poſition. 


PK G P. XXIX. | 
If to a right line AB, 


point C given therein, there 
be drawn a vight line CD, 
ewhich ſpall make a given 
angle ACD, the line drawn 
: CD is given in poſition. 
.Demonſty. For if it be not given in poſition, the point 
C remaining in its place, the poſition of the line CD 
obſerving the Magnitude of the angle ACD, will fall 
elſewhere, Let it fall elſewhere then if it be poſlible, 
and let it be CE. Therefore the angle ACD 1s equal to 
the angle ACE, the greater to the leſſer, which is ab- 
ſurd. Therefore the poſition of the right line CD, ſhall 
not fall elſewhere ; and therefore the ſaid line CD is gi- 
ven 1n poſition, pe 


RON NX. 

If from a given point A, be 
drawn to a rigbt line BC, given in 
poſition, a right line AD, making 
a given angle ADB, that line 
drawn AD is given in poſition. 


the point A remaining in its 
E 5B place, the poſition of the right 
* line AD changing, the Magnitude 
of the angle ADB, will change, Let it change then, 
and let it be the right line AE: Therefore the angle 
ADB is equal to the angle AEB, the greater a to the 
lefler, which is abſurd, Therefore the poſition of the 
right line AD doth not change; and therefore the ſaid 
line AD is given in poſition, | 


OTHERWISE, 
Conſtir. Through the point A let there be drawn the 
line EAP, parallel to the right line BC. | 
Demonſtr. Then ſeeing that through the given point A, 
and againſt the right line BC, given in poſition, 2 is 
rawn 


given in poſition, and to a 


Demonſtr. For if it be not given, 


reſidu 


Wherefore to the right line 


there is drawn the right line AD, making the given 
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drawn the right line EF, thoſe lines EF and BC are 
parallels. But on the ſame | 
lines doth alſo fall the right | = " as 
line AD. Therefore b the © poet . 
angle FAD is equal to the | WF. 


given angle ADB; and 


therefore it is alſo given. B 0 2 C 


EF given in poſition, and to the given point A therein, 


1 2 — 


A IEEE 
a eo 


angle FAD. Therefore c the ſaid line AD is given in c 29, prop, 
poſition. | 


| OTHERWISE, | 

Conſtr. In the line BCE, let there be taken the given 
point C, and through the ſame let there be drawn the 
line CF, parallel to the ſaid DA. 
Demonſtr. Foraſmuch as AD and CF are parallels, and 
that on them there doth fall the right line BCE, the 
angle FCB is equal d to the given angle ADB; and d 29. 1. 
therefore it is alſo given. And ſeeing that the right line 
BC is given in eee and * 
that to a given point C therein, 
there is hn the right line AN 
FC, making the given angle 
FCB, that ſame line FC e 1s 
given in poſition, But through 
the given point A, oppoſite to 
the line FC given in poſition, 


N 8 * 
there is drawn the line AD. E D C 5 i . 
Therefore the faid line f AD is f 28. prop. 1 
given in poſition. | ; | 06 1 
OTHER WIS E. | 1 
Conſtr. In the right line 1 
BC aflume ſome point at F, A | 1 
and draw AF. | | ; i 
Demonſtr. F oraſmuch as | ; 99 i 
each point A and F is given, bY | 
the right line AF is given bY 
g in poſition, But the line g 26, prop, Wl: 
BC is alſo given in poſition. | 1 
Therefore * the angle AFD is W J FOO B l 
given. But by ſuppoſition, Wil | 
the anple ADF is given : Therefore DAF (which is the 11 il 
reſidue h of two right angles) is given; and ſeeing h 32. 1. A "FH 
I „that e 


EUcLI DEF DAT A. 
that to the right line AP given in poſition, and to the 
given point therein A there is drawn the right line DA; 
129. prop, making the given angle DAP, # that fame line DA is 
given 1n poſition, 
„ Scholium. | 
* EUCLIDE ſuppoſeth here that two right lines being 
given in poſition, and intlining to one another, do mnke a 
given angle, which ſome do demonſtrate after this man- 
ner. 1 
Demonſtr. Foraſmucli as the two right lines given in 
poſition, do incline to one another, the inclination 
of thoſe lines is given. But the angle is the inclinati- 
on of the lines : Therefore the angle which makes the 
right lines given in poſition, and inclining to one ano- 
ther, is given, 


Another thus demonſtrateth it. : 
. "= Conſtr. Let there be two right 
7 lines inclining to one onother, 
as AB and CB, given in poſition, 
o : and in the line AB let there be 
1 taken a given point A, and in 
C B BC alfo ſome point, as C; and 
let the right line AC be drawn, 
/ Demonſtr. Seeing that as well 
| the point B, as each of the points 
k 26, prop. A and C is given, & the three 
right lines AB, BC, and AC, are 
given in Magnitude, Where- 
fore of three dire& lines equal unto them, a triangle 
may be conſlituted: Let there then be made the tri- 
angle FDE, having the fide FD equal to the fide AB, 
the fide FE equal to the fide AC, and the baſe DE 
equal to the baſe BC. 
Seeing then the angles compriſed of equal right lines 
are equal, we have found the angle FDE equal to the 
11. def, angle ABC; and therefore the fame J angle ABC is 
given. : 


PROP. 


0 F. 
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| PROP, XXXI. 

If from a given point A there 

be drawn to a right line given 

in poſition BC, a right line AD, 

given in magnitude, that line 

AD Hall be alſo given in poſoti- 
3 | 


Confer. From the center A, 
with the diſtance AD, let the 
circle DEF be deſeribed. 


9 BB 


Demonſty. Foraſmuch as the center A is given in poſi- 
tion, and the ſemidiameter AD in magnitude, the circle 


319 


DEF 4 is given in poſition. But the right line BC is a 6, def. 


alſo given in poſition: Therefore the point of interſection 
Db is given, and ſeeing that the point A is alſo given: h 25. prop, 


c. 26. prop. 


c the right line AD is given in poſition. 
| PROP. XXXII. 
Tf unto parallel right lines B E Y A. 


AB and CD, given in poſition, 


there be drawn a right line | 
EF, making the given angles | 
BEF and EFD, the line | 
drawn EF foall be given in 
magnitude. F F 
Confty, For let there be 7 | 
taken in the line CD a given point G, and from that 
point let be drawn GH parallel to FE. 
Demonſtr. Foraſmuch as the lines EP and HG are 


parallels, and that on them doth fall the line CD; à a 29. 1. 


the angle EFD is equal to the angle FGH. But the angle 
EFD is given, therefore the angle FGH is alſo given. 
And foraſmuch as to the right line CD given in poſition, 
and to the point G given in the ſame, there is drawn the 


right line GH, making the given angle FGH, b the aid b 29. prop, 


line GH is given in poſition, But AB is alſo given in 


poſition, therefore c the point H is _ But the point Fn 25. prop. 
ine GH is given in d 26. prop, 


G is alſo given: Therefore d the 


Magnitude, and is e equal to EF. Wherefore F the ſaid © 34. 1. 


line is given in Magnitude. 


PROP. 


f 1, def. 


10 | 
1 PT 
4 tw! 
. it 11 
1 wy 
1 1 
Fi . 
Men 
+7 i } 
t 
1 
} 


— 


— 


d —_— ol * — y = Ea, - * 8 
+> $33 < * — Gu — 1 43 a Has — - 
PEAS 7 - ENS iy 1 5 2% — : 2. ̃ ̃ — EIS, 
R — "> A - 
A - 2 —_ — — 
— — 


. AS 
r 
— _ - — my 


+= Wo LADS Io. 


© na 


0 
{pl 
1 
1100 
N 
in 


82 2 
9 PS) <> — —— 
| 2 


— 
— 
—— — 


— 5 
— 214.6 
ERS x 


ES. 


2 — 
Ea 
>= os = 
= 


- IE 2 =, — 
— 2 


— — 


— 8 
— == = — 
—— 


* 
, - > 
' V2: * — = 
— —— — — In. 
os — *. — hn 


l 


ES 


———— — 
— — — — 2 
p 
— — A 
— — 


— 


I RT... 
2 3 


= 


— 
— 
— 
— 1 


— — — 7 


— 


320 Evciipe's DATA. 


| ir 
| PRO P;  XXE1m. . V 
| If unto parallel vieht lines 4B { 
4 and CD, given in poſition, there be B 
1 drawn a vight line EF given in le] 
| magnitude, that line EF ſball make a 
= the given angles BEF and DFE. og: 
| 7 conſtr. For let there be taken be 
=: in the right line AB the point G, FE 
Il and through that point let there be BC 
1 drawn the line GH parallel to EF. Eq 
7 Demonſtr. Therefore EF is equal (fo 
. to the ſaid a GH. But EF is given for 
in Magnitude, therefore GH 1salfo 1 
given in Magnitude. But the point G is given, and 8 
therefore if on that point, with the diſtance GH, there 

b 6. def. be deſcribed a circle, b that circle ſhall be given in po- 3 

ſition: Let it be then deſcribed, and let it be HKL, the be 
ſaid circle HKL is therefore given in poſition. But the line 
line CD which doth cut the circumference KHL in H, tion 
| is alſo given in poſition, Therefore the ſaid point of inter- line 
c 25. prop. ſection He is given. But the point G is given: There- den 
d 26. prop. fore d the right line GH is given in poſition. But the right C 
e ſch. 30. line CD is alſo given in poſition: Therefore e the angle Ele 
prop. GHF is given. But to that angle F the angle EFD is equal: EH, 
f 29. 1. Therefore the angle EFD is given; and therefore alſo the D 
angle BEP; for that it is the reſidue of the ſum of two is dr 
g 29. I. g right angles. give 
| but 
OTHERWISE. give! 
| | K at 
conſtr. Let there be taken in the right line CD, the The! 
point G, and let GD be put equal to EF, then from the 4 the 
center G, with the diſtance GD, let there be deſcribed EK i 
the circle HDB, and draw GB. 385 the! 
— | Demonſir. Foraſmuch as the are c 
center G is given in poſition, do Fe 
and the ſemidiameter GD in | 
magnitude, the circle BDH Co 
h 6. def. b is given in poſition. But the rallel 
7 line AB is alſo given in poſition : in p 
125. Prop. Therefore 7 the point B is given. CD,! 
ä | Bur the point G is alſo given, from 
K 26, prop. 5 therefore & the right line GB is right 

given in poſition. But the right line CD is alſo given that 

ny In 


the 
the 


ibed 


s the 
tion, 
in 
BDH 
t the 
ion: 


iven. 


wen, 
B is 
wen 

In 


line EFG ſball be divided in a gi- 
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in poſition: Therefore J the angle BGD is given. 1 ſh. 30. 


| Wherefore if EF be parallel to BG, the angle EFD #2 prop. 
ſhall be given, and conſequently alſo the other angle m 29. 1. 


BEF. But the right lines BG and EF being not paral- 


lels, let them meet in the point H. Foraſmuch as EB 

is parallel to FG, and EF is equal to GD, that is to ſay, 

to BG; alſo FH u ſhall be equal to GH (for EH and BH n 14, 5! 

being cut proportionally o by che parallel FG, as EF is to o 2. 6. 

FH, ſo is BG to GH, and by permutation, as EF is to 

BG, ſo is FH to GH:) Therefore p the angle HFG is p 5. r. 

equal to the angle HGF, but the ſaid angle HGF is given 

(for that it is equal q co the given angle BG D:) There- q 15. 1; 

fore the angle HFG is alſo given. Bur to that angle the 

angle BEF is equal; and therefore is given, as alſo the re- 

maining angle EFG. . 
| PROP. XXXIV. 

I from a given point E, there | 

be drawn unto parallel right 

lines AB and CD, given in poſi- 

tion, a right line EFG, that right 


ven ratio (to wit) as EF to FG. 
Conſtr. For from the point 
E let there be drawn the line mi 1 «© 
EH, perpendicular to the line CD- 
Demonſtr. Foraſmuch as from the given point E there 
is drawn to the line CD the right line EH, making the 
given angle EHC, a the ſaid line El is given in poſition, a 39, prop: 
but both the one and the other lines AB and CD is alſo | 
given in poſition, Therefore 6 the points of interſection b 25. prop. 
K and , are given. But the point E is alfo given: | 
Therefore c each line EK and KH is given. Wherefore < 26. prop. 
d the ratio of the ſaid EK to KH is given. But as 4 1 prop 
EK is to KH, fo is EF to FG; (for in the triangle GEH ; ; 
the line KF being parallel to HG, the fties EH and EG 
are cut proportionally :) Therefore the ratio of the ſaid EF 


to FG 1s given, 


| OTHERW ( 
Conſtr. To the pa- AE 1 122 


rallel right lines given — dey 5 


in polition; AB and | 


CD, let there be drawn F 
from the point E the . 44S — 
right line FRG: I ſay, C H 2 


that the ratio of GE to BF is g'ven. 
X Demonſtr. 


— 952i: wa — — — — 
. — IE — 
— — 
FEW = 
2 w 
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Demonſt. For from the point E let there be drawn 
to CD the perpendicular EH, and produced to the point 
K ; ſeeing therefore that from the point E to the right 
line CD, given in poſition, there is drawn the line EH, 
a 30. prop. making the given angle EHG, 4 the ſaid line FH is 
given in poſition. But each line AB and CD is alſo 
b 25. prop. given in poſition : Therefore b each point of interſection 
H and K is given. But the point E 1s alſo given, there- 
© 26, prop. fore c each of the lines EH and IK is given in Magnitude; 
d I, prop. and therefore d the ratio of the ſaid EH to EK is given. 
e 4. 6, But e as EH is to FK ſo is EG to EF (for the oppoſite 
angles at the point E being equal, and the lines AB and 
CD parallels, the triangles EHG and EKF are equiangled; 
and therefore as EH is to EG, ſo is EK to EF; and by 
permutation as EH to EK, ſo is FG to EF.) Therefore 

the ratio of the ſaid lines EG to EF is given. 


P R OP. XXXV. 


If from a given point A, to a right line RC, given in 


Poſition, there be drawn a right line AD, which let be di- 
wided in E, in a given ratio (to wit) as AE to ED, and 
that by the point of ſection E there be drawn a right line 
FEG, oppoſite to the right line BC, given in poſition, the 
line FG drawn ſbail be given in poſition. 
Conſtr. For from the point A, let there be drawn the 
line AH, perpendicular to the line BC. a 
Demonftr. For ſeeing that from the given point A 
there is drawn to BC given in poſition, the right line 


2 30. prop. AH making the given angle AHD, 4 the ſaid line AH is 


given in polition, But BC is alſo given in poſition: 

b 25. prop. _ Therefore b the point H is 
| | given. Bur the point A is alſo 
e 26. prop. 
is given in magnitude and in 
poſition. And ſeeing that 4 
as AE is to ED, ſo is AK to 
KH, and that the ratio of AE 
to ED is given, alſo the ratio 
of AK to KH is given; and by 
compounding, e the ratio of 
AH to AK is given. But AH 

| is given in Magnitude : There- 

f 2. prop, fore falſo AK is given in Magnitude. But AK is alſo 
given in poſition, and the point A is given: Therefore 

g 27, prop E the point K is alſo given, and ſecing that by the ſaid 
1 | given 


4 2. 6. 


given: Therefore c the line Al 


lines A. 
tion, 2 
Ane dra 
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given point K there is drawn the line FG, oppoſite to the h 28. prope Bt. 
0 right line BC given in poſition; the ſaid line FG þ is * 1 
H given in poſition. : | 3 pa 
, Bl PR OP. XXXVI = 
15 from a given point A, there be REY 
| drawn to a right line BC given in po- 11 
ws ſition, a right line AD, and to it be 1 a 
- added a right line A, having to the "op ; 
OE fame AD a given ratio, and that 9 
5 through the extremity E of the added 117 
| 1 line AE, there be drawn a rigbt line 5008 
a | FER, oppoſite to the line BC, given in 1 
Os po ſetion, that ſame line EEK ſball be | | 1 
by 5 . e 
: given in poſition, | | "4M 0 
* Conſtr. For from the point A let 3 N 
there be drawn to the line BC, the perpendicular AL, [405 
and let it be prolonged to the point G. gt 
1 Demonſtr. Foraſmuch as from the given point A, there th 
4 is drawn to the right line BC, given in poſition, the | 160 
g 5 righ line GL, which makes the given angle GLD, à that 2 30. prop. " wn 
po line GL is given in poſition, But BC is alſo given in : THE 
= policion, therefore & the point L is given; and ſceing b 26, prop. RIM 
1 that the point A is alſo given, the line c AL 1s given. c 26. prop. + 8 
Bur foraſmuch as the ratio of AE to AD, is given, g 4 6. 1 
the and that d as the ſaid AE is to AD, ſo is AG to AL; 408 
A (becauſe the triangles ALD and AGE are equiangled) 1 
1 the ratio of AG to AL is alſo given. But AL is given 
Une in Magnitude : Therefore e AG is given in Magnitude. 2, prop. 
H A But it is alſo given in polition, and the point A is glven 2 
2 Therefore F the point G is alſo given. And ſeeing that f. 7. prop. 
1 1 by the ſame given point G there is drawn the line FK, 
| AH oppoſite to the right line BC, given in poſition, £ the g 28. pre. 
: ſaid line FK is given in poſition. 
= PROP. XXXVI. 


”” unto parallel right lines 5 | 
K t0 Az and CD, given in poſition, AE 1 _B 


ERS there be drawn a right line 8 
4 b EF, divided in the point E, | 
n a given ratio, (to ait, of mn. — 
929 * EG 10 GF;) and if through the H M FE 
3 pornt of ſection G, there be 

4 drawn oppoſite to the right —— , — 
, _ lines AB or CD, given in poſi- Cx N 2 
4 aid Hon, a right II'me HGK, that 
eee Ane dragun ſball be given in poſition, - 
8¹¹ 5 | X 2 | Conſtr. 
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conſtr. For let there be taken in the line AB the given 2 
point L, and from that point let there be drawn the line 24 
LN, perpendicular to CD. a 

Demonſty. Seeing that from the given point L, there is = 


drawn to the right line CD, the line LN, making the 
a 30. prop. given angle LND, the ſaid LN à is given in poſition. 
Bur CD is alſo given, in poſition : Therefore the point 

b 25. prop. Nb is given. But the point L is alſo given: Therefore ” 


c 26, prop. c the line LN is given; and ſeeing that the ratio of FG 
to GE is given, and that“ as FG is to GE, ſo is NM 2 

to ML, the ratio of the ſaid NM to ML is given; and : . 

d 6. prop. by compounding, d the ratio of LN to LM is alſo 95 
given, But LN is given in Magnitude, therefore ML = 

e 2. prop, is e given in Magnitude. But it is alſo given in poſi- 5 4 
| tion, and the point L is give: Therefore the point M 2 
f 27. prop. ſis alſo given. And conſidering that through the ſaid ps 
point M there is drawn the right line KH, oppoſite to Yo 

the right line CD, given in polition, the ſaid line KH 2 

is alſo given in poſition. 2 
Scholium. | 5 
* EUCLIDE ſuppoſeth here, that as FG is to GE, ſo NM ik 

25 to ML; but by another it is thus demonſtrated. CD 
. The lines BE and LN are parallels or not parallels: Let om 
them in the firſt place be parallels, and foraſmuch as by 1 
Conſtruction the lines EL, EN, EF, and LN, are parallels, 1s d 
EN hall be a parallelogram ; and therefore the fide EF is ö — 


equal to the ſide LN, Again, ſeeing that MG 7s parallel to . 

NF, and GF to MN, GN ſpall be alſo a parallelogram , and 

therefore the ſide G is equal tothe ſide MN, Wherefore the 

| equal ſides EF and LN, Hall have to the equal ſides FG : 
g 7. 5. and MN, g one and the ſame ratio. Therefore as EF ts N * 
{ 


bh #). 5. to FG, fo 1s LNto MN; and by dividing, h as GE to GF, 
Jo 7s LM to MN. | 18 gi 
Now ſuppoſe that the N. is 
| | O lines EF and LN are not Tk. 
- * parallels, but that they 118 
A. EIT B meet in the point O. tion, 


| Foyaſmuch as in the tri- 
angle OFN there is drawn 


. 1 HE, parallel to FN one of 
I 2. 6. mn. ; 1. K the des ; i the (ſides OF 


5 and ON are divided propor- 


= tionally; and therefore as 


CE N D po is 10 GO, ſois NM to 


MO. Again, ſeeing that in the triangle OGM #here 7s 
| | drawn 
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drawn EL, parallel to the fide GM, the ſides OG and OM 

are divided proportionally : Wherefore k as OE is to EG, ſo k 2. 6. 
26 OL to LM, and by compounding, J as OG is to EG, ſo is 1 18. 5. 
OM to LM; but it hath been demonſtrated that as FG is to 

GO, ſo i NM to MO; therefore in ratio of equality, m as m 22, f. 
FG 15 to GE, ſo is NM to ML. 


f FR OP, XXXVEL 

F unto parallel right lines 

AB and 5 ee een „ : $M E 
right line EF, and that to it Ef 

there be added ſome other vight 

line EG, which bath à given B N E. 
ratio to the ſame EF; and if 


through the extremity G of the 


added line EG, there be drawn Ty * Fd 
a right line HK, againſt tte 
parallels given in poſition AB 5 
and CD, the line drawn HK ball be alſo given in po- 
ſetion. 
conſtr. For let there be taken in the line AB, the 
given point N, and from thence let there be drawn to 
CD the, perpendicular NM, and let it be prolonged to the 
point L : a 
Demonſtr. Foraſmuch as from the given point N there 
is drawn to the right line CD, given in polition, the 
right line NM making a given angle NMF, the faid 
angle NMF # is given in poſition, But the line CD a 20, prop. 
is alſo given in poſition : Therefore ö the point Mis b 25. prop. 
given. But the point N is alſo given: Therefore c the c 26. prop. 
line NM is given, and for that the ratio of EG to EF 
is given; and that d as EG to EF, fo is IN to q op, 37. 


NM, the ratio of LN to NM is alſo given: But NM prop. 


is given, therefore LN is e alſo given. But the point e 2. prop. 


N. is given: Therefore F the point L is alſo given. See- f. 2. prop. 


ing then that by the given point L there is drawn the 
right line HK, oppoſite to the line AB given in poſi- 
tion, g the ſaid line AK is alſo given in polition. g 28. prop, 


bs > | PROP, 
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PROP. XXXIX. : 
F all the fides of a triangle 
ABC are given in magnitude, the 
triangle is given in kind. 
conſtr. For, let there be expo- 
ſed the right line DG given in 
poſition, ending in the point D; 
but being infinite towards the o- 
ther part G, and therein let 
be taken DE, equal to AB. 
Demonſtr. Now ſeeing the 


DE is ſo alſo; but the ſame DE 
is alſo given in poſition, and 
the point D is given: Therefore 
a the point E is given. 

Again, Let EF be put equal 
to BC; and ſceing that BC is 
given in magnitude, EF ſhall be ſo alſo. But the ſaid 
EF is in like manner given in polition, and the point E 


D 27. prop, is given: Therefore h the point F is given. 


8 6, def. 
d 6, def, 


6 Prop. 


f 26, prop. 


Furthermore, Let FG be taken equal to AC. Now 
foraſmuch as the ſaid AC is given in magnitude, FG is 
ſo alſo, But FG is alfo given in poſition, and the point 
F is given: Therefore the point G is alſo given, Now 
from the center E, with the diſtance ED, let there be de- 
ſcribed the circle DHK, c and that circle ſhall be given 
in poſition, Again, .on the center F, and diſtance FG, 
let there be deferibed the circle GLK. Therefore d the 
ſaid circle GLK is given in poſition ; and therefore e the 
point of Interſection K is given. But each of the points 
E and F is given: Therefore each line F EK, EF, and 
FK, is given in poſition and magnitude, Therefore the 
triangle FK is given * in kind; but it is equal and 
alike to the triangle ABC; and therefore the triangle 
ABC is alſo given in kind. - 


Scholiunz 


faid AB is given in magnitude, 
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Scholium. Fx 

le * EUCLIDE ſuppoſeth Here, if 
be that a triangle, whoſe ſides are 2 a 1 
given in magnitude and poſition, 15 
o- is given in kind M but the antient | 5 TRA 
in Interpreters demonſtrate it in a Ty 
7 manner thus, Foraſmuch as the , FEA 
o- right lines KE and EF are given, 1 
let g the ratio which they have to g 1. prop. 99 
one another is given. Alſo the i" 
he right lines EF and FK being given, L {OHM 
de, heir ratio is alſo given; and 5 1 
DE in like manner, the ratio of the | Wl 
nd ſaid N any on 1 given. Again, | ö feta 
Ire eeing that the ſame lines KE AL N ; 7 
2 EF are given in poſition, h B A C h ſch. 36, 002 

ual the angle KEF is given in |  brop. Wl 
2 13 | magnitude : Moreover, the right lines EF and FK being . 
aid given in poſition, the angle EER is given in magnitude, 0 Vl 
E as is alſo the reſidue EKF, and ſo in the triangle ER are 4 
all the angles given, and alſo the ratio's of the ſides : Wh 

ow Therefore 1 the ſaid triangle EKF is given in kind. i 5. de. 6 
3 15 | 1 1 
int PROF Kh 1 | 
ow Tf the angles E Wt 
ge- of a triangle 4- 1 Oh. 
ren i” BC, are given 8 3 
G, in magnitude, Wit) 

the the triangle tis "Wi 
the given in kind, FE, 1 
nts Conſtr. Let ——— 1 
ind | there be expo- 5 DB B C | 
the ſed the right | | EM 
ind line DE, given in poſition and in magnitude; and let 1 
gle there be conſtituted at the point D the angle EDE, 1 
5k equal to the angle CBA; and at the point E the angle PR 
DEF, equal to the angle BCA ; therefore the third angle 5 |} 

BAC is equal to the third angle DFE. | N 

Demonfſt. For each of the angles conſtituted in the points Wl: 

A, B, and C, is given: Therefore each of thoſe which Wt 

are poſited in the points D, F, and E, is alſo given; Wi 

and ſceing that to the right line DE given in poſition, Wl 

BOD and to the point D given therein, there is drawn the Wl 
8 right line DF, whic _— the given angle EDF, " a 29. prof : GEM 
; A 4 ene e 
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the line DF is given in poſition ; and for the ſame reaſon, 
bs, prop. the line EF is given in poſition : Therefore 6 the point 
P̃ is given in poſition, But each of the points D and 
c 26, prop. E is given: Therefore c each of the lines DF, DE, and 
Ef, is given in magnitude, Wherefore the triangle 
- DFE is given in kind; and is alike to the triangle ABC: 

Therefore the triangle ABC is given in kind. | 


PROP. XIL 
Tf a triangle ABC, hath one angle BAC given, and that 
the two ſides BA and AC, which do conſtitute it, have to 
one another a given ratio, the triangle is given in kind, | 
Conſtr. For, let there be expoſed the right line DF gt- 
ven in magnitude and poſition, And thereon, and at the 
given point P, let there be conſtituted the angle DFE 
equal, to the angle BAC. | 
Demorfir. Now the angle BAC is given: Therefore 
alſo the angle DFE is given, and ſeeing that to the 
right line DF given in poſition, and from the given 
point F therein is drawn a right line FE, making the 
2 29. prop. given angle DFE, à the ſaid line FE is given in poſiti- 


| A. AB to AC is given, let the lam 

| be made of DF to FE, then let 

DE be drawn. Therefore the 

ratio of DF to FE is given, But 

. C2 B DP is given: Therefore b FE is 
b 2. prop. . 2 given in magnitude. But the 
ſame FEE is alſo given in poſition, 

and the point F is given. There- 
fore c the point E is alſo given. 
5 But each of the points D and F is 
1 given: Therefore d each of the 
right lines DF, FE, and DE is given in poſition and 
e 39. prop, magnitude. Wherefore e. the triangle DEF is given in 
e kind, And ſeeing that the two triangles ABC and DEF 
have an angle equa] to an angle, that is to fay, the 

angle BAC to the angle DFE, -and the ſides which con- 

96.6, Af{ticute thoſe equal angles, proportional; Fthe triangle 
FA ABC is alike to the triangle DEF, But the triangle DEF 


= — 
— — ——— 


3 —— . + — 


d 26. prop. 


«0 = - ”, = \ 3 3 
2 U 1 U 7 U \ 
ä a rac at Aarne aa al 888 — . — = » — . 
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| b | is given in kind; Therefore the triangle ABC is given 


in kind. 


on. Bur ſeeing that the ratio of 


tROP, 


in magnitude, and ſeeing that 


gain, ſeeing that the ratio of 
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PROP, XLII. 
3 77 tbe fide 4 of a triangle ABC; A. 


are to one another in givenvatio's, 
the triangle ABC is given in kind, | 

Conſtr. For, let there be ex- C 
poſed the right line D, given 


Cz 
the ratio of BC to AC 1s given, X 
let the ſame be made of D to E. 
Demonſtr. Now D is given, E. 
therefore à E is alſo given. A- 


AC to AB is given, let the 
ſame be made of E to F. Now 
E is given, therefore b F is alfo 
given. Now of three right lines, equal to the three 
N right lines D, E, and E, (and of which three 
ines, two of them, in what manner ſoever they be 
taken, are greater than the other,) let there be con- 
ſtituted the triangle GH K, in ſuch ſort as D may be 
equal to HK; but E is equal to KG, and GH equal to 
F; therefore each of the ſaid lines HK, KG, and GH, 


is given in magnitude: Wherefore c the triangle HGK c 


is given in kind. And ſeeing that as BC is to CA, fo 
is D to E, and that D is equal to HK, and E to KG, 
as BC is to CA, ſo HK is to KG. Again, ſeeing that as 
CA is to AB, ſo is E to F, and that E is equal to KG, 
and F to GH; as CA is to AB, ſo is KG to GH. Bur 
it hath been demonſtrated, that as BC is to CA, fo 


is HK to KG: Therefore in ratio of equality, as 


b 2. prop. 


BC is to AB, ſo is HK to GH, Therefore d the tri- d * 66 | 


angle ABC is allo given in kind. 


PROP, 


39. Prop. 
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EucII DEV DAT A. 


PROP. XLIII. 
If the ſides BC and BA, about 


tangled triangle ABC, have to 
one another a given ratio, that 
triangle is given in kind, | 
Conſtr. Let there be expoſed 
the right line DE given in 
magnitude and poſition, and 
on it let there be deſcribed 
the ſemicircle DGE: There- 
fore à the ſemicircle DGE 1s 
| given in poſition. 
c B Demos ſtr. For the line DE 
yy, MI being given, and divided in 
| two cqual parts, the center 
of the ſaid circle 1s given in poſition, and the ſemidia- 
meter in magnitude. And foraſmuch as the ratio of BC 
to BA is given, let the ſame be made of DE to F: 
Therefore the ratio of DE to F is given, But DE is 
given, therefore F b is alſo given, Now BC is greater 
than c AB: Therefore ED is d alfo greater than F. 
Let DG be fitted equal to F, and let EG be drawn; 
then on the center D, with the diſtance DG, let the 
circle GK be deſcribed. Now that circle e is given in 
poſition, ſecing that the center D is given, and the ſemi- 
diameter DG is alſo given in magnitude, But the ſemi- 


f 25. prop. circle DGE is alſo given in poſition : Therefore F the 


point of interſection G is given. But the points D and 


g 26. prop. E are alſo given, therefore g each of the right lines 


DE, DG, and EG, is given in poſition and magnitude. 


h 39. prop. Wherefore h the triangle DGE is given in kind. And 


ſeeing that the triangles ABC and DGE have an angle 
equal to an angle, to wit, the right angle BAC to the 
right angle 2 DGE, and the ſides about the angles CBA 
and EDG proportional. But each of the others ACB 
and DEG are lefs than a right angle: Thoſe triangles 
ABC and DEG & are alike, Bur the triangle DGE is 
given in kind; Therefore the triangle ABC is alſo given 
zn kind, | 
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PROF. XIV. 
If a triangle ABG, bath P 
one angle B given, and that A 
the ſides BA and AC, about 
another angle BAC, have to 
one another a given vatio, 
the triangle ABC is given in 
kind. | 
Conſtr. Now the given 2888 M ; 
Fe, is either acute : ob- B D C 
tuſe, (for it was a right angle | 
in the foregoing propoſition.) Let it be in the firſt place 
acute, and from the point A let AD be drawn perpendi- 
cular to BC. | 
Demonſtr. Therefore the angle ADB is given: But the 
angle B is alſo given; and therefore the third angle 


BAD is given: Wherefore à the triangle ABD is given a 40. prop, 


in kind; and therefore h the ratio of BA to AD is given. b 3. def. 
But the ratio of the ſame BA to AC is alſo given: 
Therefore c the ratio of AD to AC is given, and the C 8. prop. 
angle ADC is a right angle: Wherefore the triangle d d 43. prop. 
ACD is given in kind: Therefore e the angle C is given. e 3. def. 
But the angle B is alſo given; and therefore the other 
angle BAC is given: Therefore F the triangle ABC is f 40 prop; 
given in kind. 

Conſtr. Now let the angle ABC be obtuſe, and on the 
ſide CB prolonged, let there be drawn the perpendicular 
AD. OR, 
- Demonftr, Foraſmuch as the angle ABC is given, the 
angle ABD, which follows it, ſhall be given. But the 
angle ADB is alſo given: Therefore the third angle DAB 
is given, Wherefore g the triangle ABD is given in g 40. prop, 


kind ; and therefore þ the ratio h 3. def. 
of DA to AB is given. But the | | 

ratio of AB to AC is alſo given: a 
Therefore 7 the ratio of DA to i 8, prop, 


AC is given, and the angle D 
is a right angle. Therefore the 
triangle DAC is given in kind, 
and therefore the angle ACB 
is given. But the angle ABC | | 
is alſo given: Thercfore the 
third angle BAC is given. an 

Wherefore the triangle ABC is C B D 
given in kind. 


331, 


1 7. prop. 


6-26, 
C.I8. 5. 


Pd 
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PROP. XLV. 
Ax If a triangle ABC hath one 


angle B IC given, and that 
the line compounded of the two 
fedes AB; and AC, about the 
ſaid given angle BAC, hath to 
the other fide BC a given ratio, 
the triangle ABC is given in 

4 | Lind : 
G | Conſtr. For, let the angle 
* 5 BAC be divided into 5.2 


equal parts by the line AD, therefore à the angle CAD 
is given. b | 

Demonſtr. Seeing that as AB is to AC, ſo b is BD to 
CD; by compounding, c as the line compounded of 
CAB is to CA, ſo is BC to CD, and by permutation, 
as the line compounded of CAB is to CB, fo is CA to 
CD. But the ratio of the line compounded of CAB to 
BC, is given; therefore the ratio of CA to CD is alſo 


d 44. prop. given, and the angle CAD is given. Therefore d the 


triangle ACD is given in kind, and therefore the angle 
C is given. But the angle BAC is alſo given: There- 


* 40. Pra. fore the third angle B is given: Wherefore e the triangle 


ABC is given in kind. 


3 OTHERWISE. 

Conſtr. Let BA be prolonged directly unto the point D, 
in ſuch ſort as that AD may be equal to AC, and let CD 
be joined, TS 

Demonſfir. Foraſmuch as the ratio of the line com- 


pounded of CAB to CB is given, and that AD 1s equal 
to AC, the ratio of the whole 


= - | line BD to BC is given. But 

the angle ADC is alſo given, 
for it is the half of the given 
| angle BAC (for that the ſaid 
8 angle BAC f is equal to the 
two internal angles ACD and 
ADC, which are g equal to 
one another, being the ſides 


C B AC and AD are equal:) 


Wherefore the triangle BDC 


h 44. prop. b is given in kind, and therefore the angle B is given. 


i 40. prop, 


But the angle BAC is alſo given. Therefore the re- 
maining angle ACB is given: Wherefore 7 the triangle 
ABC is given in kind, | PR Ot 


Kuczi p, DAT 


| For XLVL 

if a triangle ABC hath one | A 
angle B given, and that the line * 
CAB compounded of the tao ſides 
AC and AB about another angle 
BAC hath to the other ſide BC a 
given vatio, the triangle ABC 
#s given in kind. 

Conſtr. For let the angle BAC 
be divided intotwo equal parts, 
by the line AD, | 15 

Demonſtr. Therefore (as hath been ſhewn in the fore- 
going Propoſition) the compound line CAB is to CB, 
as AB is to BD. But the ratio of the ſaid compound line 
CAB to CB is given: Therefore alſo the ratio of AB to 
BD is given. But the angle B is alfo given : Therefore ; 
the triangle ABD &@ is given in kind; and therefore þ a 41: propc 
the angle BAL is given, But the angle BAC is double b 2. def. - 
to that of BAD; and therefore it is alſo given. There- 
fore the third angle C is given, Wherefore the triangle 
ABC is given in kind. 


OTHERWISE | 

Conſtr. Let BA be prolonged directly, and let AD be 
put equal to AC, and let CD be joined, 

Demonfir, Foraſmuch as the 
ratio of the line compounded of J 
CAB to CB is given, and that 
AD is equal to AC, the ratio 
of BD to BC is given; and the 


T- 3. — 
— — 
— 


angle B is alſo given: Therefore ki ml 
the triangle CDB c is given in e Ar. prop. l 
kind; and therefore d the angle d 3. def. „ 
D is given: Therefore the angle | 1 
. . ; : 9 
BAC which is double to BDC, M ÞB | 1 | 
is alſo given: Wherefore the | Welt, 
other angle ACB 1s given; and therefore the triangle i 
ABC is given in kind, 0 
c N 
i " 5 
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b 41. prop. 


A 3. def. 


b 40. prop. 


c 8. prop. 
d 3. def. 
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PROP. XLVIL „ 
A 5 RNedctiline figures, as AB ODE, 
* given in kind, are divided into 

triangles given in kind. 
conſtr. For let the right lines 

15 EB and EC be drawn. | 
— Demonſty. Foraſmuch as the 
rectiline figure ABCDE is given 
in kind, the angle 4 BAE is 
| given, and the ratio of the fide 
| D A to AE is alſo given: There- 
: 5 fore b the triangle BAE is given 
in kind. Wherefore the angle ABE is given. But the 
whole angle ABC is alſo given: Therefore c the remain- 
ing angle EBC is given. But the ratio of the ſide AB 
to the ſide BE, and alſo that of AB to BC is given: 
Therefore d the ratio of BC to BE is given, and the 
angle CBE is alſo given: Therefore e the triangle BCE 
is given in kind. By the ſame way it may be de- 


monſtrated that the triangle CDE is given in kind. 


Therefore rectiline figures given in kind divide themſelves 
into triangles given in kind. ; 


PROP. XLVIII. 
x If on one and the ſame rigbt 
G C E line AB, are deſcribed triangles, 
8 1 ACB and ABD, given in 
B q kind, thoſe triangles ſball bave 
F 


| to one another a given ratio 
H. D e ee ; 

Conſtr. For from the points A 
and B, let there be drawn at right angles on the line 
AB, the lines AE and BC, and prolonged unto the 
points Fand H; through the points C and D, let there 
be drawn the lines ECG and FDH, parallel to AB. 


Demonſer, Foraſmuch then as the triangle ABC is 


given in kind, à the ratio of CA to BA is given, and 
the angle CAB is alſo given; but the angle BAE 13 
given: Therefore the remaining angle CAE is allo 
given; but the angle CAE is given; and there- 
fore the other angle ACE is alſo given, Wherefore 
b the triangle AEC is given in kind, Now the ratio 
of EA to AB cis given; (for d the ratio of EA to AC, 
and that of AC to AB is given ;) and in like manner, 

| the 


. Evciipr's DATA. 


the ratio of FA to AB is given. Therefore e the ratio of e 8. prop. 


335 


EA to AF is given; but as AE is to AF, ſo f the paral- f 1.6, 


J lelogram AH to the parallelogram AG ; but ACB is g g 4 
19 the halſ of AH, and ADB the half of AG ; therefore the 
ratio of the triangle AC; to the triangle ADB is given; 


es for it is the ſame ratio with that of AH to AG b; that h 15. 5, 

i is to ſay, of EA to AF, which 15 given. 
— PROP. XIIX. . 
- If on one and the ſame Fd 
e- right line AB there are deſcri- 
os bed any two rectiline figures 
he AECEFB and ADB, given in 
vhs kind, they (all have to one 
B another a given ratio (to 
12 wit) AECFB to ADB. 
* Conſtr. For let the lines 
CE, FA and FE be drawn: 
Fs TRE — the _ 

. 5 es a ABF, and EC N n 
= | 7 given in kind. 9 

5 Demonſtr. Seeing that on one and the ſame right 

line EF there are deſcribed the triangles ECF and EAP, 
given in kind; the ratio of ECF to EAF b is given. b 48. prop. 

abt Therefore by compounding, c the ratio of AECF to EAF c 6. prop. 
3 is given. But the ratio of the ſaid EAF to FAB is 
, - | given, 4 becauſe they are triangles given in kind, de- d 48. prop, 
Or ſeribed on one and the ſame right line AF: There- 
110 fore e the ratio of AECF to FAB is given. Where- e 8. prop. 

, fore by compounding, F the ratio of AECFB to FAB f 6. prop. 


is given: Therefore Y the ratio of AECFB to ABD is h 8. 
alſo given. | 


PROP. 


. 


. 


is given. But the ratio of the ſame FAB to ABD g g 48. prop. 


Prep. 
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PROP. L 5 

If tevo rigbi lines AB and 
CD, have to one another a 
given ratio, and that on 
thoſe lines there be deſcyibed 
rectiline figures AEB and 
CED, alike, and alike poſited, 
#bey vill have to one another 
a given ratio. | 

Demonſtr. To the two 
lines AB and CD, tet there 
be taken a third proportio- 
nal G: Therefore as AB is to 
CD, ſo is CD to G. But the 
: ratio of AB to CD is given: 

9 Therefore the ratio of CD to G is alſo given: Where- 
a 8. prop. fore a the ratio of AB to G is given, But 5 as AB is to 


b cor. 19. G, fo is AEB to CFD: Therefore the ratio of the ſame 


20. 6. AEB to CFD is given, 


PR OP. Lt . | 
If two right 
lines AB and 
CD have to one 
another a gi- 
ven ratio, and 
that upon them 
there be deſcrib- 
ed any rectiline 
figures AEB 
and CFD, gi- 
ven in kind, 
; they will have 

to one another a given ratio, (to wit, that of AEB to CFD.) 
Honſtr. For on AB let the rectangled figure AH be de- 

ſcribed alike, and alike poſited to DF. 

Demonſtr. Now DF is given in kind: Therefore alſo 
̃ AH is given in kind. But AEB is alſo given in kind, 
a 49: prop. and deſcribed on the ſame line AB: Therefore a the ratio 
of AEB to AH is given: And ſeeing that the ratio of 
AB to CD is given, and that on thoſe lines are deſcribed 
| the rectiline figures AH and DF alike, and alike poſited, 
b 50, prop. the ratio b of the ſaid line AH to DF is given. But the 
ratio of AEB to is alſo given: Therefore the ratio 
© 8. prop, c of AEB to DF is given. PROP: 


eſcrib- 
#iline 
AEB 
D, g- 
kind, 
l bave 
FED.) 
be de- 


re alſo 
i kind; 
ie ratio 
atio of 
ſeribed 
poſitedz 
Zut the 
1e ratio 


RO P. 


. ſquare is given in kind; for that all the angles thereof are 


| ſpall have alſo to the other fades 
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1 Kon LIK  _ : 5 
on à right line AB, given C . | 
in magni tudo, there be deſoribed | ES 8 | 
'a-figure Az, given in kind, that FU oa es” 7% 
ure Ach is given in magni- ö K 


tude, ES : . - 
Conſtr. For on the ſame line A 
AB, let the ſquare AD be de- 
ſeribed. Therefore AD is gi- 
ven in kind “ and in magni- 
tude. | 
Demonſtr. Seeing that on wk 
the right line AB, are de- 
ſeribed the two reQiline f: | : 
gures ACB and AD, given in kind, à the ratio of ACB a 29. prop, 
to AD is given: Therefore 5 ACB is given in mag- b 2, prop. 


nitude, | 
9 Scholjium. 5 = 
* The antient interpreter hath noted bers that every 


given; being all equal and right angles But alſo the ratio's 
'of the ſides are given; for thoſe ſides being ail equal; their ra- 
rio s are alſo equal, Moreover, whenſoever a ſquars is expoſed, 
a ſquare equal thereto may be exhibited ; and therefore vhe' 
ſquare in given in magnitude, as alſo each ſide thereof. 


- FR OP. HE ; 
If there are two figures AD & E C A. 
and EH, given in kind, and —— 
that one ſide BD of the one, | 
hath to a ſide FH of the other, 
a given ratio; the other ſides 


given ratio z. 


* — 


the ratio of BD to FH is gi- | 0 

ven, and alſo that à of BD a 3. def. 1 
to BA, b the ratio of the ſaid b 8. props by 
AB to FH is given. But the c 3. def. St 
ratio of the ſame FH toEP c is alſo given: Therefore d the d 8. props 1 
ratio of AB to EF is given. In like manner alſo the ratio's 1 
of the other ſides to the other ſides are given. | 10 
4 * p R O P. Rl 

- 0 

bl 
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a cor. 19. 
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PROP, LIV. 
5 E If two figures A and B 


given in kind, have to one 
| B | another a given ratio, alſo 


H their ſides ball be to one 
7 E another in a given ratio. 
5 C | conſtr. For either the 


| polited to B, or 1s not: 
D d Let it in the firſt place be 
alike, and alike poſited; 


and let there be taken the 


line G, a third proportional to the lines CD and EF. 
Demonſtr, As CD is to G, a ſo is A to B. But the 
ratio of A to B is given; therefore alſo the ratio of CD 


to G is given. And ſeeing that CD, EF, and G, are 
b 24. prop. proportional, b alſo the ratio of CD to EF is given. But 
C 52. prop. A and B are given in kind: Therefore c the other ſides 


ſhall have given ratio's to the other ſides. 

Now let the figure A be not alike to the figure B, 
and let there be deſcribed on EF the figure EH, alike 
and alike poſited to A: Therefore the figure EH is given 
in Kind ; but the figure B is alſo given in kind: There- 


d 49. prob. fore d the ratio of B to EH is given; and therefore the 


e 8. prop. 


ratio of A to the ſame EH e is alſo given: But A is alike 
to EH: Therefore (by what is aboveſaid) the ratio of 


CD to EF is given; and in like manner the ratio of the 


other ſides to the other ſides is given. 


OTHERWISE. 
conſtr. Let there be expoſed 


the given line GH: Now ei- 
ther the figure A is alike to the 
figure B, or not. Let it in the 
| firſt place be alike, and let it 
; F be as CD it to EF, fois GH 


to LK ; then on GH and LK 
N let the figures M and N be de- 
O 


ſcribed alike, and alike poſited 
T. 50 
to the ſaid A and B, which 
figures M and N ſhall be. con- 
ſequently given in kind. 
| Demonſtr. Therefore ſeeing 
that- as CD is to EF, ſo is GH to LK, and that on 
thoſp 


7 

K 
ol x 
.F 
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figure A is alike and alike 


CC 


7 8 


Eu cli E' DAT 4: | 339 


thoſe lines CD, EF, GH, and LK, are deſcribed the 
figures A, B, M, and N, alike and alike poſited ; F as A f 22, 6. 
is to B, ſo is M to N. But the ratio of A to B is given: 
Therefore the ratio of M to N is given. But g M is g 52. Prep: 
given, conſidering that it is a figure given in kind, de- 
{cribed on a right line given in magnitude; therefore N 
is alſo given. 
Conſtr. 2. Now, on LK let the ſquare O be deſcribed : 
Therefore h the figure O is given in kind. h ſch. 52. 
Demonſtr. 2. Wherefore the ratio of O to N is given. prop. 
But N is given: Therefore O is given; and conſequently 
i alſo KL, But GH is given: Therefore & the ratio of i ſch. 52, 
GH to KL is given. But as GH is to LK, fo is CD to prop, 
EF. Therefore the ratio of CD to EF is given; and æ 3, prop. 
therefore the figures A and B being given in kind, I the ] 5 2. Prop. 
other ſides of the ſame figures ſhall alſo have to the other 
ſides given ratio's. But if the figures be not alike, the 
latter part of the demonſtration here above muſt be ob- 
ſerved. | 
| FROP.-LV 
If a ſpace A be given in kind, 
and in magnitude, the ſides | = 
thereof ſball be given in mag- | 


nitude. | 

 Conftr, For, let the right A D 
line BC, given in poſition | 
and in magnitude, be expo- | I & 
ſed; and thereon let there be F 
deſcribed the ſpace D, alike — E 


| 


and alike poſited to A; therefore the ſaid ſpace D 1s 


given in kind, | : 

| Demonſir. For that it is deſcribed on the line BC, 
given in magnitude, it is alſo à given in magnitude. a 53. prop. 
But the figure A is alſo given: Therefore b the ratio of b z. prop. 
A to is given. But thoſe figures A and D are given 
in kind: Therefore c the ratio of the line EF to the c 5.4. prop. 
line BC 1s given, But BC 1s given: Therefore d EF d 3. def. 
is alſo given. But the ratio of the ſame EF to FG is given: 
Therefore e FG is given. And by the fame ways of e 2, jap, 
reaſoning it may be demonſtrated that each of the other 


ſtdes are given in magnitude. 


1 OTHER 


=, 
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f ſeb. 52, 
Prop. 


g 49. prop. 


H 2. prop, 


1/th. 524 
Prop. 


| Hg 50 


Evctivn's DATA. 


1 cunſtr. Let the ſpate 
HKL be given in kind 
and in magnitude: I ſay 
that the ſides thereof are 
given in magnitude. For 
L | I on the right line GH let 
| there be deſcribed the 
ſquare GM ; therefore FGM 
is given in kind. 
Demonſtr. But the ſpace 
GHIKL is alſo given in 
kind: Therefore g the ra- 
tio of the ſame ſpace GK to 
GM is given. But GK is 
ey in magnitude: There- 
ore h GM 1s alſo given in 
magnitude; and ſeeing that GM is the ſquare of the line 
GH, 7 that line GH is given in magnitude. Wherefore 
in like manner, each of the other lines HI, IK, KL, 
and LG, 1s given, 


PAOQOP LIVE 
If two equiangled parallelograms 
A and B, have to one another a 
CC K&iven ratio, as one fide CD of the 
IL Ferft d, is to one fide N, of the ſe- 
8 E cond B; ſo the other fide GE, of the 
ſecond B, is to that to which DH the 
B other fide of the firſt 4, hath the 
= 0 given ratio that the parallelogram 


A hath to the parallelogram B. 

5 | Conſtr. For let HD be prolonged 
directly to L, fo that as CD is to FG, fo HD may be to 
DL; and finiſh the parallelogram DK, | 

Demonffr. Seeing that as CD is to FG, fo HD 
is to DL, and a that CD is equal to KL; as LK is 
to FG, ſo is GE to DL; and thus the fides about 
the equal * DLK and EGF are reciprocally 
proportional: Wherefore b DK is equal to B ; and there- 


fore ſeeing the ratio of A to B is given, and that B is 

equal to DK, the ratio of A to DK it given. But as c 

A is to DK (that is to B) fo is HD to DL: therefore 

the ratio of HD to DL is alſo given: and ſeeing that as 

CD is to FG, ſo GE is to DL, and that the right line 
2 


HD 


. 


155 = hath to DL a given ratio; to wit, that whigh the 
P 
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ſpace A hath to the ſpace B; as CD is to FG, ſo GE 


f to that to which HD hath the given ratio that the 
pace A hath to the ſpace B, that is to ſay, the ratio of 


HD to DL, 
PROP. LVIL ; ALY 
Ta given ſpace AD be applied to a given vight line 4B bi! x 
in a given angle CAB, the breadth CA of the application is it 9 
Den. : UM 
| 3 For on AB, let there be deſcribed the ſquare | 19 
AF; therefore a the ſame AF is given: Let the lines a ſch. 52. 918 
EA, FB, and CD, be prolonged to the points G and H. prop. , by 
Demonſtr. Seeing therefore that each ſpace AD and AF . 
is given, their ratio is alſo given. But 6 AD is equalb 36. f. RA 
to AH: Therefore the ratio of AF to AH is given: CRY 
Wherefore the ratio of EA to AG is given. (Forc it is c 1. 6. NY 
the ſame with that of AF to AH) E * 


But EA is equal to AB; therefore 
the ratio of AB to AG is given. 
Now ſeeing that the angle CAB is 
given, and the angle GAB alſo gi- 
ven, the reſidue CAG is given. 
But the angle CGA is alſo given, 
being a right angle: Therefore the _ 

remaining angle ACG is given. Wherefore the triangle | 
d CAG is given in kind: Therefore the ratio of CA to d 40. prop. 
AG is given. But the ratio of AB to the ſame AG is alſo 

given: Therefore the ratio of CA to AB is given; and 

the ſaid AB is given: Wherefore CA is alſo given. 


. PROP, LVIIL 
If a given | 
ſpace AB, be ap- — 77 


plied to a given 
right line AC, | | 


wanting by a 


Sw Dk . co 4 

ven in kind, the 4 1 8 B E 
breadths of the | * | | 

defect: are gi- A. 5 . 

ven. | 


Conſt s, For let AC be divided in two equal parts in 
the point FP: Therefore as well AF as FC is given. On 
the ſaid line FC let there be deſcribed the rectangled 
figure FG alike and alike poſited to DE, Therefore FG 
s given in kind, Y3 Demonſir, 


342 
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Demon ſir. Seeing the figure FG is deſcribed on the right 


a 52. prop. line FC given in magnitude, the ſaid rectiline FG is 4 


b 36. I. 
e 43. 1. 


d 4. prop. 
e 24. 6. 
f 55. trop. 
234. 1. 
h 4. prop. 
13. def. 

EX 2, prop, 


3 32. prop. 


> 
q 


24. 6. 


alſo given in magnitude. But FG is equal to AB and 
IL; (for b AI and FE being equal, and ec FB and BG 


alſo equal, the Gnomon ICL is equal to AB; and there- 


fore their added figure IL common to both, FG ſhall be 
equal to AB and IL:) Therefore the figures AB and IL 
together are given in magnitude. But AB is given in 
magnitude: Therefore d the remaining figure IL is alſo 
given in magnitude. But it is alſo given in kind, ſeeing 
it is e alike to DE: Therefore F the ſides of the ſame IL 
are given: Wherefore IB is given; and ſeeing that it 
is equal g to FD, the ſame FD is alſo given. But FC 1s 
given; therefore the remainder DC h is given; and ? 
in a given ratio to BD, and therefore & BD is given. 


. LMS. . 
If a given 


Eo - ace AB be ap- 
G : - HS — according 
| to a given right 
| | : line 7 exceed- 
ing it by a 
— — E B gure CB 30 
| | in kind, the 
— A breadths of ths 
I. e xceſſes 1 and 
CF are given. 

Conſtr. For PE being divided into two equal parts in 
let there be deſcribed on GE the rectiline figure GH, 
alike and alike poſited to CB, 

Demonfir. Now ſeeing that CB is alike to GH, thofe 
agures CB and GH * are about one and the fame diame- 
ter, and GH is given in kind, as is CB, But it is de- 
ſcribed on the given line GE: Therefore a the ſame 
GH is alſo given in magnitude. But AB is given: 
Therefore AB and GH are given in magnitude. Now 
thoſe figures AB and GH, are equal to LI, (for AG, LE, 
and EI, being equal, the Gnomon GFH is equal to AB; 
and therefore adding GH common to both, LI ſhall be 
equal ro AB and GH) therefore LI is given in magni- 
tude ; but it is alſo given in kind, ſince it is þ alike to 


55. prop, CB. Therefore c the ſides of the ſaid LI are given, 


4. prop, ſeeing it is equal to GE: Therefore d the remainder CF 


18 


T 


88 


to KH, quhich foall meet EH, prolonged in the point N, and 


ſeeing the parallelograms CB and GH are alike, as FC 


one and the ſame diameter. 
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is given, and in a given ratio e to CE. Wherefore Fe 3. def. 
CE is given. | f. 2. prop» 


Scholium, 


* EUCLIDE ſuppoſeth SN 
here that CB and GH are | — , 
about one and the ſame dia- K 
meter, but ae ſpall thus de- P : | | Wat 
monſtrate it Let CB and 2 
GH be tao alike parallelo- {feb 
grams diſpoſed as above, that D | 277 
26 to ſay, that the equal | 775 
angles join together in E, the L. BM 
fade CE meets directlj with A. L 13 
his homologous ſide EH, and 
the fide BE, his correſpondent ſide EG ; and let the diametes 
FE be drawn, I ſay that the ſaid diameter FE prolonged, will 
paſs through the point K; that is to ſay, the parallelagrams 
GH and CB, conſift about one and the ſame diameter, For 
if it be denied, the diameter EF being produced, will paſs 
above the point K, or below it. -Let it in the firſt place 
paſs above it, and let it cut GK, prolonged in the point M, 
and through the point M let there be drawn MN, parallel 


FB in O. 1 
Demonſtr. Foraſmuch as the parallelograms GN and 
CB are with the parallelogram LO about one and the 
fame diameter, they are g alike to one another. Where- g 24. 63 
fore as FC is to CE, ſo is EG to GM. In like manner, 


is to CE, ſo is EG to GK: Therefore þ as EG is to h 11. 5; 
GM, fo is EG to GK. Wherefore 1 GM and GK are i 9. 5. 
equal, a part to the whole, which is abſurd: By the 
ſame way of reaſoning it may be demonſtrated, that 
the diameter prolonged will not fall below the point 
K: Therefore the parallelograms CB and GE couſiſt about 


Y 4 PROP, 
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PROP. IX. 
2 | 1 If a parallelagram 


AB, given in kind and 
in magnitude, be aug- 
| mented or diminiſbed by 

| A 6 © Gnomon CFD, the 
. breadths of the Gnomon 

| 4 | | (confefting of the lines 
we — a CE and DG) are given. 


. 29 B Demonſtr. For ſceing 
= f a that AB is given, and 
9 | the Gnomon CFD alſo given, the whole parallelo- 
4 5 ram BF is given: But it is alſo given in kind, ſceing 
2 55. rap, it is alike to BA : Therefore a the ſides of the ſame BF 

are given; and therefore each of the lines BE and BG is 

given. But each of the lines BC and BD is given; there- 

tore each of the remaining lines CE and DG is alſo g- 

Ven. 

Conſtr. Now let the 
paraliciogram BF, gt- 
ven in kind and ir 
magnitude, be d1nij- 
niſned by the given 

Gnomon CED: I ſay. 

that each of the lines 

CE and DG is given. 
Demonſtr. For ſeein 

5 that BF is given, wn, 

the Gnomon CFD given, the remaining figure AB is 

alſo given. But it is alſo given in kind, ſeeing it is 

Þ 55. prope alike to BF : Therefore 6 the ſides of the ſaid AB are 

= . FEY given, and therefore each of the lines CB and BD is 

= : given: But each of the lines BE and BG is given: 


| | Therefore alſo each of the remaining. lines CE and 
#0 DG is given. 5 5 | 
| q | P . N 
ik. . 
1 * 
; | | | YR OP. 


3 LEE ma 
: \ \ % 8 == Wk 4. n al , 
8 by - = _0 72 £ . fl FRANCS 1 alas; Wer; - NA aſe * 
0 = =- 5 
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PROP. LXI. | 4! 

m F to one ſide of a figure ABCE, 1 
nd given in kind, tbere be applied a 
g parallelogrammic ſpace CD in 4 
by given angle BCF, and that the 
he given figure AC bath to the pa- 
on rallelogram CD a given ratio, the | 
265 | er pdt CD 7s given in Þ 
RE kind. 1 
ng Conſtr. For through the point B, by 
nd let BH be drawn parallel to Ty 
lo- CE, and through the pointE let 5 
ng EH be drawn parallel to CB, 0 
BF ' and let EC and HB be prolonged 13 
is to the points K and G. 10 
re- Demonſir. Foraſmuch as the angle BCE is given, Mit 
Ci and the ratio of EC to CB, 4 the parallelogram CH a 3. def, * 

is given * in kind, But the figure ABCE is alſo given 10 
the in kind, and is deſcribed on the ſame line BC, as 74 
Ei- the parallelogram CH given in kind is: Therefore b the b 49. prop, Fl 
in ratio of the figure ABCE to the parallelogram CH is 71 
mi- given. But by ſuppoſition the ratio of the ſaid figure 0 
en AB CE to the parallelogram CD is alſo given; and 9 
ſay Cd is c equal to CG: therefore d the ratio of CH to c 36. f. [a 
nes CG is given, Wherefore, the ratio of the line EC to d 8. prop. | 
ww the line CK is given; (for e as CH is to CG, fois EC e 1. 6. |} 
ng to CK.) But the ratio of EC to CB is alſo given: There- 4 
0d fore f the ratio of the ſaid CB to CK is given. And ſee- f 8. prop. 
is ing that the angle ECB is given, alſo the following 
18 angle BCK g is given. But the angle BCF 1s propoſed g 13. 1. 
are given; and therefore the remaining angle FCK is given. 4. prop. 
) is Alſo the angle CKF is given, for that b it is equal to h 29, 1. 
en: the angle BCK : Therefore the other angle CFK is gi- , 
nd ven; Wherefore i the triangle FCK is given in kind; 1 40. prop. 


and therefore the ratio of FC to CK 1s givea, But 
the ratio of CB to the ſame CK is alſo given: There- 
fore k the ratio of FC to CB is given; and the angle k 8, prop, 
BCF is alſo given, Wherefore the parallelogram CD 


Scholium, 
* Altho' it be manifeſt that a parallelogram that hath 
2 E. one angle given, and the ratio of the ſides about the ſame. 
* angle alſo given, is given in kind, as Euclide doth _ de- 
e | elare, 


— 


| 
| 
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clave; ſo it is notwithſtanding that the antient interpreter 
doth thus demonſtrate it. | 3 
Seeing that in the parallelogram CH the angle ECB 1s 
given, the angle CEH is alſo given; for the right line EC 
falling on the parallels EH and CB, doth make the tas 
internal angles on the ſame part equal to tao right angles. 
And therefore ſeeing that the angle ECB is given, the other 
angles ave given; and ſeeing that the ratio of EC to CB 1s 
given, and that BH 1s equal to CE, and EH to BC, 1b 
ratio of the ſides to one another 15 alſo given, h 


PROP. LXII. 

If two vight 
lines AB and CD, 
have to one ano- 
ther a given ra- 
tio, and that 
on one of them 


ſcribed. a figure 
AEB, given in 
D find; but on the 
other CD, a paral- 
lelogrammicſpace 


PF in & given angle DCP, and that the figure ABB bath 


to the pavallelgram DF a given ratio, the parallelogram 
DF ts given in kind, | 
conſtr. For on the line AB let there be deſcribed the 
parallelogram AH, alike and alike poſited to DF, 
Demonſtr. Seeing that the ratio of AB to CD is given, 
and that on thoſe lines are deſcribed the rectiline figures 


a 50. prop. AH and FD, alike and alike poſited, 4 the ratio of AH 


to FD is given. But the ratio of FD ta AEB is alſo 


b 8 prop, given: Therefore b the ratio of AH to AEB is given, 


But the angle ABH is alſo given, being equal to the 
angle FCD, and ſo the figure AEB is given in kind; 
and to AB one of the ſides thereof, the parallelogram 
AH is applied in a given angle ABH, and the ratio of 
the ſaid figure AEB to the faid parallglogram AH is gi- 


C 61, prop, ven: Therefore e the parallelogram AM is given in kind; 
and therefore FD which is alike thereto, is alſo given 


in kind, 


PROP; 


AB, tbere be de- 


given. 
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PROP. 


If a triangle ABC 
be given in kind, the 
Square BE, CD, and 
CF, which is deſcribed 
on each of the ſides, 
Ball have a given ra- 
tio to the triangle 
ABC. 

Demonftr. For ſce- 
ing that on one and 
the ſame right- line 
BC, there are de- 
ſcribed the two recti- 
line figures ABC and 
CD, given in kind, 
a the ratio of the 


ſame ABC to CD is given ; and therefore the ratio of — 
the ſquares BE and CE, to the triangle ABC is alſo 


FRO EN. 

If a triangle ABC, hath an 
obtuſe angle ABC given, that ſpace 
by which the fide AC ſubtending 
the obtuſe angle ABC, is more in 


D 


LXIn. 


pocver than the 1. 7 AB and BC, 


that comprehend the ſaid angle, 
Hall have a given ratio to the tri 


angle ABC. 


Conftr, Let the line CB be 
prolonged directly, and from 
the pomt A let the perpendicular 
AD be drawn: I ſay that the ſpace by which the ſquare 
of the line AC doth exceed the ſquares of the lines AB 


e 


B D 
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Prep. 


and BC, that is to ſay, à the double of the rectangle a 12, 2. 


contained under CB 
to the triangle AB 


Demonftr. For ſeein that the angle ABC is given, 
but the angle ADB 


the angle ABD is alſo given; 


is alſo given; therefore the other angle BAD is 
given: Wherefore b the tria 
kind; therefore c the ratio © 


f 


d BD, ſhall have a given ratio 


le ABD is given in b 40. prep. 
AD to DB 1s given. c 3. 4 


But as AD to DB, fo d the rectangle of AD and BC is d 1. 6. 


to the rectangle of BC and BD. But the ratio of AD to 
BD is given: Therefore alſo is the ratio of the rectangle 
of 


. 


— 
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e * 1. 
f 8, prop. 


413. 2. 


b 40. prop. 


. 


d 41. 1. 
e 8. prop. 


BC and Ab is given. But t 
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— 
of AD and BC to the rectangle of BC and BD given 
Wherefore the ratio of the double of the ſaid rectangle 
BC and BD to the rectangle of AD and BC is alſo given. 
But the ſaid rectangle of AD and BC hath alſo a given 
ratio to the triangle ABC (to wit, double ratio; for 
the rectangle is e double to the triangle) therefore the 
ratio of the double of the rectangle of BC and BD f to 
the triangle ABC is given. But the ſame double of 
the rectangle of CB and BD is that ſpace by which the 


. ſquare of the line AC doth exceed the ſquares of the lines 
A and BC: Therefore the ſame ſpace hath a given ra- 


If a triangle ABC, hath one 
acute angle ADB given, that 
ſpace, by which the fide ſubtend- 

e HA b A Gall have a given ratio to the 
5 P | triangle. 

Conſiv, From the point A let there be drawn the line 
rectangle of BC and CD, hath a given ratio to the 
triangle ABC, 0 
and therefore the ratio of AD to DC is given, and con- 
ſequently alſo c that of the rectangle of BC and CD to 
the rectangle of BC and AD: Therefore the ratio of the 


ing the ſai acute angle is leſs 

AD, perpendicular to BC: I ſay, that ſpace by which 
Demonſtr. For ſeeing that the. angle C is given, and 
double of the rectangle of BC 1 to the rectangle of 


tio to the triangle ABC. 
36s in power than the fides compre- 
. bending the ſame acute angle, 
the ſquare of the line AB is leſs than the ſquares of the 
lines AC and CB, that is to ſay, à the double of the 
the angle ADC alſo given, the other angle DAC is 
given: Wherefore the triangle b ADC is given in kind; 
Mitio of the fame rect- 
angle of BC and AD to the triangle ABC is given (for 


d the rectangle is double to the triangle:) Therefore e 


the ratio of the double of the rectangle of RC and 


CD to the triangle ABC is given. And ſecing that 


the ſame double of the rectangle of BC and CD is that 
whereby the ſquare of the line AB is leſs than the ſquares 
of the lines AC and BC, that ſpace by which the ſquare 


of the line AB is leſs than the ſquares of the lines AC and 


BC, ſhall have a given ratio to the triangle ABC. 


Ac is alſo given; (for that it is double ratio, the rect- 


point E. 
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F a triangle ACB, hath one 
angle B given, the rectangle 
made of the lines AB and BC, 
containing the ſame angle, ſpall 
have a given ratio to the tri- 
angle. 

Conftr, For from the point 
A let AD be drawn perpendi- 
cular to CB, x 

Demonftr. Therefore ſee- | | 2 
ing that the angle B is given, and alſo the angle ADB; 
the other angle BAD is likewiſe given. Wherefore the 
triangle ADB à is given in kind; and conſequently the a 40. prop. 
ratio of AB to AD is given. But as AB is to AD, b b 1. 6. 
ſo the rectangle of AC and CB is to the rectangle of CB 
and AD: Therefore the ratio of the rectangle of AC and 
CB to the rectangle of CB and AD is given. But the 
ratio of the ſaid rectangle of CB and AD to the triangle 


angle being double r to the triangle:) Therefore 4 the © 41. prop. 
ratio of the rectangle of AC and CB to the triangle d 8. prop, 
ABD 1s given, | CEE 


P R OP. LXVII. . | Wo 

If a triangle ABC hath one | | 
angle BAC given, that ſpace by 
*bich the ſquare of the line com- 
pounded of the two ſides BA and 
AC, that contain the ſame given 
angle BAC doth exceed the ſquare 
of the other ſide, ſpall have 4 
given ratio to the triangle ABC. 
Conſtr. For let BA be pro- 
longed in ſuch ſort as that AD 
may be equal to. AC, then 
having drawn DCE infinitely, from the point B let BE 
be drawn parallel to AC, meeting the {aid DE in the 
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Demonſtr. Foraſmuch as AD is equal to AC, à DB is a 4. 6. & 
equal to BE; (for the two triangles ADC and BDE are 14. 5. 
alike) and from the top B is drawn to the baſe DE, the 
right line BC: Therefore the rectangle of DC and CE, 
with the ſquare of BC, is equal to the ſquare of BD, bo 

the 


— 
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the ſame BD is compounded of BA and AC; therefore 


the ſquare of the compound of AB and AC is greater than are 

the ſquare of BC, of the rectangle of DC and CE. to 

Now I ſay that the rectangle of DC and CE hath a rec 

given ratio to the triangle ABC: Foraſmuch as che angle oft 

BAC is given, the angle DAC is alſo given, But each 4 

of the angles ADC and ACD is given, it being the half Or | 
Ef. - b 40. Prop. of the angle BAC which is given. Therefore b the tri- be 

=_ angle ADC is given in kind; and therefore the ratio of wil 
_— C 50. prop. DA to DC is given. Therefore c the ratio of the ſquare I 
4 of the ſaid DA to the ſquare of DC is alſo given. And the: 

| d 2. 6. ö ſeeing that as BA is to AD, 4 und 
i D . fo is EC to CD, and alſo as {qua 
1 e I. 6. BA is to AD, e ſo is the rect- ding 
4 angle of BA and AD to the of / 
=_ : ſquare of AD; and as EC is to DC 
ll f 1,6. CD, f ſo alſo is the rectangle of be e. 
0 EC and CD to the ſquare of AD. 
4] CD; by permutation, as the and 
w rectangle of BA and AD is to ſqua 
N the rectangle of EC and CD, and 
* ſo is the ſquare of AD to the N 
9 ſquare of DC. But the ratio of from 
2 the faid ſquare of AD to the ſquare of DC is given: lar 


Therefore the ratio of the rectangle of BA and AD to 
the rectangle of EC and CD is alſo given. But AD is 
equal to AC: Therefore the ratio of the rectangle of BA 
and AC to the rectangle of EC and CD is given. But 
| the ratio of the rectangle of BA and AC to the triangle 
ka g 66, prop. ABC g is given, becauſe the angle BAC is given: 
BM kh 8. Fop. Therefore h the ratio of the rectangle EC and CD to 
the triangle ABC is given. But the rectangle of EC and 
CD is that whereof che ſquare of the line compounded 
of BA and AC is greater than the ſquare of BC: There- 
fore that ſpace by which the ſquare of the line com- 
pounded of BA and AC is greater than the ſquare of BC, 
ſhall have a given ratio to the triangle ABC, 


— OO - —— 


— 


Scholium. 

* EUCLIDE ſuppoſeth in this place, that when in an 
Tſoſceles triangle a right line is draaun from the top to the 
| baſe, the ſquare of that line, with the re4angle contained 
i" under the ſegments of the baſes, is equal to the ſquare of 
5 | .. @they of the other legs, which the antient interpreter doth 
$751 thus demonſtra te, 

| | Conſtr. 
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cunſtr. Let ABC be an Iſoſceles triangle, whoſe legs 
are AB and AC; and from the top A let AD be drawn 
to the baſe BC: I ſay, that the ſquare of AD with the 
rectangle of BD and DC, is equal to the ſquare of either 
of the legs AB or AC. 

Demonſtr. Now the line AD is perpendicular to BD, 
or not: Let it in the firſt place 
be perpendicular: Therefore it A 
will cut the baſe BC into two 
equal parts in the point D; and 
therefore the rectangle contained 
under BD and DC is equal to the 
fquare of the ſaid BD, and ad- 
ding to them the common ſquare 
of AD, the rectangle of BD and 
DC with the ſquare of AD, ſhall 
be equal tothe ſquares of DB and B E D 
AD. Bur to thoſe ſquares of AD 
and DB i the ſquare of AB is equal: Therefore the ; 47. 1. 


ſquare of AB is equal to the rectangle of BD and DC, 


and the ſquare of AD together. 
Now ſuppoſe AD not to be perpendicular, but that 
from the point A there doth fall on BC the perpendicu- 
lar AE, that being ſo, BC ſhall be cut into two parts 
equally in the point E, and unequally in D. Wherefore 
the rectangle of BD and DC, with the ſquare of DE, & k 5. 2. 
is equal to the ſquare of BE,; and adding the common 
ſquare of AE, the rectangle of BD and DC, with the 
ſquares of DE and AE, ſhall be equal to the ſquares of 
BE and AE. But / the ſquare of AD is equal to the two 1 47. I. 
ſquares of DE and AE: Therefore the rectangle of BD 
and DC, with the ſquare of AD, is equal to the ſquares 
of BE and AE. But to theſe ſquares of BE and AE 
the ſquare of AB is equal]: Therefore the ſquare of AD, 
m_ the rectangle of BD and DC, is equal to the ſquare 
of AB, | 
3 OTHERWISE, 
Conſtr. Having done, as in the foregoing Demonſiras 


tion, from the point A, let AF be drawn perpendicular 


to CD, and let AE be drawn. | 
| Dimonſir, Foraſmuch as the angle BAC is given, the 
half thereof ACF ſhall be alſo given. But the angle 


AFC is given; and therefore the triangle AFC is given 
in kind: Therefore the ratio of AF to FC is given. 


But the ratio of CD to the ſame FC is alſo given, _ 
| c 
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m 8. prop. 


n 1. 6. 


Q 41. Is 


p 37. t. 


q 8. prop 


r 47. I. 


$ 5. 2. 


triangle ABC is, given. 


Evel IDE DATA. 
that CD is double to FC: Therefore m the ratio of CD 
to AF is given; and therefore alſo the ratio of the 
rectangle of CD and EC, to the rectangle of AF and 
EC, is gisen; (for it is the ſame ratio n as that of CD 
| to AF.) But the ratio of 
the rectangle of AF and 
FC to the triangle ACE is 
given; ſeeing it is double 
o to the ſame triangle. 
Therefore the ratio of 
the rectangle of CD and 
CE to the triangle ACE 
is alſo given. But the 
triangle ACE 1s equal to 
the triangle ABC p, they 
being both conſtituted on 
one and the fame baſe 
| : AC, and between the 
ſame parallels AC and BE: Therefore q the ratio of the 
rectangle of CE and CD to the triangle ABC is given. 
But the ſaid refangle of CE and CD is the ſpace by which 
the ſquare of the line compounded of AB and AC, is. 
greater than the ſquare of BC: Therefore that ſpace by 
which the ſquare of the line compounded of AB and AC 
. 3 . . 
is greater than the ſquare of BC, hath a given ratio to 


the triangle ABC. 


OTHER WIS 5 1 

| For the given anole 
As A is 8 right, a- 
| cute, or obtuſe angle: 
Let it in the firſt place 
be ſuppoſed a right 
angle: Therefore the 
ſquare of the line 
compounded of BAC, 
is greater than the 
— ; ſquare of BC, by 


B twice the rectangle of 


5 ; | BA and AC; (ſeein 
that 5 the ſquare of BC is equal to the ſquares of 
BA and AC; and the ſquare of the line compounded of 
BAC is equal to thoſe two ſquares of BA and AC, and 
twice the rectangle of the ſaid BA and AC:) Wherefore 
the ratio of double the rectangle of BA and AC to 2 

| * Cynſts, 


that is to ſay, # the alone 
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44 Conftr. Now let the angle C be ſuppoſed acute, and 
from the point A let there be drawn on CB the perpen- 
dicular AD. „„ 1 
Demonſtr. Foraſmuch as the triangle CAB is an Oxi 
gonium triangle, and the perpendicular AD being drawn, 55 
the ſquare of CA and CB are equal # to the ſquare of AB t 13. 5, 
with twice the rectangle of CB and CD; adding there- 
fore the common double 
rectangle of CA and CB, 
the ſquares of CA and CB, 
with the double rectangle 
of the ſaid CA and CB, 


fquare of the line com- 
pounded of ACB, are equal 
to the ſquare of AB, with 
the double of the reQangle 
of CD and CB, and over 2 5 
and above the double of the rectangle of AC and CB, 

that is to ſay, the double of the rectangle contained under 

the compound line of ACD and CB (for the rectangle of 
ACD and B is & equal to the rectangles of AC and X I. 2; 
CB, and of CD and CB:) Therefore the ſquare of the 

line compounded of ACB is greater than the ſquare of 

AC, by double the rectangle of ACD and CB. And 


| ſeeing that the angle ACB is given, and the angle BDA 


alſo given, the other angle CAD is given: Therefore y y 40. prop. 
the triangle CAD is given in kind, and therefore the 

ratio of CD to CA is given, and By conſequence the 

ratio of the line compounded of ACD to CA x is alſo z 6. prop. 
given. Wherefore the ratio of the rectangle of thoſe 

lines compounded of ACD and CB à to the rectangle A 1. 6. 

of AC and CB is alſo given. But che ratio of the ſaid 


rectangle of AC and CB to the triangle CAB ö is given, b 66, prop. 


ſeeing the angle C is given; therefore the ratio of 
double the rectangle of the line compounded of ACD and 
CB to the triangle CAB is given, 


Z | L.. 
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Laſily, let the angle BAC 
be ſuppoſed to be obtuſe, and 
having prolonged BA, from 
the point C, let the perpen- 
dicular CE be drawn on the 
9 6 ſaid line BA prolonged; and 

B C let AF be propoſed to be e- 
qual to AE. 

Demon ſtr. Foraſmuch as the angle BAC is obtuſe, and 
the perpendicular CE being drawn, the ſquares of AB 
and AC, and the double of the rectangle under BA and 

c I2. 2. AE, or AF, are all alike equalc to the ſquare of BC, 
and adding the common double rectangle of BA and AC, 
the {q uares of the ſaid AB and AC, with the double of 
the rectangle of the ſame AB and AC, that is to fay, 

d 4. 2. 4 the ſquare of the line compounded of BAC and the 

; double of the rectangle of BA and AF ate together e- 
qual to the ſquare of BC, with the double of the reQ- 
angle of BA and AG, Let the common double of the reQ- 
angle of BA and AF be taken away, and there will re- 
main the ſquare of the line compounded of BAC, equal 

: to the ſquare of BC, with the rectangle of AB and CF; 
e I. 2. (for the rectangle of AB and AC is equal e to the two 

rectangles of AB and AE, and of AB and CF :) There- 
fore the {ſquare of the line compounded of BAC is greater 
than the 3 of BC by the double of the rectangle 
of AB and CF. And foraſmuch as the angle BAC is 

f 13. 11. given, the angle CAE F is given. But the angle ARC 

is alſo given; therefore the other angle ACE is given: 

g 40. prop. Wherefore g the triangle ACE is given in kind, and 
therefore the ratio of CA to AE, that is to ſay, to AF 

h 5. prop. is given. Therefore þ the ratio of the ſaid CA to FG is 

1 alſo given. But the ratio of the ſame CA to CE is 

8, prop. given; therefore i the ratio of CE to CF is alſo given, 

| Wherefore the ratio of the rectangle of EC and AB to 
the rectangle of FC and AB is given; (for the rectangle 

K 2. 6. is to the rectangle k as CE is to CF) and alſo that of the 

rectangle of AC and AB to the rectangle of EC and 

18. prop, AB. Therefore / the ratio of the rectangle of FC and AB 
to the rectangle of AC and AB is given. But the ratio 

m 66. prop, of the rectangle of AC and AB to the triangle ABC m 
is given: Therefore | alſo the ratio of the double of the 

rectangle of FC and AB, to the triangle ABC is given, 

But the ſame double of the rectangle of FC and AB, is 

that whereby the ſquare of the line compounded of BAC 

| is 
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is greater than the ſquare of BC, wherefore that ſpace 
by which the ſquare of the line compounded of BAC is 
greater than the ſquare of BC; hath a given ratio to the 
triangle ABC. „„ | 
2 ATHERWISE. . 
Conſtr. Let the line BA be prolonged to the point D, in 
fuch fort as AD may be equal to AC, and let CD be drawn, 
Demonſtr. Foraſmuch as the angle BAC is given, cach 
of the angles ADC and ACD, which is the half thereof, 
ſhall be alſo given; and therefore the other angle DAG 
25 alſo given: Therefore » the triangle ACD is given in n 40 ref 
kind, Wherefore the ratio of AC to CD is given. And N 
foraſmuch as 
the angle ADC 
is given: Let 
each of the 
augles DEC 
and AFC be 
made f equal to 
the ſaid ADC: 


Therefore ſee- B = © K. E. 


ing that. the 


angle BDC is equal to the angle DEC, and the angle 

DBE is common to the triangles DBE and DBC, the 

other angle BDE is equal to the other angle BCD; 

and therefore the triangle BDE is equiangled to | 
the triangle BDC. Therefore o as EB is to BD, ſo is o 4. 6. 
BD to CB : Wherefore the rectangle of EB and CB, that | 
is to ſay, p the rectangle of EC and CB, q with the p 5. 2. 
ſquare of CB is equal, r to the ſquare of BD, that is q 5. 2. 
to ſay, ro the ſquare of the line compounded of BAC; r 17. 6, 
for AD is equal to AC; and therefore the rectangle of EC 

and CB with the ſquare of CB, that is to ſay, the ſquare 

of the line compounded of BAC is greater than the ſquare 

of the rectangle of BC and CE: I fay therefore that the 

ratio of the ſaid rectangle of BC and CE. to the triangle 

ABC is given. Foraſmuch as the angle BDE is equal to 

the angle BCD, and the angle ADC equal to the angle 

ACD, the other angle CDE is equal to the other angle 


 ACB: But the angle DEC is alſo equal to the angle 


AFC; therefore the remaining angle CAF is equal to the 

remaining angle DCE. Wherefore the rriang'e AFC is 

equiangled to the triangle DCE ; and therefore s as CA g 4. 6. 

is to AF, fois CD ro CE; and by permutation, as AC 

is to CD, ſo is AF to CE. But the ratio of AC to CD 
5 | is 


— eo ron — 


——— — ———— 


— 


—— — — — — 
— — 


356 


X 1. 6. 


y 41. 1. 
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is given: Therefore alſo the ratio of AF to CE is given. 


From the point A let AH be drawn perpendicular to BC: 
Foraſmuch as the angle AFC is given, and the angle 
AHF alſo given, the third angle HAF is given: 


t 40 prop, Wherefore # the triangle AHF is given in kind; and 


by conſequence 

5 the ratio of 

Y AF to AH is 
l given. But 
the ratio of 
AF to CE is 
alſo given: 
Therefore 1 
F. HI E the ratio of AH 
| | to i given; 
and therefore the ratio of the rectangle of AH and BC 
x to the rectangle of BC and CE is alſo given, But 
the ratio of the rectangle of AH and BC, to the triangle 
ABC is likewiſe given; (for the rectangle y is double 
to the triangle) and the rectangle of BC and CE is that 
whereby the ſquare of the line compounded of BAC 1s 


greater than the ſquare of BC, Therefore that ſpace by 


which the ſquare of the line compounded of BAC is 


greater than the ſquare of BC has a given ratio to the 


triangle ADC. 
| Scholium. 

+ The antient Interpreter pretending to foew the con- 
ſtruction of the angle DEB equal to the angle ADC, ſaith 
that on the line BD and in the point D, the angle BDE 
ought to be made equal to the angle BCD, and that the right 
lines BC and DE be drawn until they interſect in E, in ſuch 
fort as he ſuppoſeth the angle BCD, to be given, but it is not. 

The ſame Interpreter afterawards ſheaus how there 
may univerſally from a given foint be drawn a right 
line, given in poſition to a vight line, making an 
angle equal to a given angle. But we will alſo reject 
this evay, ſeeing wwe have elſewhere fhewn another more 
brief and eaſy. For example, if we would from the 
point D draqw to the line BC given in poſition a right line, 
making an angle equal to a given angle ADC, as 1s here 


required, ave have no more to do but to aſſume the point R 


in the ſaid line BC, and there make the triangle CKL equal 
to the given angle ADC : If the line KL doth meet with 
the point D, it Pall be the line required. But if it meet not 
with it, from the point D let there be drawn the line DE 

| | paralld 
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parallel to the ſaid KL, cutting BC prolonged in E, and 
the angle DEC Hall be equal to the, given angle ADC, for * 
en the two parallel lines, LK and DE, there doth fall the 
line BE; and therefore the angle DEC 2 is equal to the 2 29. 1, 
angle LKC, which hath been made equat to the given 
angle ADC; and by conſequence the ſame angle DEC is alſo 
equal to ADC, „„ 5 ; 


| PROP. LXVIII. 

If two parallelograms AB and CD have to one another 
a given ratio, and that a fide hath allo a given ratio to a 
ſide, the other fide ſball have hikewiſe a given ratio to the 
other ſide, | | 

Conſtr. Let the ratio of BE to FD be given: I fay 
the ratio of AE to FC is alfo given, Porto the right 
line EB let there be applied the parallelogram EH, equal 
to the parallelogram CD, and conſtituted in ſuch fort 
as AE and EG may make one right line: + Therefore 
KB and BH will alſo make one right line, 

Demonſtr. Foraſ- 1 
much as the ratio C * | 
of AB to CD is 3 K 

wen, and thatEH | | 
is equal to the ſaid | Fl 
CD; the ratio of 4 | 
AB to EH is given, 
and therefore the | | 
ratio of AK to EG . (Hlccoccoo 
is alſo given. See- F D ” 
ing therefore that | | 
EH is equal and equiangled to CD, as b EB is to FD, bi 4. 6, 
ſo is FC to EG, But the ratio of EB to FD is given: 
Therefore alſo. the ratio of FC to EG is given, But 
the ratio of AE to the ſame EG is alſo given: Therefore 
the ratio of AE to FC is given. 


Scholium. 
+. EUCLIDE having. poſited AB and EG directhj in one 
right line, preſently concludeth that KB and BH Gall alſo 
make a right line; but we ſball demonſtrate it thus. Seeing 
the lines AE and EG are poſited directly, the angles AEB 
and BEG c are equal to, two right angles; and ſeeing c 1 3. 1. 
that AB is a parallelogram, the: lines AK and EB are 
parallels, on which the line AE doth fall; and therefore 


— 2. 


| the two internal angles A and BEA d are alſo equal to d 29, U 


2.3. tao 
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uo right angles, and taking a<vay the common angle BEA, 
* there ill remain the angle 4, equal to the angie BEG ; 

and conſequently their oppoſite angles EBK and H are alſo 

equal to one another, Again, ſeeing that BG is a paral- 

lelogram, the two lines BE and HG are parallels, on which 

118 KH doth fall; and therefore the two internal angles H 
—_ d 29. 1. and EBH d ave equal 10 two right angles. But it hath 
i" if been demonſtrated that H 1s equal to EBK: Therefore the 
1 bo angles EBK and EBH are alſo equal to two right 
| e 14. 1. angles; and therefore e the two lines KB and BH do meet 
| 1 directlj according to EUGLIDE. 1 . ; 


1 | OTHERWISE. . 
{a | Conftr. Let the given right line K be expoſed, and 
+ ſeeing that the ratio of A ta B is given, let the ſame be 
by made of K to L; therefore the ratio of K to L is alſo 
_ a | 

f 2, prop, Demonſtr. But K is given; therefore f L is alſo given. 
ES Again, ſeeing that the ratio of CD to EF 1s given, let 

| the ſame be made of K to M: Therefore the ratio of K 

g 1. prop. to M is given, But K is given, therefore g M is alſo 


| given ; and therefore 
| & x7 the ratio of L to M 

| E is given. Now ſeeing 
| | | that A is equiangled 


; 
| | 
| | A 23. 6. ſ to B, þ the ratio of 


the ſaid A to B is 
| | A. B | compounded of that 
| 7 | | | of the ſides, that is 
| | 


1 | E 7 L to 07 of CD to EF, 
iN : —— LD —KMI and of CG to EH. But 
1 | Cc D E F 8 alſo the ratio of K to 
_ 5 L is compounded of 
. K to M, and of M to L; therefore the ratio compounded 
bf CD to FF, and of CG to EH, is the ſame with that 

which 1s compounded of K to M, and of M to L (the 
ratio of K to L being the fame as of A to B:) But 
the ratio of CD to EF is the ſame as of K to M: There- 
fore the other ratio of CG to EH is alſo the fame as of 
M to L. But the ſaid ratio of M to V is given: There- 


fore alſo the ratio of CG to EH is given, 


PROP. 
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| | If iwo paralle- 


a EH, having the 
angles D and F 
given, and that a 
fide hath alſo a 
given ratio to a 
ſide; in like man- 
ner the other ſide 


(all have a given ratio to the other ſide. 

Conftr, Let the ratio of BD to FH be alſo given: I 
ſay that the ratio of AB to EF is given. For if CB be 
equiangled to HE, it is manifeſt by the precedent Pro- 
poſition ; but if it be not equiangled thereto, let the 
right line DB be conſtituted, and in the given point 
B therein, let the angle DBK be made equal to the angle 
EFH, and finiſh the parallelogram DK. | 

Demonſly, Foraſmuch as each of the angles BKL 
and BAK is given, + the other angle KBA is given: 
Wherefore the triangle à ABK is given in kind; and 
therefore the ratio of AB to BK is given. But the 


lograms, CB and 
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a 40. prop. 


ratio of CB to EH is ſuppoſed to be given, and þ CB b 35. prop. 


is equal to DK; therefore the ratio of DK to EH is 
given; and ſeeing that DK is equiangled to EH, and 
the ratio of the ſaid DK to EH is given, as alſo that 


of DB to FH, c the ratio of BK to FE is given, But © 68. prop. 


the ratio of the ſaid BK to BA is alfo given: There- 
fore d the ratio of AB to FE is given, 


| Scholium, 

+ EUCLIDE ſuppoſeth here, that a parallelogram having 
one angle given, all the other angles are alſo given, and 
as well the antient Interpreters as others, do give the rea- 
ſons why, the angle F being given, the other angle E ſpall 
be alſo given, it being the remainder of tevo right angles, 
for that on the parallel lines EG and FH there doth fall the 


d 29. I, 


line EE, which makes e the two internal angles (of the « 29. 1. 


ſame part) F and &, equal to two right angles. But 


to thoſe angles f the o poſite angles & and N are equal, f 34. 1. 


and therefore they are alſo given. 

From whence it follows that the angles BDC and F 
being given by ſuppoſition, all the other angles of the tao 
parallelograms CB and EH, are alſo given : Therefore the 

2 4 angle 
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angle DBR having been made equal to the angle E, the 
angle K ſoall be equal to the angle E, and given as that 


is : But the angle BAL, which is oppoſite to the given angle 
BC, is alſo given; and therefore BAK, which is the re- 


mainder of two right angles, ſball be alſo given; in ſuch 
fort as in the triangle ABK, the two angles BAK and 
BRA are given, as EUCLIDE doth declare in this place, 


PROP, LXX. 

If of to parallelograms AB and EH, the ſides about 
the equal angles, or about the unequal angles (yet never- 
theleſs given angles) bave to one another a given ratio, 
to evit (AC to BE, and CB to FH) alſo the ſame paralle- 
lagrams AB and EH foall have to one another a given 
ratio. . . . 

Conſtr. For let AB be prolonged to EH, and on the 
right line CB let the parallelogram CM be applied equal 
to the parallelogram EH, in ſuch fort as AC may be 
direct to CN; that is to ſay, that AC and CN make 
one right line; and by conſequence DB ſhall be à di- 
rely with BM. . | OS | 

Demonſtr. Foraſmuch then as CM is equiangled and 
equal to EH, the fides about the equal angles ſhall be 
reciprocally 6 proportional: Wherefore as BC is to HF, 
| JJ EI 1 5 #% 

| But the ratio of 


> — 


RA. ME ous 
| | ] | A 

| | Therefore the 
c | C ns ratio of FE to 


NC is alſo gi- 
ven. But the 


Co 


— 


N N 
the ſame EF is 


given: Therefore c the ratio of AC to NC is alſo given. 
Wherefore the ratio of AB to CM is given; (for it is 


the ſame d as of AC to CN.) But CM is equal to EH: 


Therefore the ratio of AB to EH is given. 
Coyſtr. Now ſuppoſe AB not to be equiangled to EH, 
and on the right line CB, and in the given point C 
therein: Let there be conſtituted the angle BCK, equal 
5 the given angle F, and fo finiſh the parallelogram 
Demonſtr. Foraſmuch as the angle ACB is given, 
and the angle BCK alſo given, the remaining angle 


\ 


ratio of AC to 


If 
7 
A an 


are in a given ratio, BC to EF, and that from the angles 
A and D, there be drawn to theſe baſes the right lines 4G 
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gon is given: Therefore the triangle ACK e is given e 40. prop. 


kind: and therefore the ratio of AC to CK is given: | 
But the ratio of AC to EF is alſo given: Therefore the 
ratio of CK to EF is given. But the ratio of BC to HF 
is alſo given, and the angle BCK is equal to the angle 
F; therefore (by the firk part of this propoſition) the 
ratio of CL to EH is given, But to the ſaid CL, AB is 
equal: Therefore the ratio of AB to EH is given, | 


PROP, LXXI, 
If of tao. trian- | | 
gles ABC and DEF, D 
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it 
the fides about the A | 1 
equal angles A and i 9 
D, or elſe about the 3 CE- FE 1 
unequal angles ( yet B ug £ hh, F | 1 
wevertheleſs given SC 7 # 10 
angles) bade to one C H q 


another a given ra- 


tio (to wit, AB to DE and AC to DF) the ſame triangles 

all have alſo to one another a given ratio ABC to DEF. 0 

Conſtr. Let the parallelograms AG and DH be finiſhed, | "I 
Demonſtr. Seeing that the two parallelograms AG and fl 

DH, have the fides about the equal angles A and D, or 9 

elſe about the unequal angles (nevertheleſs given) in bt, 


a given ratio to ane another, the ratio à of the paral- a 70. prop: 
lelogram AG. to the parallelogram DH is given. But the 

triangle ABC is the half of the parallelogram AG 6 and b 34. prop. 
the triangle DEF the half of the parallelogram DH. 

Therefore the ratio of the triangle ABC to the triangle 
OE, ĩðͤ | 


PROP, LXXI. 
— 


* 
B r 


If of two triangles ABC and DEF, the baſes BC and EE, 


and 


— — — 
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a 29. 1. 


b 70. prop. 


C 41. I. 


2 14. 6. 
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and PE making the equal angles AGC and DHx, or elſe 


anequal (yet "nevertheleſs given) which Hall bave to one 


' another given ratio s AG to DH, thoſe triangles ABC and 


DEF foall have alſo a given ratio to one another, to wit, 


ABC to DEF, 
Conftr. For let the parallelograms KC and LF. be fi- 


niſned. | ; | 
Demonſtr. Foraſmuch as the angles AGC and DHE 
are equal, or unequal (yet given) and that the angle 
AGC à is equal to the angle KBC, and alſo the angle 
DHF equal to the angle LEF, the angles at the points B 
and E are equal, or elſe unequal (yet given,) and becauſe 
the ratio of AG to DH is given, and AG 1s equal to KB, 
and DH is equal to LE, therefore the ratio of KB to 
LE is given. But the ratio of BC to EF is alſo given, 
and the angles at the points B and E are equa], or elſe 
unequal (yet given:) Therefore ö the ratio of the 
parallelogram KC to the parallelogram LF is given; and 
therefore the ratio of the triangle ABC to the triangle 
DEF is given, ſeeing thoſe triangles e are the one half 


of the parallelograms. 


. PRO pe LXXIIL, 
Tf of tae 
L | parallelograms 
AB and EG, the 


ſides about the 
equal angles 
1 C an F, oy 
| | elſe about the 
N MF unequal angles 
f i ( but neverthe- 

leſs given) are in ſuch ſort to one another, that as the ſide 
CB of the firſt, 1s to the fide FG of the ſecond, ſo the other 
fide EF of the ſecond, is to ſome other vight line CN. But 


that the other ſide AC, hath alſo to the ſame right line CN | 


a given ratio, thoſe parallelograms will have alſo to one a- 
mother a given ratio AB 10 EG, | 

| Confer, For in the firſt place, let the parallelogram 
AB be equiangled to EG, and having placed CN directly 
to AC: Let the parallelogram CM be finiſhed, 

Demonſtr. Foraſmuch then as CB or NM its equal, is 
to FG, fo is EP to CN, and that the angles N and F 
are equal (for N is equal to the angle ACB, which is 
put equal to F) the parallelograms CM and EG 4 are 

I qual: 
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equal : But as AC to CN, fo b the Fry, 2 AB is b 15 6. 


to the parallelogram CM or EG: Therefore ſeeing that 
the ratio of AC to CN is given, the ratio of AB to EG 


3s alſo given. | | 
Conſtr. 2. Now ſuppoſe the parallelogram AB not to 


be equiangled to the parallelogram EG, and let there be 


conſtituted at the given point C in the line CB, the angle 
BCK, equal to the angle EFG, and fo finiſh the paralle- 
logram CL. | | 
Demonſtr. 2. Seeing that each of the angles ACB and 
KCB is given, the remaining angle ACK. is alſo given. 


But c the angle CAK is given, as alſo the remaining an- c ſb, 69. 


gle AKC: Therefore d the triangle ACK is given in prop. 


kind; and therefore the ratio of AC to CK is given. d 40. prop. 


But the ratio of the ſame AC to CN is alſo given: 


Therefore e the ratio of CK to CN is given. And ſeeing 


that as CB is to FG; ſo is EF to the right line CN, to 


which the other fide KC hath a given ratio, and that the 


angle BCK is equal to the angle F, the ratio of the 
parallelogram CL to the parallelogram EG 1s given (by 
the firſt part of this propoſition) but the parallelogram 
CL is equal to the parallelogram AB: Therefore the 
ratio of the parallelogram AB to the parallelogram EG is 
given. | | | f 
| + Px © to; LF 

1f two parallelograms (as in the former figure) AB and 
EG, in equal angles C and E, or elſe in unequal angles (yet 
nevertheleſs given angles ) have a given ratio to one another, 


as one ſice CB of the firſt ſpall be to one ſide N of the ſecond, 
| fo the other ſide EF of the ſecond, ſball be to that to the 


eovhich the other ſide AC of the firſt hath a given ratio. 
(See the foregoing Scheme.) | 
Conftr, For either AB is equiangled or not; ſuppoſe it 


in the firſt place to be equiangled, and to the right line 


BC let there be applied the parallelogram CM, equal 
to the parallelogram EG, and ſo poſited, as that AC and 


CN may be direct: Therefore a DB and BM ſhall be a ſch. 68. 
prop. 


alſo direct (that is, as one right line.) 
Demonſtr. Seeing that the ratio of AB to EG is gi- 
ven, and that CM is equal to EG, the ratio of AB to 


CM is alſo given; and therefore the ratio of AC to C 


e 8. prop. 


is given (ſeeing AB is to CM, b as AC is to CN;) and b 1.6. 


for that CM is equal and equiangled ro EG, the fides 
about the equal angles of the parallelograms CM and EG, 


© are reciprocally proportional; and therefore as CB is c 14. 6. 


to 
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to FG, fois EF to CN. But the ratio of AC to CN 
is given: Therefore as CB is to FG, fo is EF to that to 


d 36. 1. 


e ſcb. 69. 
prop. | 


a 74. prop. 


which AC hath a given ratio. 
Conftr, 2. Now ſuppoſe AB not to be equiangled to 


EG, and in the given point C of the line CB, let there 


be conſtituted the angle BCK equal to the angle EFG, 
and finiſh the parallelogram CL. 


Demonſtr. 2. Seeing then that the ratio of AB to EG is 


wen, and d that AB is equal to CL, alſo the ratio of 
25 to EG is given, and the angle BCK is equal to the 
angle E, and therefore CL e is equiangled to EG: 
Therefore (by the firſt part of this propoſition) as CB is 
to FG, ſo is EF to that to the which CK hath a given 


ratio. But the ratio of AC to CK is given; (as appears 


by what hath been demonſtrated in the latter part of the 
precedent propoſition.) Therefore as CB is to FG, ſo is 
EF to that to which AC hath a given ratio. 

PROP, LXXV. 


D. ABC and DEP, in 
equal angles A and 


; | J 
Co 1 B, or elſe unequal 
C | F (yet nevertheleſs gi- 


e another a given ra- 
I tio, as the fide AB 
„ b foft, fall de 


to the ſide DE of the ſecond, ſo. the other fide DF of the 


ſecond, ſball be to that vight line to the which the other 
fide AC of the firft hath a given ratio. 

conſtr. For let the parallelograms AG. and DH be fi- 
niſned. | JJ Oo 

Demonſtr. Foraſmuch as the ratio of the triangle 
ABC to the triangle DEF is given, alſo the ratio of 
the parallelogram AG to the parallelogram DH is gi- 
ven. | 

Seeing therefore that the two parallelograms AG and 
DH in equal angles, or unequal angles (nevertheleſs gi- 


ven) have to one another a given ratio; as a AB is to 


DE, fo is DF to that to which AC hath a given ratio. 


PROP. 


F tao triangles 


ven) have to one 


two figures ABC and 
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| PROP. LXXVI. 
F from the top A of a triangle © 1 
ABC, given in kind, there be drawn 
to the baſe BC, a perpendicular line 
AD, that line AD foall have to the 
baſe BC a given ratio. | 
Demonſtr. For ſeeing that the 
triangle ABC is given in kind, 
the ratio of AB to BC is given; 
and the angle B is alſo given. 
But the angle ADB is given; B D 2 
therefore the 2 —_ BAD 
is given, Wherefore 4 the triangle ABD is oiven i 
kind; and e e- the ratio of oY: to AD is why toy aan 
But the ratio of AB to BC is given: Therefore & : 
ratio of AD to BC is given, ; the b 8, pr Ps 


= 'P-R OP. LAX 

If tevo figures ABC and DEP, given in kind, have to 
one another a given ratio, the ratio alſo Pall be given of 
evbich you pleaſe of the ſides of one of the figures, to which 
you pleaſe of the ſides of the other figure. | 

Confty, For on the 
right lines BC and 
EF, let there be de- 
ſeribed the ſquares 
BG and EH, 

Demonſtr. Foraſ- 
much as on one and 
the ſame right line 
BC, are deſcribed 


BG given in kind, 
a the ratio of the ſaid 
ABC to BG is given. 


I a 49. Prop. 


In like manner the 


ratio of DEF to EH is given; and ſeeing that the ratio 
of ABC to DEF is given, and alſo that of the ſame fi- 
pus ABC to BG; and again the ratio of DEF to EH: 
the ratio of BG to EH is given; and therefore the b 8. prop. 
tatio of BC to EF is alſo given, 


R OP, 


1 


a ſch. 68. 
Prop. 


c 8. Prop. 


d 14. 6. 


6. 


a 


g /ſch. 61. 


Prop. 


1 
. 8. prop. 
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PROP. LXXVIII. pl 

| If a given f- 

A. 2 gure ABC, bath 
a given ratio to 
ſome rect angled 


that one fide BC 
bath a given ra- 
tio to one fide DE, 
the rectangled fi- 
gure DF is given 
in Rindt. 
Conſtr. For on 
the right line BC 
let the ſquare BH 
| be deſcribed, and 
to the right line DE, let the parallelqgram DK be ap- 
plied equal to BH, in ſuch a manner, as that GD and 
DI may be placed directly, à and by conſequence FE 
and EK alſo directly. | 
Demonſtr. Therefore ſeeing that on one and the ſame 
right line BC are deſeribed the two rectiline figures ABC 


H 


b 49. prop. and BH, given in kind, b the ratio of ABC to BH is 


given. But the ratio of the ſaid ABC to DF is alſo gi- 
ven: Therefore c the ratio of BH to DF is given. But 
BH is equa] to DK: Therefore the ratio of DK to DF 
is alſo given, And ſeeing that BH is equal and equian- 
gled to DK, both the one and the other being rectangles, 
d the ſides of thoſe figures are reciprocally proportional; 
and as BC is to DE, ſo is DI to CH. Bur by ſuppoſi- 
tion, the ratio of BC to DE is given; therefore alſo the 
ratio of DI to CH is given; but the ratio of DI to DG 
is alſo given: (for DI is to DG e as DK to DE:) 
Therefore F the ratio of DG to CH is given. But CH 
is equal to BC, ſeeing that BH is a ſquare; therefore 
the ratio of the ſame BC to DG is given: But the 
ratio of the ſame BC to DE is alſo given: therefore the 
ratio of DE to DG is given, and the angle at D is a right 
angle: Therefore g DF is given in kind. 

| PROP X. 

If tevo triangles ABC and EF, have an angle B equal 
to an angle F. And from the equal angles B and F there be 
drawn perpendiculars BD and FH, to the baſes AC and 

EG, 


DF, and 


E u cLipz's DATA. 


EG, and that as the baſe AC of the firſt triangle ABC, is 
#0 the "5g agg BD, fo alſo the baſe EG of the othev 
triangle EFG, is to the perpendicular FH, thoſe triangles 
ABC and EFG are equiangled, 


F : 


Conſtr. For about the triangle EFG let there be de- 


ſcribed the circle EFLG, then on the right line EG, 


and in the point E given therein, let there be made the 
angle GEL, equal to the angle C, and let FL and LG 
be drawn, and the perpendicular LM. 
Demonſtr. Seeing then that the angle GEL is equal 
to the angle C, and the angle ELG 1s equal to the angle 
EFG, à they being in one and the ſame ſegment of the a 21. 3. 
circle; the third angle EGL is equal to the third angle 
A: Wherefore the triangle ABC is alike to the trian- 
gle ELG, and the perpendiculars BD and LM are drawn: 
Therefore + as AC is to BD, ſo is EG to LM ; but by 
ſuppoſition as AC is to BD; ſo is EG to FH : Therefore 
6 LM is equal to FH. Bur the ſaid LM is c parallel to p; 7. f. 
FH: Therefore d FL is alſo parallel to EG; and there- 28. 1. 
fore the angle FLE e is equal to the angle LEG, But q 3 3. 1. 
the angle C is alſo equal to the ſaid angle LEG, and the e 29. x, 
angle FLE to the angle FCE F. Theretorc alſo the angle | 21. 3. 
C is equal to the angle FGE. But by ſuppoſition the 
angle ABC is equal to the angle EFG: Therefore the 
third angle BAC is equal to the third angle FEG: 
Wherefore the triangle ABC is equiangled to the trian- 
gle EFG. | 
Scholium. | 
+ Now that as AC is to BD, ſo EG ts 10 LM, it it by 
fome thus demonſtrated. Foraſmuch as the angle C tis 
equal to the angle GEL, and the angle BDC to the angle 
ME, each being a right angle, the other angle CBD P 
| equa 


14 11 


999 


=_ . 
Þ - n 5 


3058 


8 46. 


h 4. 6. 


114. 5. 


a 40. prop. 


b 1. 6. 


e 41. 1. 


f 8. def. 


Eber ibn Dr A. 


equal to the other angle ELM: Tberefore g as EM is to 
ML, ſo is CD to DB. Again, ſeeing the angle ABC is equal 
to the angle ELG, and the angle CBD to the angle ELM, 


the remaining angle ABD is equal to the remaining angle 
MLG; but the angle ADB is alſo equal to the angle LMG; 
ard therefore the third angle A is equal to. the third angle 
LGM : Therefore h as AD is to DB, ſo is GMto ML. But 


it hath been demonſtrated, that as CD is to. DB, fo is EM 


to ML: Therefore i as AC is to BD, ſo is EG to LM, 


CCC SEC. .-::-- 
Fa triangle ABC bath one angle A given, and that the 
rect angle contained under the ſides AB and AC, compriſing 
the given angle A, hath a given ratio to the ſquave of the 
other fide BC, the triangle ABC is given in kind. | 

Conſtr. For from the points A and B, let there be 
drawn the perpendiculars AD and B. 

Demonſtr. Foraſmuch as the angle BAE is given, 
and alfo the angle AEB, the triangle ABE is given in 
& kind; and therefore the ratio of AB to BE is given: 
Therefore the ratio of the rectangle of AB and AC to 
the rectangle of BE and AC is alſo given (for it is the 

ſame + as of AB to BE.) 

But the rectangle of AC and 

A B 5E is equal to the rectangle of 

BC and AD; for that each of 
thoſe rectangles is c double to 
the triangle ABC. Therefore 
the ratio of the rectangle of 
AB and AC to the rectangle of 
| — BC and AD 1s alſo given. But 
B D © the ratio of the rectangle of 
: - AB and AC to the ſquare of 
BC is given: Therefore d alſo the ratio of the rectan- 
gle of BC and AD to the ſquare of BC is given; and 
therefore the ratio of the right line BC to the right line 
AD is given. (For that e the rectangle is to the ſquare 
as AD to BC.) Now let the right line FD, given in po- 
ſition and magnitude, be expoſed ; and thereon let there 


be deſcribed the ſegment of a circle FID; capable of an 


angle equal to the angle A, And ſeeing the ſaid angle 
A is given, alſo the angle in the ſegment FLD ſhall be 
given; and therefore F the ſame ſegment is given in 
poſition. From the point D let there be erected at right 


g 4. def. angles on the line FD, the line DH, which is given 
a 6 | 1n 


in poſition: Let it be ſo 


FD is given: Therefore þ 


triangle ABC. Now | 


ABC is given. But 
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made, that as BC is to AD, 
ſo FD may be to DH ; and 
ſeeing that the ratio of BC 
to AD is given, alfo that of 
FD to DH is given. But 


h 2. prof 


DH is given in magnitude, 3 E 
But it is alſo given in poſition, F E 

and the point D is given: | 
Therefore the point H is i alſo given, Now through i 2 5, prop. 
the point H let there be drawn HI, parallel ro FD, and 


that line HI ſhall be given in & poſition. But the ſeg- k 28, prop. 


ment of the circle FID is alſo given in poſition. There- 


fore / the point I is given. Let the right lines IF and 1 25, Prop. 
ID be drawn, and the perpendicular IE: Therefore IE | 
is given in poſition. But the point I is given, as alſo 

each of the points F and D: Therefore m each of the m 26. prop. 


lines FD, FI, and ID is given in poſition and magni- 
tude: Wherefore u the triangle FID is given in kind; n 39. 9p; 


and ſeeing that as BC is to AE, fo is FD to DH, and _ 
o that to DH, IE is equal; as BC is to AE, fo is FD o 34. amy; 


to IE, and the angle A is equal to the angle FID: 


Therefore p the triangle ABC is equiangled to the tri- prob. 
angle FID. But FID is given in kind: Therefore alſo 3 
the triangle ABC is given in kind. 


OTHERWISE, 
Conftr, Let the triangle ABC, whoſe angle A is gi- 
ven, and the ratio of the rectangle contained under AB 
and AC, to the ſquare of BC be given: I ſay that 


the triangle ABC is given in kind. 


Demonſtr. For ſceing the angle A is given, that ſpace 


by which the ſquare of the line compounded of BAC is 


— —— 


ome than the A 
quare of BC, q hath 
a given ratio to the 


9 67. prop. 
let that ſpace be D: 3 D 


Tberefore the ratio f 


of D to the triangle 


the ratio of the tri- H G 
angle ABC to the 


rectangle of AB and AC is gw; r ſecipg the angle A r 66, prop. 


370 
s 8. prop. 


t 6 prop. 


u /th, 52, 
Prop. 


a 70 Prop. 


b 17. 6. 


E ſch. 5 2. 
Prop. 


d 50. prop. 
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is given: Therefore 5 the ratio of the ſpace D to the 
rectangle of AB and AC is given. But the ratio of 
the rectangle of AB and AC to the ſquare of BC is alſo 
given : Therefore s the ratio of the ſpace D to the ſquare 
of BC is given. Wherefore by compounding, # the 
ratio of the ſpace D, with the ſquare of BC to the 
ſaid ſquare of BC is given: Therefore the ratio of the 
ſquare of the line compounded of BAC, to the ſquare of 
BC is given ; (for that the ſpace D with the ſquare of 
BC is equal to the ſquare of the line compounded of 
BAC ;) and therefore # the ratio of the ſaid line com- 
pounded of BAC to BC is given, But the angle A is 


x 46. prop. alſo given: Therefore x the triangle ABC is given in 


kind. 
PROP LACS. 
A D If of three right lines A, B, and C, 
— proportional to three other. proportional 
B E right lines D, E, and E, the extremes 
| A and D, C and E, are in agivenra- 
$8) G6 F tio (to wit, as A to D, and C to E,) 


alſo the means, B and E Pall be in a 
given ratio, and if one extreme hath a 
given vatio to an extreme, and the mean to the mean, the 
other will have alſo a given ratio to the other, 
Demonſtr. Foraſmuch as the ratio of A to D, and of 
C to F is given, the rectangle of A and D à ſhall have 
a given ratio to the rectangle of C and F. But the 
rectangle of A and D is equal 6 to the ſquare of B; and 
the rectangle of C and Fto the ſquare of E. Therefore 
the ratio of the ſquaye of B to the ſquare of E is given; 
and therefore c the ratio of the line B to the line E is 
alſo given. | | 
Again, let the ratio of A to D, and B to E, be given: 
I fay that the ratio of C to F is alſo given. For ſeeing 
that the ratio of A to D, and of B to E is given, alſo 
the ratio of the ſquare of B d to the ſquare of E is gi- 
ven. But the ſquare of B is equal to the rectangle of A 
and C, and the ſquare of E to the rectangle of D and F: 
Therefore the ratio of the rectangle of A and C to the 
rectangle of D and F is given, But the ratio of a fide 


e 68. prop. A to a ſide D is given: Therefore e the ratio of the 


other ſide C to the other fide F is alſo given. 


PROP, 
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of | | 
Iſo 2 95 PROP. LYEXIE 
de 1f there be four right lines A, B, C, and A kxꝛ⸗k 
the D, proportional, as the firſt A ſball be to B ——— 
the that line to which the ſecond B hath a C ——— 
the given ratio, ſo the third C ball be to D 
of that to which the fourth D hath a gi- FE ——— 
of wen ratio, * 
of  Conſtr, Let E be the line to which B hath a given 
. ratio, and let it be ſo as that B may be to E, as D 
„ is to F. . 
in Demonſtr. Now the ratio of B to E is given, therefore 
| alſo the ratio of D to F is given. And ſeeing that as 
A is to B, ſo is C to D. And again, as Bis to E, fo 
ic, is D to P, by ratio of equality, as A. is to E, ſo is C to 
at F. But E is that line to which B hath a given ratio 
es and F that to which D alſo hath a given ratio: There | 
- fore as A is to that to which B hath a given ratio, ſo C ; 
F) is to that to which D hath a given ratio, 1 
in 4 [| 
ba PROF. LI. A g 
the If four vight lines A, B, C, and D, — 4 
are in ſuch ſort to one another, that of B 9 
4 of any three of them A, B, C, and a fourth 1 
ve E, taken proportional, to which that line 8 A 
the D, which remains of the four lines, hath _ — : 9 
and 2 @ given ratio it (ball be as the fourth D is D j | 
fore to the third C, ſo the ſecond B Hall be to = i 
: that to which the firſt A hath a given E i 
E is ratio, - — jt 
7en: Diemonſtr. Foraſmuch as A is to B, as C is to E, the 1 
eing |} rectangle contained under A and E à is equal to the a 16, 6. 11 
alſo rectangle contained under B and C; and ſeeing that the 1 
s gi- ratio of D to E is given, alſo ſhall be given the ratio of ja 
of A the rectangle of A and D to the rectangle of A and E l 
1F: (for b it is the ſame ratio as of D to E.) But the rectangle h 1. 6 Al 
ke of A and E is equal to the rectangle of B and C. There: 0 
ſide fore the ratio of the rectangle of A and D to the rectan- 9 
the gle of Band C is given. Wherefore c as D is to C, ſo c 56, prop. 1 
is B to that to which A hath a given ratio. | ill 
ll 
OP, | 


43: - PROP. i 
<,- 
1 


372 


a ſch. 6x, 


prop. 


b 59. prop. 


a ſch. 61. 


Prop. 


ä 
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PROP. LXXXIV. 

„ | If tao right lines AB and 
* I} R Ak comprehending a given 
| Fd ſpace AF in a given angle 
BAE, and that the one AB 
be preater than the other 
AE by a given line CB, alſo 
each of the lines AB and AE 
7s given, ; 

Demonſtr. For ſeeing that 
| AB is greater than AE by 
the given line CB, the remainder AC is equal to AE: 
Finiſh the parallelogram AD. Therefore ſeeing that 
AE is equal to AC, the ratio of AE to AC is given, 
and the angle A is alſo given: Therefore a AD is given 
in kind. Wherefore the given ſpace AF is applied 
to the given right line CB, exceeding it by the given 
figure AD given in kind; and therefore 6 the breadth 
of the exceſs is given. Therefore AC is given. But 
CB is alſo given: Therefore the whole AB is given. 
But AE is alſo given: Therefore each of the right 
lines AB and AE is given. 


] 


PROF. LXXXY. | 
T * iwo right lines AC and CD, 
| do comprehend a given ſpace AD in 


a given angle Ac, the line com- 


pounded of thoſe lines AC and CD 
3 7s given, alſo each of thoſe lines 
4 - AC and CDi given, 
A. © B. Confir. For let AC be prolonged 
to the point B, and let CB be put 
equal to CD, then through the point B let BF be 
45 parallel to CD, and ſo finiſh the parallelogram 
F. 8 
Demonſtr. Seeing then that CB is equal to CD, and 
the angle DCB is given ; for that angle that follows 


is the given angle; and therefore a the parallelogram 


DB is given in kind: and again, ſeeing that the line 
compounded of ACD is given, and CB is equal to 
CD, alſo AB is given. And thus to the right line AB 
there is applied the given ſpace AD, deficient by the 


* 58. trop, _ UB given in kind; and therefore b the breadths 


5 


of the defects are alſo given: Therefore the right lines 


Dc 


than the ſquare of AB by a given ſpace (yet in a cer- 
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DC and CB are given. But the compounded line 
ACD is alſo given: Therefore c each of the lines AC c 4. prop. 
and CD is given. | 


/ PROP. LXXXVI. 

If two right lines AB and BC * 

do comprehend a given ſpace 1 4 

AC, in a given angle ABC, the 

ſquare of the one BC, 1s greater 

than the ſquare of the other 

43, by 4 given ſpace (yet in a C ———D 

given ratio,) alſo each of thoſe 7 

lines AB and BC ſhall be given. | 
Demonſtr. For ſeeing that the ſquare of BC is greater 


tain ratio:) Let the given ſpace be taken away, that 

is to ſay, the rectangle contained under CB end BE: 

Therefore a the ratio of the remainder, b which is the a 11. def. 

rectangle contained under BC and CE to the ſquare b 2. 2. 

of AB is given. And foraſmuch as the rectangle 

+ under AB and BC is given, and alſo that of CB and 

BE, their c ratio is given. But as the rectangle under C 1. prop» 

AB and BC is to the rectangle under CB and EB, d ſo d 1. 6. 

AB is to BE; and therefore the ratio of AB to BE is 

given: Wherefore e the ratio of the ſquare of AB to e 50. prop. 

the ſquare of BE is alſo given, But the ratio of the Þ 

ſquare of AB to the rectangle under BC and CE is gi- 3 
en: Therefore F alſo the ratio of the rectangle under f 8, prop, * 
C and CE to the ſquare of BE is given, Wherefore 1 

the ratio of four times the rectangle under BC and CE ig 


to the ſquare of BE is given; and by compounding, g g 5, trop, 4 
the ratio of four times the rectangle under BC and CE, 4 
with the ſquare of BE to the ſquare of BE is given, | 1 


But four times the rectangle of BC and CE, with the 1 
ſquare of BE, b is the ſquare of the compound une h S. 2. ? 


BCE : Therefore the ratio of the ſquare of the compound | Nl 


line BCE to the ſquare of BE is given : Wherefore 7 the i 54» prop. pi 
ratio of the line compounded of BC and CE to BE 1s 1 
given, and by compounding, & the ratio of the com- k 6. prop, | i 


pound of the lines BC, CE, and BE, that is to ſay, 
the double of BC to BE is given ; and therefore the 
ratio of the only line BC to BE is alſo given. But as 
BC is to BE, I ſo the rectangle under BC and BE is l 1. f 
to the ſquare of BE: Therefore the ratio of the rect- 
angle under BC and BE to the ſquare of BE is given. 
| | Aa 3 But 
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m 2. prop. 


1 


| Þ 14.6. 


EUS DATA. | 
But the rectangle of BC and BE is given: Therefore w 


the ſquare of BE is alſo given, and conſequently the 
line BE is given, Wherefore BC is alſo given, ſeeing 


that the ratio of BE to BC is given. But the ſpace 
n 57. prop. AC is given, and alſo the angle B: Therefore a AB 


is given. Wherefore each of the lines AB and BC is 
given. 


A 

+ Inſtead of ſaying in this place [what is under, c.] 
eve have uſed this word rectangle, it being manifeſt by 
evhat follows that ſuch cut the intention of EUCLIDE, 
ſeeing he makes uſe in the ſaid Demonſtration of the ſecond 
and eig ib projoſition of the ſecond Element; and alſo 
that the ſpace or parallelogram given being not rectangled, 
it may be reduced thereto, making on BC, and in the gi- 
ven point B, a right angle CBA, ſo as that there quill be 
revo parallelograms conſtituted on one and the ſame baſe 
BC, and between the ſame para-lels, as in the 69th propo- 
ſition, by means whereof this concluſion is drawn, 

Note, This ſerves alſo for the next Prop. 


| . 
P R OP. LXXXVIL 


__— If two right lines AB and BC, 
A do comprehend a given ſpace AC, 
| ; 


in a given angle B, the ſquare 
C | B the ſquare of the other 4B, by a 


of the one BC 15 greater than 


EE #&'ven ſ;ace; alſo each of thoſe 


lines AB and BC ſball be given. 
| Demonſtr. For ſeeing that 
the ſquare of BC is greater than the ſquare of AB by a 


given ſpace : Let the given ſpace be taken away, and 


let the rectangle be contained under BC and BE: There- 


fore the remainder à which is the rectangle of BC and 
CE, is equal to the ſquare of AB, And ſeeing that the 
rectangle of BC and BE is given, and alſo the ſpace or 
rectangle AC, the ratio of the ſaid rectangle of BC and 


BE to AC is given. Bur as 6 the rectangle of BC and 


BE is to the rectangle of AB and BC, ſo is BE to AB: 
Therefore the ratio of BE to AB is given, and therefore 


6 50. pref, c the ratio of the ſquare of the ſaid DE to the ſquare 


of AB is alſo given. But to that ſquare of AB the 
rectangle of BC and CE is equal: Therefore the ratio of 
the ſaid rectangle of BC and CE to the ſquare of BE 

| | | is 


ſegment ABC, which doth 
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is given; and therefore the ratio of the quadruple of 

the ſaid rectangle of BC and CE to the ſquare of BE 

is alſo given; and by compounding, d the ratio of four d 6, prop, 
times the rectangle of BC and CE, with the ſquare of BE 

to the ſaid ſquare of BE is given. But four times the rect- 

angle of BC and CE, with the ſquare of BE, e is the ſquaree 8. 2. 
of the compaund line BCE : Therefore the ratio of the 

ſquare of that compound line BCE to the ſquare of BE is 

alſo given; and therefore the ratio f of the compound line f 5 4, prop, 
BCE to BE is given. Wherefore by compounding g 6, prop. 
the ratio of the ſaid compound line BCE and EB, that is. 

ro ſay, twice BC. to BE is alſo given; therefore the 

ratio of the only line BC to BE 1s given, But the 

ratio of the ſame BE to AB is alſo given: Therefore 

b the ratio of AB to BC 1s given, . And ſeeing that the h 8, prop, 
ratio of BC to BE is given, and that as the ſaid BC is 


to BE, fo the ſquare of BC 7 to the rectangle of BC i 1. 6. 


and BE, the ratio of the ſquare of BC to the rectangle 
of BC and BE is alſo given. But the ſaid rectangle of 
BC and BE is given, it being that which was taken 
away, and which was given, Therefore the ſquare of 
BC k is given, and therefore the line BC is given. But k 2. Prop. 
the ratio of the ſame BC to BA is given, therefore | 


AB is alſo given. | 


PROP. LXXXVIII. 
If in a circle ABC, gi- | 
ven in magnitude, there 
be drawn a right line AC, 
cobich Hall take away a 


comprehend a given an- A 
gle AEC, that line AC is 
given in' magnitude. 
confir. For let D be 
the center of tlie circle; 
and let the diameter 
thereof ADE be drawn, and let EC be joined. 
Demonſtr. The angle ACE is given, for a it is a right a 31. 3. 
angle, But the angle AEC is alſo given, and there- 
fore the other angle CAE. 1s given, Wherefore the tri- 


angle ACE & is given in kind; and therefore the b qo. pro, 


ratio of EA to AC is given. But AE is given in 
magnitude, ſeeing that the circle ABC is given in mag- 


nitude. Therefore e AC is alſo given, in magnitude. e 2. prof 
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a J. prop. 
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PROP, LXXXIX. 

If in a circle ABC, given in magnitude, there be drawn 
a right line AC, given in magnitude, that line AC «vill 
take away a ſegment ABC, comprehending a given angle. 

Conſtr. For having taken the point D for the center 
of the circle, let the diameter ADE be drawn, as alſo 
the right line EC, | | | 

Demonſir. Foraſmuch as each of the right lines AE 
and AC are given, the ratio of the line AE to AC 4 is 
given; and the angle ACE is a right angle: Therefore 


b 43. prop. b the triangle ACE is given in kind, and therefore 


226. prop. 


b 29. prop. 


c 6. def. 


d 27. prop. 


the angle AEC is given. 


PROP. XC es! 

I in the circumference of a circle ABC, given in poſition 

and in magnitude, there be taken a given point B, and 

that from the point B to the circumference of the circle ABC, 

a right line BAC be inflefted ſo as to make a given angle 

BAC, the other extremity C of the infletted line ſpall be 

ten, 

i conſtr. For let the center of the circle be P, and let 
the right lines BD and BC be drawn. | 

| Demonſtr. Foraſmuch as each 

A point B and D is given, the right 

line BD, à is given in poſition ; 

and ſeeing that the angle BAC 

is given, the angle BDC is alfo 

wen. Wherefore to the right 


in the point D given therein, 
there is drawn the right line 
CD; which n.akes the given 
angle BDC; and therefore b the 

3 line DC is given in poſition. 
But the circle ABC is given in poſition and magnitude: 
Therefore 4 the right line DC is given in poſition and 
in magnitude. Bur the point D is given: Therefore d 
the point C 15 alſo given. | 


PROP. 


i 


fe BD, given in poſition, and 


K A 


wn 
vill 
e. 

ter 


1ſo 


AE 
7 15 
ore 
ore 


tion 
and 
BC, 
ugle 

be 


| let 


ach 
ght 
In ; 
AC 
alfo 
ight 


and 


ein, 
line 
ven 

the 
ion. 
de: 
and 
e d 


) P. 


Ca, which foall touch a 


ſetion and in magnitude. 
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PROP, KCl. 
F from a given point C, ; 
there be drawn a vight line 


civcle AB, given in poſition; 
that line CA is given in po- 


Conſtr. For having taken 
the point D for the center 
of the circle, let the right 
lines DA and DC be drawn. 

Demonſtr. Foraſmuch as 


each point C and D is given, the right line CD à is gi- a 26. trop, 


ven in poſition and in magnitude. But the angle CAD 


b is a right angle; and therefore the ſemicircle deſcribed b 18, 3. 


on CD ſhall paſs through the point A: Let it then paſs 
through that point, and let the ſemicircle be DAC: For- 


aſmuch as the ſame DAC c is given in poſition, and alſo c 6, def. 
the circle ABE, d the point A 1s given. But the q 25. prop. 
point C 1s alſo given : Therefore e the right line AC « 26. prop. 


is given in poſition and in magnitude. 


; If without a circle 
ABC, given in poſition , 
there be taken ſome point 
D, and from that given 
point there be drawn a 
right line DB, cutting the 
circle, the rectangle com- 
priſed under the @uhole 
line BD, andthe part DC, 
between the point D, and 
the convexity of the cir- 


QA. 


cumference AC, ſball be given. 


Conftr. For from the point D let the right line DA 


be drawn, which ſhall touch the circle in the point A. 
Demonſtr. Therefore DA a is given in poſition and 
magnitude; and therefore the ſquare of the ſaid DA is 
b given. But the ſaid ſquare of DA is equal c to the 
rectangle of BD and DC : Therefore the ſaid rectangle 


OS 


of BD and DC is alſo given, 


OTHER 


a 91. prop, 
b 52. prop. 
o 36. 3. 
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Pi 26, Prop. 


e 25, prop. 


2 26, prop. 


b 35. 3. 


— 
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OTHERWISE. AN 

5 conſtr. Let E be the 
center of the circle, 
and through the ſame 
ecnter let there be 


the right line DA. 

Demonſtr. Foraſmuch 
as each point D and E 
is given, the right line 
DE is d given in po- 
ſition and in magnt- 
tude. But the cirele ABC is given in poſition and in 
magnitude: Therefore each point A and F e is given, 
and the point D is alſo given; and therefore each 
line AD and FD is given. Wherefore the rectangle 
of the lines AD and DF is alſo given, But the ſaid 
rectangle of AD and DF is equal to the rectangle of DB 
and DC: Therefore the rectangle of DB and DC is 


given. | | 
| PROP. XCIII. 

If in a circle given in po- 
E 3 ſition there be taken a given 
point A, and througb that 
point A there be drawn 4 
right line BC to the circle, 
the rectangle compriſed under 
tbe ſegments of the ſame line 
BC foall be given. 

Conftr. For let D be ta- 
ken for the center of the cir- 
cle, and having drawn the 
righe line AD prolong it to 
| the points E and F. 

De monſtr. Foraſmuch as each point A and D is given, 
the right line AD # is given in poſition. But the circle 
BEC 1s alſo given in poſition : Therefore each point E 
and F is alſo given in poſition, and the point A is gi- 
ven. Wherefore each line 6 AE and AF is given: 


Therefore the rectangle of the ſame lines AE and AF is 
given, and is equal to the rectangle b of AB and AC: 


Therefore the ſaid rectangle of AB and AC is given. 


PR OB 


drawn from the pointD | 


line compounded of the right lines 


ACE d is equal to the angle BDE, and the angle AEC 
5 . 
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PROP, Ne. 

Fin a circle ABC, given in 
magnitude, there be draaun 4 
right line BC, which doth take 
away a ſegment which doth com- 
prehend a given angle BAC, and 
that the ſaid angle in the ſegment 
7s cut into two equal parts, the 


BA and AC, which comprebend 
the given angle BAC ſball have a 
given ratio to the line AD, which 
doth divide that angle into two equal parts; and the 
rect angle contained under the line compounded of thoſe lines 
BA and AC, comprekending the given angle BAC, and that 
part ED of the interſecting line which is below the ſegment 
between the baſe BC and the circumference, ſtall be 
gi ven. 

Confir. Let BD be drawn. I 

Demonſtr. Foraſmuch as in the circle ABC given in 
magnitude, there is drawn the right line BC, which 
takes away the ſegment BAC, comprehending the given 


angle BAC, that line BC aà is given; and therefore BD 2 
is alſo given: Therefore the ratio of BC to BD b is b 
given. And ſeeing that the given angle BAC is cut 


379 


88. prop. 
I. Prop. 


in two equal parts by the right line AD, as c BA c 3» 6. 


is to CA, ſo is BE to CE; and by compounding, as 
BAC is to CA, fo is BC to CE; and by permutation, 


as BAC is to BC, fo is CA to CE, And ſeeing that 


the angle BAE is equal to the angle CAE, and the 
angle ACE d to the angle BDE, the other angle AEC 
is equal to the othet angle ABD; and therefore the 
triangle ACE is equiangled to the triangle ABD: 


21. 3. 


Therefore e as AC is to CE, ſo is AD to BD. But e 4. 6. 


as CA is to CE, ſo the line compounded of BA and 


AC is to BC: Therefore as the compound line BAC | 
is to BC, ſo is AD to BD; and by permutation, as the 
compound line BAC is to AD, ſo is BC to BD. But 


the ratio of BC to BD 1s given : Therefore the ratio of 
the compound line BAC to AD is alfo given, Moreo- 


ver, I fay that the rectangle under the compound line 


BAC and ED is given. For ſeeing that the triangle 
AEC is equiangled to the triangle BDE, (for the angle 
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F to the angle BED) as BD is to DE, fo is AC to CE. 
But as AC is to CE, fo is alſo the compound line BAC 
to BC: Therefore as the compound line BAC is to BC, 
ſo is BD to DE. Wherefore the rectangle of the com- 
pound line BAC and DE g is equal to the rectangle 
of BC and BD. But the rectangle of BC and BD is 


given, (for that thoſe lines BC and BD are given:) 
Therefore the rectangle under the compound line BAC 


and ED is alſo given. 


OTHERWISE. 
Conſtr. Let CA be 
E prolonged to the point 


BE and BD be joined. 
Demonſtr. Foraſmuch 
as the angle BAC 1s 
double to each of the 
F angles CAD and AEB 
7 th (for the angle BAC is 

cut into two equal parts 
by the line AD, and 
equal þ to the two an- 
| gles ABE and AEB, 
which 7 are equal) the 
„ angle ABE is equal to 

D the angle CAD, that 1s 

| to ſay, k to the angle 

CBD; adding therefore the common angle ABC, the 
whole angle ABD ſhall be equal to the whole angle 
FBE. But the angle ACE is & equal to the angle 
ADB : Therefore the third angle AEB is equal to 
the third angle BAD; and therefore the triangle 
CEB is equiangled to the triangle ABD: Wherefore 


as CE is to CB, ſo is AD to BD. But the right line 
CE is compounded of the two lines CA and AB: There- 
fore as the compound line BAC is to CB, ſo is AD to 


BD; and by permutation, as the compound line BAC 
is to AD, ſo is CB to BD. But the ratio of CB to 
BD is given, ſeeing that each of thoſe lines is given: 
Therefore the ratio of the compound line BAC to AD 
is alſo given. And ſeeing that the triangle CEB is 
equiangled to the triangle FBD (for the angle AFC 1s 
equal J to the angle BFD, and the angle ECB NG 
| tne 


E, and let AE be put 
A equal to BA, and let 


5 ke I MM ff mw il. oa 
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the angle ADB) as EC is to CB, fo is BD to DF. But | 


EC is equal to the compound line BAC: Therefore as 
the compound line BAC is to CB, ſo is BD to DF. 


Wherefore n the rectangle of the compound line BAC n 16. 6. 


and DF is equal to the rectangle of CB and BD, But 


the rectangle of CB and BD is given, ſince each of the 


lines CB and BD is given: Therefore the rectangle of 


the compound line BAC and DF is. given. 
„ OTH WINL. 


Conſtr. Let AC be prolonged te E, and let CF be put 


equal to AB, and let the right lines BD and DF be 


drawn, 


Demonſtr. Foraſmuch as BA is equal to CF, and o BD 026, 29.3. 


to DC, the two ſides AB and BD are equal to the two 
ſides CD and DF, each to his correſponding ſide, and the 


angle ABD is equal to the angle DCP, p ſeeing that the P 22. 3+ 


four ſided figure ABDC is within the circle: Therefore 


the baſe AD is equal to the baſe DF, and the angle q 4- 1. 
DAB to the angle PFC. But the angle BAD is given, 


being the half of the given angle BAC, therefore the 
angle DFC is ſo alſo. But DAF is alſo given: There- 


fore the triangle ADF is given in kind. Wherefore 


the ratio of FA to AD is given. But AF is the com- 
pound of BA and AC, for that CF is equal to AB: 
Therefore the ratio of the compound line BAC to AD 
is given: The ſame demonſtration will ſerve to ſhew 
that the rectangle contained under the compound line 
BAC and ED is given alſo. 1 
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Evers DEATH 


PROP. XCV. | 

F in the diame- 
ter BC of a circle 
ABC given in poſi- 
tion, there be taken 
a given point D, 


D there be drawn a 
right line DA, to 
the circumference of 


| from the ſection of 


be drawn a right 

| line AE, perpendi- 
cular thereto, and through the point E quhere that perpendi- 
cular doth meet qvith the circumference, there be drawn a 
parallel EF, to the firft line drawn AD, that point F in 
eobich the parallel meets with the diameter, is given; and 


the rectangle contained under the parallel lines AD and EF 


a 26. prop. 


b 26. prop. 


c 15. 1. 


d 26. 1. 


2 27. Prop. 


93. prop. 


26 alſo given. | 
Confty, Let the right line · EF be prolonged to the point 
G, and let the right line AG be drawn. > 
Demonſtr. Foraſmuch as the angle AEG is a right 
angle, the right line AG is the diameter of the circle. 


But BC is alſo the diameter: Therefore the point H is 


the center of the circle. Now the point D is given; 
and therefore à the line DH is given in magnitude. But 
ſeeing that AD is parallel to EG, and AH equal to GH; 
b DH is equal to FH, and AD to FG : (for the angles 
AHD and FHG c are equal, and DAH and FGH d are 
alſo equal.) But the line DH is given: Therefore FH is 
alſo given. But each of thoſe lines DH and HF is alſo 
given in poſition, and the point H is given: Therefore 
e the point F 1s alſo given. And ſeeing that in the 
circle ABC given in poſition, is taken the given 
point F, and through the ſame is drawn the right line 
EFG; the rectangle under EF and FG f is given. But 
FG is equal to AD. Therefore the rectangle comprehend- 
ed under AD and EF is given, Mhbich was to be de- 
Monſtrated. | ns 


The End of EvUCLIDE's DATA. 


and from that point 


the circle. And if 


the ſaid line there 


BRIEF TREATISE 


(Added by FLUSS AS) 


OF 


Regular Solids. 


La god ao ects. met. td hd _ - 


when'each of them is transformed into other 
Solids, keeping ſtill the form, number and in- 
clination of the baſes, which they before had to one 
another; ſome of which yet are transformed into mix'd 
Solids, and other ſome into ſimple. Into mix'd, as a 


R Solids are ſaid to be compoſed and mix d 


Dodecaedron and an Icoſaedron, which are transform- 


ed or altered, if you divide their ſides into two equal 
parts, and take away the ſolid angles ſubtended by 


plane ſuperficial figures, made by the lines coupling 
thoſe middle ſections; for the Solid remaining after tho 
taking away of thoſe ſolid angles, is called an Icoſidode- 


caedron. If you divide the ſides of a Cube and of an 
| ' Otgtogarop 


ed 
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A TREATITISE of | 
Octoedron into two equal parts, and couple the ſections, 
the ſolid angles ſubtended by the plane ſuperficies made 
by the coupling lines, being. taken away, there ſhall be 
left a Solid, which is called an Exoctoedron. So that 
both of a Dodecaedron, and alſo of an Icoſaedron, the 
Solid which is made ſhall be called an Icoſidodecaedron; 


and likewiſe the Solid made of a Cube, and alſo of an 


Octoedron, ſhall be called an Exòctoedron. But the 


other Solid, to wit, a Pyramis or Tetraedron, is trans- 


formed into a ſimple Solid; for if you divide into two 
equal parts each of the ſides of the Pyramis, triangles de- 
ſcribed of the lines which couple the ſections, and ſub- 
tending and taking away the ſolid angles of the Pyramis, 
are equal and like unto the equilateral triangles left in 
each of the baſes, of all which triangles is produced an 
Octoedron, to wit, a ſimple, and not a compoſed Solid. 
For the Ocoedron hath four baſes, like in number, form, 
and mutual inclination with the baſes of the Pyramis, 
and hath the other four baſes wich like ſituation oppo- 
fire and parallel to the former. Wherefore the applica- 
tion of the Pyramis taken twice, maketh a ſimple Octo- 


edron, as the other Solids make a mix'd compound 
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REGULAR SOLID. 
DEFINITIONS, 
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1. 


An Exofoedron is a ſolid figure contained of ſiv equal 


ſquares, and eight equilateral and equal triangles, 
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| 1 f 
An Lroſidodecdedron is a ſolid figure contained under teyelve 
equilateral, equal, and equiangled Pentagons, and 
twenty equal and equilateral triangles. 


For the better underſtanding of the two former Defi- 
nitions, and alſo of the two Propoſitions following, 1 
have here ſet two figures, 98 if you firſt de- 
ſcribe upon paſte - board, or ſuch like matter, and then 
cut them and fold them accordingly, they will repreſent 
unto you the perfect forms of an Exoctoedron, and of an 


Icoſidodecaedron. | 


| PROBLEM I. 
| | To deſcribe an equilateral and equiangled E xoctoedron, 
| 


and to contain it in a given ſphere, and to prove that the 
diameter of the ſphere is double to the ſide of the ſaid Exocto- 
edron. 

Conftr. Suppoſe a Sphere whoſe diameter let be AB, 
and about the diameter AB let there be deſcribed a ſquare 


| 
— 
R P F 


& 1B 


q 6 4+ 4, and upon the ſquare let there be deſcribed a Cube b, 
* 15.13, which let be CDEFQTVR and let the diameter thereof 
. 


226825 1 C 


REGULAR SOLID“. 487 


be QR, and the center $. Divide the ſides of the Cube 
into two equal parts in the points G, , I, K, L, M, N, 
O, P, Sc, and couple the middle ſections by the right 
lines IN, NO, Op, PI, and ſuch like, which ſubtend 
the angles of the ſquares or baſes of the Cube; and they 
are equal c, and contain right angles, as the angle NIP, c 4. 1. 
For the angle NID, which is at the baſe of the Iſoſceles 
triangle NDI, is the half of a right angle, and fo like- 
wiſe is the oppoſite angle RIP. Wherefore the reſidue 
NIP is a right angle, and fo the reſt, Wherefore NIPO 
is a ſquare. And for the ſame reaſon ſhall the reſt NMLK, 
KGHI, Sc. inſcribed in the baſes of the Cube, be 
ſquares, and they ſhall be fix in number, according to the 
number of the baſes of the Cube. Again, foraſmuch as 
the triangle RIN ſubtendeth the ſolid angle D of the 
. Cube, and likewiſe the triangle KGL the ſolid angle 
; C, and fo the reſt which ſubtend the right ſolid angles 
of the Cube, and theſe triangles are equal and equilateral 
(to wit) being made of equal ſides, and they are the li- 
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fore LMNOPHGK is an Exoctoedron by the definition, 
and is equilateral, for it is contained by equal ſubtendans 
lines; it is alſo equiangled, for every ſolid angle thereof 
is contained under two ſuperficial angles of two ſquares, 
and two ſuperficial angles of two equilateral triangles. 
| Demonſtr. Foraſmuch as the oppoſite ſides and dia- 
meters of the baſcs of the Cube are parallels, the plane 
extended by the right lines QT and VR, ſhall be a 
parallelogram. And for that alſo in that plane lieth QR, 
the diameter of the Cube, and in the ſame plane alſo 
is the line MH, which divideth the ſaid plane into two 
equal parts, and alſo coupleth the oppoſite angles of the 
Exoctoedion: this line MH therefore divideth the diame- 
d cor. 34.1, ter into two equal parts 4; and alſo divideth it ſelf 
e 4- 1. in the ſame point, which let be 8, into two equal parts e. 
And by the ſame reaſon may we prove that the reſt of the 
lines which couple the oppolite angles of the Exoctoedron, 
do in S the center of the Cube, divide one another into 
two equal parts, for each of the angles of the Exoctoe- 
dron are ſet in each of the baſes of the Cube. Wherefore 
making the center the point S, with the diſtance SH or 
SM deſcribe a Sphere, and it ſhall touch every one of 
the angles equidiſtant from the point S. | 

And foraſmuch as AB the diameter of the ſphere given, 
1s put equal to the diameter of the baſe of the cube, to 
wit, to the line RT, and the ſame line RT is equal 

£33. 1. to the line MHf, which line MH eoupling the oppoſite 
angles of the Exoctoedron, is drawn by the center. 
Wherefore it is the diameter of the Sphere given which 
containeth the Exoctoedron. 

Laſtly, foraſmuch as in the triangle RFT, the line PO 
doth cut the ſides into two equal parts, it ſhall cut 
them proportionally with the baſes, to wit, as FR is 

'£2.6. to FP, ſo ſhall RT be to FO g. But FR is double to 
Fp by ſuppoſition: Wherefore RT, or the diameter HM, 
is alſo double to the line PO, the {gle of the Exoctoe- 
dron, Wherefore we have deſcribed, &c. Which was 
required to be done. | 
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PROBLEM II. 
To deſcribe an equilateral and equiangled Icoſtdodecae- 
dron, and to comprehend it in a ſphere given, and to prove 
that the diameter being divided in extream and mean pro- 
portion, maketh the greater ſegment double to the fide of fiv 
the Icoſtdodecaearon. 


Cinſtr, - 


REGUL4R SOLIDS, 489 


conſtr. Suppoſe that the diameter of the ſphere given 
be NL, à divide the line NL, in extream and mean à 30. 6. 
proportion in the point I, and the greater ſegment there- 
of let be NI, and upon the line NI deſcribe a Cube 6; b 15. 13. 
and about this Cube let there be circumſcribed a Dode- 
caedron c; and let the fame be ABCDEFHKMO, and c. 17. 13. 
divide each of the ſides into two equal parts in the points 
„R, 8, T, V, X,Y, Z, P, e, 3, G, &c. and couple 
the ſections with right lines, which ſhall ſubtend the 
angles of the Pentagons, as the lines PG, GV, VQ, QX, 
YR, RQ, VT, TX, XV, and fo the reſt. | 
Demonſtr. Fora ſmuch as theſe lines ſubtend equal an- 
155 of the Pentagons, and thoſe equal angles are contained 
y equal ſides, to wit, by the half of the ſides of the Pen- 
tagons; therefore thoſe ſubtending lines are equal d. d. 4. I, 
Wherefore the triangles GV, VGR, and VXT, and 
the. reſt, which take away ſolid angles of the Dodecac- 
dron, are equilateral, 


- 
n 
Again, foraſmuch as in every Pentagon are deſcribed | "N 
five equal right lines, coupling the middle ſections of the 7 
ſides, as are the lines QV, VT, TS, SR, and RQ. | 
they deſcribe a Pentagon in the plane of the Pentagon of 7 
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the Dodecaedron. And the ſaid Pentagon is contained 


in a circle, to wit, whoſe center is the center of a Penta- 
gon of the Dodecaedron. For the lines drawn from that 
center to the angles of this Rentagon are equal, for that 
they are perpendiculars upon the baſes cut e. Wherefore 
the Pentagon QRSTV, is equiangled f. And by the ſame 
reaſon may the reſt of the Pentagons deſcribed in the ba- 
ſes of the Dodecaedron, be proved equal and like. 
Wherefore thoſe Pentagons are twelve in number: 
And foraſmuch as the equal and like triangles do ſub- 
tend and take away twenty ſolid apgles of the Dodecae- 
dron; therefore the ſaid triangles ſhall be twenty in 
number. Wherefore we have deſcribed an Icoſidodeca- 
edron by the definition, which Icoſidodecaedron 1s equi- 
lateral; for that all the ſides of the triangles are equal 
and common with the Pentagons; and it 1s alſo equian- 
led. For each of the ſolid angles is made of two ſuper- 
Fil angles of an equilateral Pentagon, and of two ſu- 
perficial angles of an equilateral triangle. | 
Now let us prove that it is contained in the given 
ſphere whoſe diameter is NL. Foraſmuch as perpendi- 
culars drawn from the centers of the Dodecaedron, to 
the middle ſections of his ſides, are the halfs of the lines 


which couple the oppoſite middle ſections of the fides of 


the Dodecaedron g; which lines alſo h do in the center 
divide one another into two equal parts. Therefore 
right lines drawn from that point to the angles of the 
Icoſidodecaedron (which are ſet in thoſe middle ſections) 
are equal; which lines are thirty in number, according 
to the number of the ſides of the Dodecaedron, for each 
of the angles of the Icoſidodecaedron are ſet in the middle 
ſections of each of the ſides of the Dodecaedroa, Where- 
fore making the center of the Dodecaedron, and the ſpace, 
any one of the lines drawn from the center to the middle 
ſections, deſcribe a ſphere, and it ſhall paſs through all 


the angles of the Icoſidodecaedron, and ſhall contain 


it. 

And foraſmuch as the diameter of this ſolid, is that 
right line whoſe greater ſegment is the ſide of the Cube 
inſci ibed in the Dodecaedron 2, which (ide is NI by ſup- 
polition, Whercfore that ſolid is contained in the ſphere 
given, Whoſe diameter is put to be the line NL. 


Now 
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Now let us prove that the great ſegment of the diame- 
ter is double to QV the fide of the ſolid. Foraſmuch as 
the ſides of the triangle AEB are in the points Q and V 
divided into two _ parts, the lines QV and BE are 


parallels k, Wherefore as AE is to AV, fo is EB to VQ k cor. 39. 1. 


491 


I. But the line AE is double to the line AV. Wherefore I 2. 6. 
the line BE is double to the line QY 72. Now the line m 4. 6. 


BE is equal to NI, or to the {ide of the Cube n; which n 2 cor. of 


line NI is the preater ſegment of the diameter NL. 17. 13, 


Wherefore the greater ſegment of the diameter given is 
double do the fide of the Icoſidodecaedron inſcribed in the 
given ſphere, Wherefore we have deſcribed, &*c. Which 
was required to be done. 


ADVERTISEMENT. 

To the underſtanding of the nature of this Icoſidode- 
caedron, you muſt well conceive the paſhons and pro- 
prieties of both theſe ſolids, of whoſe baſes it conſiſteth, 
to wit, of the Icoſaedron and of the Dodecaedron. And 
altho' in it the baſes are placed oppoſitely, yet have they 
to one another one and the ſame inclination, By reaſon 
whereof there lie hidden in it the actions and paſſions 
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of the other regular Solids. And I would have thought 
it not impertinent to the purpoſe to have ſet forth the 
inſcriptions and circumſcriptious of this Solid, if want of 
time had not hindred. But to the end the Reader may 
the better attain to the underſtanding thereof, I have here 
following briefly ſet forth, how it may in or about every 
one of the five regular Solids be 1nſcribed or circumſeri- 
bed; by the help whereof he may, with ſmall travel, or 
rather none at all, having well poiſed and conſidered the 
Demonſtrations appertaining to the foreſaid five regular 
Solids, demonſtrate both the inſcription of the ſaid Solids 
in it, and the Inſcription of it in the ſaid Solids. 


Of the Inſcriptions and Circumſcriptions of an Icoſidodeca- 
| edron. | ; 


An Icoſidodecaedron may contain the other five regu- 
lar bodies. For it will receive the angles of a Dodecae- 
dron in the centers of the triangles which ſubtend the 
ſolid angles of the Dodecaedron, which ſolid angles are 


twenty in number, and are placed in the ſame order in 


which the ſolid angles of the Dodecaedron, taken away, 
or ſubtended by them, are. And for that reaſon it ſhall 
receive a Cube and a Pyramis contained in the Dodeca- 
edron, when as the angles of the one are ſet in the an- 
les of the other. | | 

An Icoſidodecaedron receiveth an Octoedron, in the 
angles cutting the ſix oppoſite ſections of the Dodecae- 
dron, even as if it were a limple Dodecaedron. 

And it containeth an Icoſaedron, placing the twelve 
angles of the Icoſaedron in the ſame centers of the twelve 
Pentagons. 

It may alſo by the ſame reaſon be inſcribed in each of 
the five regular bodies, to wit, in a Pyramis, if you place 


four triangular baſes concentrical with four baſes of the 


Pyramis, after the ſame manner that you inſcribed an Ico- 
ſaedron in a Pyramis; ſo likewiſe may it be inſcribed in 
an Octoedron, if you make eight baſes thereof concen- 
trical with the eight baſes of the Octoedron. It ſhall al- 
ſo be inſcribed in a Cube, if you place the angles which 
receive the Octoedron in it, in the centers of the baſes of? 
the Cube. Again, you ſhall inſcribe it in an Icoſaedron, 
when the triangles compaſſed in of the Pentagon baſes, 


are concentrical with the triangles which make a ſolid 


angle of the Icoſaedrog. 
. | GEES Laſily, 
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Laſtly, it ſhall be inſcribed in a Dodecaedron, if you 

place each of the angles thereof in the middle ſections of 
the ſides of the Dodecaedron, according to the order of 
the conſtruction thereof. | | | 

The oppolite plain ſuperficies alſo of this ſolid are pa- 
rallels. For the oppoſite ſolid angles are ſubtended of pa- 
rallel plain ſuperficies, as well in the angles of the Dode- 
caedron ſubtended by triangles, as in the angles of the 
Icoſaedron ſubrended of Pentagons, which thing may 
eaſily be demonſſrated. Moreover, in this ſolid are in- 
finite properties and paſſions, ſpringing from the ſolids 
whereof it is compoſed. | f 

Wherefore it is manifeſt, that a Dodecaedron and an 
Icoſaedron mixed, are transformed into one and the 
ſelf ſame ſolid of an Icoſidodecaedron. A Cube alſo and 
an Octoedron are mixed and altered into another ſolid, 
to wit, into one and the fame Exoctoedron. But a Py- 
ramis is transformed into a ſimple and perfect ſolid, ro 

wit, into an Octoedron. = 
If we will frame theſe two ſolids joined together into 
one ſolid, this only muſt we obſerve. 

In the Pentagon of a Dodecaedron inſcribe a like 
Pentagon, and let its angle be ſet in the middle ſections 
of the Pentagon circumfcribed, and then upon the faid 
Pentagon inſcribed, let there be ſet a ſolid angle of an Ico- 
ſaedron, and fo obſerve the ſame order 1a each of the 
baſes of the Dodecaedron, and the ſolid angles of the Ico- 
facdron, ſet upon theſe Pentagons, ſhall produce a folid 


conſiſting of the whole Dodecaedron, and whole Icoſa- 


edron. In like ſort, if in every baſe of the Icoſaedron, 
the ſides being divided into two equal parts, be inſcribed 
an equilateral triangle, and upon each of thoſe equilate- 
ral triangles be ſet a ſolid angle of a Dodecaedron, there 


ſhall be produced the ſame ſolid conſiſting of the whole 


Icoſaedron, and of the whole Dodecaedron. 

And after the ſame order, if in the baſes of a Cube be 
inſcribed ſquares ſubtending the ſolid angles of an Octoe- 
dron, or in the baſes of an Oftoedron te inſcribed cqui- 


lateral triangles ſubtending the ſolid angles of a Cube, 


there ſhall be produced a ſolid conſiſting of either of the 


whole ſolids, to wit, of the whole Cube, and of the 
whole Octoedron. 

Bur equilateral triangles inſcribed in the baſes of a 
Pyramis, having their angles ſet in the middle ſections 


of the ſides of the Pyramis, and the ſolid angles of a Py- 
| ramis, 


493 


494 


A TREATISE of 


ramis, ſet upon the ſaid equilateral triangles, there ſhall 
be produced a ſolid conſiſting of two equal and like 
pyramids. | 

And now if in theſe folids thus compoſed, you take 


away the ſolid angle, there ſhall be reſtored again the 


firſt compoſed ſolids, to wit, the ſolid angles taken 
away from a Dodecaedron and an Icoſaedron compoſed 
into one, there ſhall be left an Icolidouecaedron, the 
folid angles taken away from a Cube and an Oftoc::ron 
compoſed into one ſolid, there ſhall be left an Exoctoe- 
dron. Moreover, the ſolid angles taken away from two 
pyramids compoſed into one ſolid, there ſhall be left an 
Octoedron. | 


Of the nature of a trilateral and equilateral Pyramis, 
r. A trilateral equilateral Pyramis is divided into 


two equal parts, by three equal ſquares, which in the 
center of the Pyramis cut one another into wo equal 


parts, and perpendicularly, and whoſe angles are ſet in 


the middle ſections of the ſides of the Pyramis. | 
2, From a Pyramis are taken away four Pyramids like 
unto the whole, which utterly take away the fidgs 
of the Pyramis, and that which is left is an Octoedron, 
inſcribed in the Pyramis, in which all the ſolids inſcri- 
bed in the Pyramis are contained, | 
3. A perpendicular drawn from the angle of the Pyra- 


mis to the baſe, is double to the diameter of the Cube 


inſcribed in it. 

4. And a right line coupling the middle ſections of 
the oppoſite ſides of the Pyramis is triple to the ſide of 
the ſame Cube. | 

5. The ſide alſo of a Pyramis is triple to the diame- 
cer of the baſe of the Cube. | 

6. Wherefore the ſame ſide of the Pyramis is in power 
double to the right line which coupleth the middle ſection 
of the oppoſite i1des, | 

7. And it is in power ſeſquialter to the perpendicular 
which is drawn from the angle to the baſe, 

8. Wherefore the perpendicular is in power ſeſquiter- 
tia to the line which coupleth the middle ſections of the 


oppoſite ſides. 


9. A Pyramis and an Octoedron inſcribed in it, alſo 
an Icoſaedron inſcribed in the ſame Octoedron, do con- 


tain one and the ſame ſphere. 
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of the nature of an Oboe ron. 


1. Four ee of an Octoedron, drawn in forft 
baſes thereof from two oppoſite angles of the ſaid Octoe- 
dron, and coupled together by thoſs 
a Rhombus, or Diamond figure; one of whoſe diame- 
ters is in power double to the other diameter. 

2. For it hath the ſame proportion that the diameter of 
the Octoedron hath to the ſide of the Octoedron. 

3. An Octoedron and an Icoſaedron inſcribed in it, 
do contain one and the ſame ſphere. N 

4. The diameter of the ſolid of the Octoedron is in 
power ſeſquialter to the diameter of the circle which 
containeth the baſe, and is in power duple ſuperbiparti- 
ens tertias (that is, as 8 to 3,) to the perpendicular or 
ſide of the foreſaid Rhombus; and moreover is in length 
triple to the line which coupleth the centers of the next 


baſes. | 


5. The angle of the inclination of the baſes of the OR 
edron, doth, with the angle of the inclination of the ba- 
ſes of the Pyramis, make angles equal to two right 
angles. | 


Of the nature of a Cube. 


1. The diameter of a Cube is in power ſeſquialter to 
the diameter of his baſe, 
2, And is in power triple to his fide. 
3. And unto the line which coupleth the centers of the 
next baſes, it is in power ſextuple. 
4. Again, the ſide of the Cube, is to the ſide of the 
Icoſaedron inſeribed in it, as the whole is to the greater 


ſegment. 
5. Unto the ſide of the Dodecaedron, it is as the whole 


is to the leſſer ſegment. | 

6. Unto the fide of the Octoedron it is in power 
duple. 

7. Uato the ſide of the Pyramis it is in power ſub- 
duple. 

8. Again, the Cube is triple to the Pyramis, but to the 
Cube the Dodecaedron is in à manner double. Wherefore 
the ſame Dodecacdron is in a manner ſextuple to the 
ſaid Pyramis. 


Of 


e four baſes, deſcribe 
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Of the nature of the Iroſaedron, 


1. Five triangles of an Icoſaedron, do make a ſolid 
angle, the baſes of which triangles make a Pentagon. If 
therefore from the oppoſite baſes of the Icoſaedron be 
taken the other Pentagon by them deſcribed, theſe Penta- 
gons ſhall in ſuch ſort cut the diameter of the Icoſaedron 
which coupleth the foreſaid oppoſite angles, that that part 
which is contained between the planes of theſe two Pen- 
ragons ſhall be the greater ſegment, and the reſidue which 
is drawn from the plane to the angle, ſhall be the lefler 
ſegment. | 

2. If the oppoſite angles of two baſes joined together, 
be coupled by a right line, the greater ſegment of that 
right line is the fide of the Icoſaed ron. 

3. A line drawn from the center of the Icoſaedron to 
the angles, is in power quintuple to half that line which 
is taken between the Pentagons, or of the half of that 
line which is drawn from the center of the circle which 
containeth the foreſaid Pentagon, which two lines are 
therefore equal. | 

4. The fide of the Icoſaedron containeth in power 
either of them, and alſo the leſſer ſegment, to wit, 


the line which falleth from the ſolid angle to the 


Pentagon. 

5. The diameter of the Icoſaedron containeth in power 
the whole line, which coupleth the oppoſite angles of the 
baſes joined together, and the greater ſegment thereof, 
to wit, the fide of the Icoſaedron. | 

6. The diameter alſo is in power quintuple to the 
line which was taken between the Pentagons, or to the 
line which is drawn from the center to the circumference 
of the circle which containeth the Pentagon compoſed of 


the ſides of the Icoſaedron. 


7. The dimetient containeth in power the right line 
which coupleth the centers of the oppoſite baſes of the 
Icoſaedron, and the diameter of the circle which contain- 
eth the baſe. 

8. Again, the ſaid gimetient containeth in power the 
diameter of the circle which containeth the Pentagon, 
and alſo the line which is drawn from the center of the 
ſame cirele to the circumference: that is, it is quintuple 


to the line drawn from the center to the circumfe- 
Fence, 


9. The 


RE GULAR SOLIDS. 
- 9? The line which coupleth the centers of the oppoſite 


baſes containeth in power the line which coupleth the 


centers of the next baſes, and alſo the reſt of that line of 
which the ſide of the Cube inſcribed in the Icoſaedron 
is the greater ſegment. | 

to. The line which coupleth the middlè ſections of the 
oppoſite ſides, is triple to the fide of the Dodecaedron” 
inſcribed in it. 

11. Wherefore, if the ſide of the Icoſaedron and the 
greater ſegment thereof be made one line, the third part 
of the whole is the {ide of the Dodecaedron inſcribed in 
the Icoſaedron. | | 


Of the Dodecaedron. 


I. The diameter of a Dodecaedron containeth in power 
the fide of the Dodecaedron, and alſo that right line to 
which The fide of the Dodecaedron is the leſſer ſegment, 
and the ſide of the Cube inſcribed in it is the greater 
ſegment, which line is that which ſubtendeth the angle 
of the inclination of the baſes, contained under two per- 
pendicylars of the baſes of the Dodecaedron. 

2. If there be taken two baſes of the Dodecaedron, 
diſtant from one another by the length of one cf the ſides, 
a right line coupling their centers being divided in ex- 


treme and mean proportion, maketh the greater ſegment. 


” right line which cqupterh the centers of the next 
aſes. „ 

3. If by the centers of five baſes ſet upon one baſe, 
be drawn a plain ſuperficies and by the centers of the 
baſes which are ſet upon the oppoſite baſe, be drawn alſo a 
plain ſuperficies, and then be drawa a right line, coupling 
the centers of the oppoſite baſcs, that right line is ſo cut, 
that each of his parts ſet without the plain ſuperticies, 
is the greater ſegment of that part which is contained 


between the planes. 


4. The ſide of the Dodecaedron is the greater ſeg- 
ment of the line which ſubtendeth the angle of the 
Pentagon. 

5. A perpendicular line drawn from the center of the 
Dodecaedron to one of the baſes, is in power quintuple 
to half the line which is between the planes. . 

6. And therefore the w hole line which coupleth the 
centers of the oppolite baſes is in power quintuple to 


the whole line which is between the ſaid planes. 


497 


— 
= 
4 — 


* » * * * —— 24 = | 
— — — — —— ů ů 
. > ao — — — 
— 8 
* * — - —_——— — - - £8 - 
ne == x: —— . — — — I gone 3p 7 = Rn ow þ — 
I — — * 2 * E Cs — ES %" + 


— 


— 


— en 
I . 


— 2 


— _ . _- — — 
— — — 10 — — — 
a — ut - _ 
— — 
2 A 
2 _ —_— — 
= S — — 
. 


——— 


17 
if 
1 


—— — SY 


498 


7. The line which ſubtendeth the angle of the baſe of 
the Dodecaedron, together with the ſide of the baſe, 
are in power quintuple to the line which is drawn from 
the center of the circle which containeth the baſe, to the 
circumference. | | 

8. A ſection of a ſphere containing three baſes of the 
Dodecaedron, taketh a third part of the diameter of the 


ſaid ſphere. 


9. The fide of the Dodecaedron and the line which 
ſubtendeth the angle of the Pentagon, are equal to the 
right line which coupleth the middle ſections of the oppo- 
ſite ſides of the Dodecaedron, 


THE 


THE 


THEOREMS 


ARCHIMEDES. 


Concerning the Sphere and Cylinder, 
inveſtigated by the Method of indivi- 
f;bles, and briefly demonſtrated by the 
Reverend and Learned Dr. Is aac 
BARROW. 


HE main Deſign of Archimedes in his Treatiſe of 
the Sphere and Cylinder, js to reſolve theſe four 
Problems. 

I. To find the proportion of the ſuperficies of a ſpheve-to 
any determinate circle; or to find a circle equal to the ſuper» 
fecies of a given ſphere, 

2. To find the proportion of the ſuperficies of any ſegment 
of a ſphere to any determined circle; or to find a-circle e 
to the ſuperficies of any aſſigned ſegment. 

3. To find the proportion of the ſphere it ſelf (or of ita 
ſolid: content) to any determinate Cone or Cylinder; or to 
find a Cone or Cylinder equal to a given ſphere. | 


4. To 
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4. To fond the proportion of a ſegment of a ſphere to any 
determinate Cone or Cylinder ; or to find a Cone or Cylinder 
equal to a given ſegment. 


+ Theſe four Problems Archimedes proſecutes ſeparately, 


and lays down Theorems immediately ſubſervient to their 


ſolution; but we reduce them to two: For ſince an 


Hemiſphere is the ſegment of a ſphere, and the method 
of finding out its relations, in reſpect to the ſuperficies 
and folid content, is comprehended in the general me- 
thod of W the proportion of the ſegments: 
And from the ſuperficies and ſolid content of an Hemiſ- 
phere already found, the double of them, (that is the 
ſuperficies and content of the whole ſphere) is at the 
fame time given. And indeed 'tis ſuperfluous and fo- 
reign from the Laws of good Method, to inveſtigate 
their relations diſtinctly and ſeparately; ſo that if it were 
not a crime, I might on this account blame even Ar- 
chimedes himſelf. 

The whole matter therefore is reduc'd to theſe two 
Problems. ks” | | 

1, To find the proportion of the ſuperficies of any ſeqment 
of a ſphere to a determinate circle ; oy to find a circle equal 
to the ſuperficies of a given ſegment. ; 

2. Tv find the proportion of the ſolidity of any ſegment of 
a ſphere to any determinate Cone or Cylinder; or to find a 
Cone or Cylinder equal to an aſſign'd ſegment of a ſphere. 

I ſhall reſolve theſe Problems by another much eaſier 
and ſhorter method: In which the order being inverted, 
firſt, 1 ſhall ſeek the ſolidity of a ſegment, and from 
thence deduce its ſuperfictes ; a thing which is in my 
judgment well worth obſerving,and perform'd (as I know 
of) by none. 

Firſt therefore, for finding the ſolidity of a ſegment, 
I ſhall lay down two, commonly known and receiv'd, 


 Syppoſitions, vix. 


1. That a ſeries of magnitudes proceeding in Arithmetical 
Progreſſion from nothing (incluſive) or whoſe common diffe- 
rence is equal to the leaft magnitude, is ſubduple of as many 
quantities equal to the greateſt : (i. e. ſubduple of the pre- 
duct of the greateſt term and number of terms :) So that 
if the ſum: of the terms be called x, the greateſt term g, 


and the number of terms n, then will 


2 
2 = =, or 2 2 Mg. 
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The truth of this Propoſition will eaſily appear by ex- 
preſſing the ſeries twice, and inverting the order; | 


7 o, a, za, 3a, 4a. 


4a, Za, za, A, o. 


For ſo the difference always being equal to the leaſt 
quantity, twill be evident that each two correſpondent 
terms taken together are equal to the greateſt term; and 
alſo, that the ſeries taken twice is equal to the greateſt 
term repeated as many times as there are terms, 2. e. 
the laſt term drawn into the number of terms. 

We have in a triangle a very clear and eaſy example 
of this moſt uſeful Propoſition, which is prov'd hence, 
to be half a parallelogram having the ſame altitude, and 
ſtanding on the ſame baſe. | 

Suppoſe the altitude AE of the 
triangle AEZ to be divided into 
parts indefinitely many and ſmall, 
AB, BC, CD, DE, and parallels 
BZ, CZ, DZ, EZ, drawn thro' the 


ceed from nothing in an Arithmeti- 
cal progreſſion, and conſequently 
the ſum of them all, (that 1s, the 
triangle AEZ) 1s ſubduple of the 
greateſt EZ drawn into the altitude AE, by which the 
Fm of the terms 1s expreſs'd, that is ſubduple of the 
Parallelogram EY, whoſe baſe is EZ, and altitude AE. 

But the illuſtration of the Rule will conduce more to 
our deſign by inferring hence, That a circle is equal to 
half of the radius drawn into the circumference, after this 
manner. Canceive a circle to conſiſt of as many con- 
centric Peripheries as there are points or equal parts in- 
definitely many and ſmall in the radius. Theſe Periphe- 
ries, as well as their radii, proceed from the center 
or nothing in an Arichmericai progreſſion ; and therefore 
their ſum, that is, the whole circle is equal to half the 


- greateſt (or extreme circumference) drawn into. the 


number of terms, that is, the radius, 
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After the ſame manner we may ſuppoſe the ſector AEZ 
to conſiſt of as many concentric Arcs BZ, CZ, DZ, EZ, 
z as there are points (or equal 
parts indefinitely ſmall) in the 


* rad ius AE, which Arcs, as 


their radii, proceeding from a 
point or nothing in an Arith- 
metical progreſſion, the ſector 
alſo will be equal to half the 


treme Arc EZ, Which may 
be made evident alſo afcer 
this manner: Let us ſuppoſe 
the right line EY to be perpendicular to the radius 
AE, draw the right line AY, and from the points 
8, CG, D, of diviſon in the radius, draw BY, CY, 
DY, paralle] to EY, and terminated at AY. Becauſe 
EY: Dy (:: rad. AE: rad. AD) :: Arc. EZ: Arc. 
DZ. and EY = Ez, then will DY= Arc. DZ; and 
in like manner will CY = CZ, and BY = BZ. 
Whence the triangle AEY Will be = to the ſector 
AEXEFY VAE x EZ 
AEZ, that is, (. ” S ſector AEZ. By 


2 2 
this means we collect that celebrated Theorem of Archi- 
medes, that a circle is equal to a triangle whoſe baſe is 
equal to the radius, and altitude equal to the periphery 
of the circle; and that without any inſcription or 
circumſcription of figures, by only ſuppoſing that the 
Area or Superficies of the circle conſiſts of infinitely 
many concentric Peripheries. Which method of Indivi- 


Pbles, (now firſt of all known to me) ſeems no leſs 


evident (nay more evident) and perhaps leſs fallacious 
than that wherein planes are ſuppoſed to conſiſt of pa- 


rallel right lines, and folids of parallel planes; as 


hereafter ſhall be evident, when we ſnall collect, by 
this method, the proportions of ſpheric and cylindric 
ſuperficies ro one another, by knowing the ſolid con- 
tent; and on the other hand, the ſolid content, by 
knowing the ſuperficies, with admirable facility, and 
moſt full ſatisfaction in thoſe things which are rigidly 
gather'd by pure Geometry. | 
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Let tes ſuppoſe a ſeries of quantities to proceed from o 


| (incluſive) in a duplicate Arithmetic proportion, that 75, 


©, I, 4, 9, 16, &c. the ſquares of numbers in a 1 
Arithmetic progreſſion, o, 1, 2, 3, 4» &c. And he 
triple of this ſeries ill always exceed the greateſt term 
multiplied by the number of terms „ Ont the number of 
terms increaſing, the proportion continually approxtmates, 
till at laft it comes to an equality, when the number cf 
terms is increaſed in infinitum. 


z XO ;. 3 
2K 1 . 1 6 
3X oþ-1+q4==15. 15 
3 quent. t4: 4 
3 X rA Az. 4 7 
| 4X9==36. 36 6 
3 x o+-1+4F9Þ+16==90. 90 9. 
| 3x 16==80. 80 8 
3X o+1+4+9+I6+25=165. 165 11 


6 X 25==150O. 10 10 


As for example, if the terms are two; the triple of the 
terms will be to the greateſt term drawn into the number 
of terms as 3 to 2; if there be three terms as 5, to 45 
if four, as 7 to 6; if five; as ꝙ to 8, and fo continually: 
So that the antecedents of theſe proportions always mu- 
tually exceed one another by the number 2; and ſo every 
antecedent its conſequent by 1. Whence it is evidenc 
that by how much the greater the number of terms is, 
by ſo much the more the proportion tends to equality. 
So 1co to 99 is lefs diſtant from the proportion of equa- 


lity than 10 ro 9. From hence, ſuppofine the number 


of terms infinite (or infinitely great,) the triple of quan- 
tities proceeding thus in a duplicate proportion (or as the 
ſquares of the numbers, O, 1, 2, 3. 4, &c. will be 
equal- to as many quantities equal to the greatefl 

Terms 
The ſame, as to the ſubſtance of it, is laid down by 
Archimedes in his Book of Sptralt, as the Foundation of 
many Argumentations, in that, and other Books, and is 
well demonſtrated by our learned Country- man Dr. u e 
However, I thoughe fit to illuſtrate che matter by this 
W623 method, 
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method, as being not unworthy our Conſideration, and 
very perſpicuous and intelligible in this, that tis free 
from Fractions: And by the way tis obſcrv'd, that from 
hence we may eaſily find the proportion of a ſeries triple 
to as many terms equal to the greateſt, viz, as twice the 
number of terms leſs one, to twice the number of terms 
leſs two. So that if the number of the terms be 6, the 
proportion of a ſeries triple to as many terms equal to 
the greateſt will be as 11. 

It will be a very eaſy and apt Illuſtration of this Rule, 
if we infer hence, That a Cone is ſubtriple of a Cylinder, 
having an equal baſe and altitude. For let us ſuppoſe 
the altitude AE of the Cone ZM to be divided into equal 
and indefinitely many parts, by as many parallel right 
lines ZY, and the lines ZY will be as the numbers 1, 2, 
3, 4, c. and the ſquares or circles conſtituted upon the 
diameters ZV, as 1, 4, 9, 16, ©. whence all thoſe 
circles, or the whole Cone AZY (made up of the ſame) 
will be ſubtriple of as many circles e- 
qual to the greateſt, conſtituted on the 
greateſt diameter ZEY, that is, ſub- 
triple of a cylinder whoſe baſe is AEY, 
and altitude AE, 

There occur two other moſt apt 
examples of this Rule, viz. by infer- 
ring, That the complement of a Semipa- 


rabola is ſubtriple of a parallelogram having the ſame 


baſe and height ; as alſo, That the ſ;ace comprehended by 


the Spiral and Radius is ſubtviple of the circle in which the 


ſpiralis generated: But of theſe in another place. Where- 
fore to go on with what we be- 
gan, theſe two Rules being 
ſuppoſed ; let us conceive ZAY 
to be a ſegment of a ſphere, 
X its center, AT its diameter, 
and ZAYT a great circle paſ- 
ſing thro' the vertex, and the 
part AE of the Axe to. be di- 
vided into an indefinitely ma- 
ny equal parts; and let us 
imagine parallel lines to be 
drawn thro' the points of di- 
viſion generating cucles in the ſphere, whoſe Radii let 
be BZ, CZ, DZ, and diameters ZV. I ſuppoſe the ſeg- 
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ment of a ſphere to conſiſt of all theſe parallel circles, 
whoſe number is as great as that of the points, or equal 
indefinitely many ſmall parts in the Axe AE, according 
to the known Method of Indiviſibles. 

But now for brevity's ſake, let the diameter AT be 
called d, and the radius of the ſphere r (if need be) and 
the Axe AE, by which the number of terms is expreſs'd, 
call n, and one of the equal parts a; which being ſet- 
tled, 'tis evident, (by the Elements) that BZ = AB 
X BT = 4X d —a=ad—a?, and in like manner CZ* 
—ACXCT =2 4 X d—2'a=2ad—4 a*, and by the 
ſame reaſoning DZ*= AD x DT = 3 ad—ga?, and 


EZ*— AE x ET =4 ad— 16 a*, &. that is, that 
the ſquares of the radii of the circles ZY are to one ano- 


ther as the rectangles, ad 2ad, zad, 4ad, &c. (which 


proceed in an Arithmetical Progreſſion from o) leſs by the 

ſquare a*, 4a*, ga, 16a*, &c. which go on as the 

ſquares of the numbers; 1, 2, 3, 4, c. But by our 

firſt Rule, all the Rectangles o, ad, 2ad, 3ad, 4ad, &c. 

are equal to half as many terms equal to the greatelt AE 
| ndXn. 

X AT or nd, that is. 


2 ED 
Moreover, by our ſecond Rule, all the ſquares o, a* , 
4a*, ga“, 16a*, c. taken together, are equal to a 
third part of as many terms equal to the greateſt AE? or 
n* Xn 
#*, that 13, = 


3 
Wherefore all the ſquares deſcribed upon the radii 
BZ, CZ, DZ, EZ, conjunctly, are equal to the diffe- 


nnd nun 
rence — — —, (or the terms being reduc'd to the 
2 5 4 


3 ndn=—2, unn 


ſame denomination,) = and their quadruple, 
3 | 

that is, all the ſquares deſcribed upon the diameters ZV, 
12 ndn - 8 3 6 nan — 4 13 

are equal to — or — whence a 

6 3 
ſegment of a ſphere is equal to a Cylinder, the diameter 
of whoſe baſe is the ſide of a ſquare equal to 6 nd —4q »?, 
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and altitude is 4 7; or to a Cone having the ſame baſe 
but the altitude u. or which is all one, having a baſe 


6 nd — 4 n* | 5 


whoſe radius is 7 — or * nds , and al- 


titude u as before. Which Cone we may change into a 
Cone upon the ſame baſe Z with the ſegment ZAY, by 
faying, as ZE* (i. e. dn —#*) to nd - or (both 
terms being divided by 2) as 4—n to 2 dn, fo recipro- 
cally n to the altitude of the Cone ſought: Or in the 
f gure by making, as TE to TEA XA, fois EA to ES, For ES 
will be the altitude of the Cone ZS equal to the ſegment of 
the ſphere Z Ar. Which is that noted Theorem of Archimedes, 
demonſtrated by him with ſo much labour and prolixity. 
Hence, if the given ſegment be a Hemiſphere, and fo 
n dor r, then dor z r will be the altitude of a 
Cone, which having a baſe equal ts the baſe of the He- 
miſpbere (or to the greateſt circle in the ſphere) will be 
_ to the Hemiſphere, And a Cone whoſe baſe is double 
of the greateſt circle, and the altitude 2 y, or the cylinder 
whoſe baſes is + of the greateſt circle, and altitude 2 r. will 
be equal ro the whole Sphere, Whence the whole Sphere 
is + of a Cylinder, the diameter of whoſe baſe is 2 r, and 
the altitude alſo 2 TJ. And this is the chief Theorem of 
Archimedes, viz. That a ſphere ſubſeſquialter or + of that 
Cylinder, quhoſe Altitude and Diameter of the baſe is equal 
to the Diameter of the Sphere, = 
Furthermore, not to paſs over any thing in our Au- 
ther which ſeems to be to our purpoſe: | 
If to the ſum firſt found, repreſenting a ſegment, 
6 nin — 4 unn, z2din — dm -A gdn—4n* 
2K. — we ad — (= — 
3 5 3 
4 — 27 ä | 
= + ZE* XE) repreſenting the Cone ZX, 


* 
2 

the aggregate 3d dyn will repreſent the Sector of the 
Sphere ZX VA, which for that reaſon will be equal to a 
Cylinder, the diameter of whoſe baſe dn, and the 
altitude 5 d, or to 2 Cone, the diameter of whoſe baſe is 
an, and the altitude 24, or alſo to a Cone, the Ra- 
dius of whoſe baſe isy/dn, and the altitude + 4 e r (it 
being reciprocally as 4 dns dn: : 2d: + d, ) that is, to a 
Cone, the Radius of whoſe baſe is the Line AZ, 1 

's | : | rom 
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from the vertex to the circumference of the baſe of the 
ſegment, (for AZ = TA x AE an, ) and the altitude r. 
And this is the next famous Theorem of Archimedes, con- 
cerning the ſolidity of the ſector of the Sphere, viz. That 
the ſector of a ſphere is equal to a Cone, whoſe baſe is 4a 
circle deſcribed by a Radius equal to a line drawn from 
the vertex to the circumference of the baſe of the ſegment, 
and whoſe altitude is equal to the Radius of the ſphere. 

And thus I think I have compleated that which be- 
longs to the ſolidity of a ſphere, and its parts, with ſuf- 
ficient brevity and perſpicuity. From hence we ſhall 
deduce the Reſolution of the other Problem, which I 
propoſed concerning the ſurface of the ſegment of a 


| ſphere; and then of the whole ſphere. To obtain this, 
as we ſuppoſed before, a Circle to conſiſt of concentric 


Peripheries, and the Se&or of a Circle of concentric Arcs, 
(in the number of which, the greateſt, and the leaſt, or a 
point is reckon d: So now we ſuppoſe ſpheres to conſiſt 
of concentric ſpherical ſuperficies, and the Sectors of Spheres 
of like concentric ſuperficies; as for 
example, the ſector of the ſphere 
ZAE, of the ſuperficies BZ, CZ,DZ, 
EZ, Ec.) which ſuppoſition in- 
deed ſeems ſo eaſy and natural, 
that in my judgment *tis ſufficient 
only to propoſe it; neither is a 
further explication wanting to gain 
an aſſent to it. | 

2, We ſuppoſe theſe ſpherical ſuperficies to be in a 


duplicate Ratio of the Radius of the ſpheres : This is the 


common affection of all like ſuperficies, and it ſeems to 
agree very well with the ſuperfities of ſpheres, becauſe 
they appear to be moſt uniform and fimilar. But this 
Suppolition might eaſily be evinc'd and eſtabliſh'd by the 
fame fort of arguing, as ſpheres are proved to be in tri- 
plicate proportion to their Diameters or Radii; or might 
have been join'd as a Corollary to Prop. 17, and 18, Elem. 12. 
where the ſuperficies of like Polygones are ſuppos'd to be 
inſcribed in ſpheres, having as well the ſuperficies in a 
duplicate, as the ſolidity in a triplicate Ratio of the Diame- 
ters of the Spheres. Theſe things being premis'd, let us ſup- 
poſe AE a Radius, or the fide of the Sector of a Sphere 
EAZ, to be divided into equal and indefinitely many 
ſmall parts, and the ſector AEZ to conſiſt of theſe ſpheri- 
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cal ſuperficies BZ, CZ, DZ, EZ, it will be evident th 
a'l thoſe ſuperficies in the Progreſſion are as the ſquares 


of the Radii, that is, as AB*, AC, AD*, AEZ, Sc. 


or as the ſquares of the numbers 1, 2, 3, 4, He. whence 
by our ſecond Rule, the ſum of all theſe ſuperficies, that 
is, the ſector AEZ, will be 5 of as many ſuperficies equal 
to the greateſt EZ, that is, + of the greateſt EZ, drawn 
into y the number of terms. Whence a ſector is equal 
to a Cylinder, whoſe baſe is 4 of the greateſt or extreme 
ſuperficies of the ſector, and whoſe altitude is 1. Or to 
a Cone whoſe baſe is equal to the ſuperficies of the ſec- 
tor, and its altitude r, which is the laſt of Lib. 1. but 
we juſt now prov'd that a ſector is equal to a Cone 
whoſe altitude is r, and baſe a circle, deſcrib'd by the 
Radius YE, drawn from rhe vertex of the ſegment EYZ 
to the circumference of the baſe. Wherefore a Cone, 
whoſe altitude is r, and baſe equal to the ſuperficies of 
the ſector, is equal to a Cone of the ſame altitude, whoſe 
aſe is a circle deſcrib'd by the Radius YE, 
And ſo the ſuperficies of the ſector EYZ is equal to a 
circle deſerib'd by the Radius YE. Which certainly is 
the principal Theorem of all thoſe that occur in the 
Books of Archimedes, nor is there found a more excel- 
lent. one in all Geometry; 472. That the ſuperfixes of any 
ſegment of a ſphere is equal to a circle whoſe Radius is a 
rigbi line drawn from the vertex of the ſegment to the cir- 
cumference of the baſes: And hence, that the ſuperficies of 
an Hemiſphere is double to the baſe, or equal to two great 
circles of the ſphere. | 


For in this Caſe YE* = AZz + AY* = 2 AE, and. 


conſequently a circle deſcribed by the Radius YE is equal 
to two circles deſcrib'd by the Ra- 
'Y dius AE, Whence alſo, the ſuper- 
fecies of the whole ſphere is quadruple, 


| ' a circle having the ſame Radius with 
CAM E the ſphere, that is, quadruple the 


greateſt circle in the ſphere ; and equal 
to a circle <thoſe Radius is the dia- 
| meter of the ſphere. From hence it 
follows, that the ſuperficies of a ſphere 15 equal to the 
ſute ficies of a Cylinder of the ſame height and breadth ; 
for the ſuperficies of that Cylinder is quadruple to the 
baſe, as we ſhall ſhew hereafrer, And theſe are the 
moſt ncted Theorems of Archimedes, Nay, from hence 
4. © . Es 1 , | all 
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all thoſe things follow, which he has written concern- 
ing the ſuperficies of ſpheres, and their ſegments. So 
that from theſe few and eaſy Suppoſitions, I have de- 
monſirated whatever ſeems to be of any Note in the 
Books of the Sphere and Cylinder. 

I will only add, that after by the method of Archime- 
des, (for I think ſcarce any other can be invented, beſides 
* ours, for finding the ſolidity) the ſuperficies of ſegments 
are found cqual to the circle deſcribed by the Radii 
YE ; hence it will plainly follow, that the ſuperficies of 
ſpheres, and thence of like ſectors are in a duplicate ratio 
cf the Radii of the ſpheres; and conſequent]y from. the 
ſuperficies thus found, the contents of tegments, and of 

whole ſphcres may be mutually deduced, and chat very 
clearly and expeditiouſly, after this manner. Becauſe in 
the ſcctor EA (fig. Pag. 517.) the ſuperficies BZ, C, 
DZ, EZ, proceed as the ſquares deſerib'd upon AB, 
AC, AD, AE, that is, as 1, 4, 9, 16, Sc. the whole 
ſector will be,cqual to 4 of as many ſuperficies equal to 
the gteateſt EZ, or 4 EZ X r, that is, to a Cylinder 
whole baſc is; EZ, and altitude r, or to a Cone whoſe 
baſe is EZ, and altitude r. But EZ is ſuppoſed equal to 
a circle whoſe Radius is YE, wherefore the ſector EAZ 
is equal to a Cone whoſe baſe is a circle deſcribed by 
the Radius YZ and altitude r: Which is Archimedes's 
univerſal Theorem for the contents of Sectors. Whence 
if from this the Cone ZAE ſtanding on the baſe of the 

ſegment EYZ, and having the vertex at the center of the 
ſphere A, be ſubdued, you'll have that ſegment EYZ, 
But when the ſector EYZ is a Hemiſphere, there will be 

no ſuch Cone to be ſubducted; and for that reaſon a 
Cylinder whoſe baſe is 3 EZ, and altitude r, or the 
Cone whoſe baſe is 2 EZ, and altitude likewiſe r, will 
be equal to the whole ſphere. But the Superficies of 
the Hemiſphere EZ, is proved to be equal to two of the 
greateſt circles in the ſphere, whence the whole ſphere 
is given. This is Archimedes's firſt and principal Theorem, 
for the content of a ſphere ; whence tis eaſily deduced, 
that a ſphere is 3 of a circumſcrib'd Cylinder, that is, 
of a Cylinder whoſe altitude and diameter of its baſe is 
equal to the diameter of the ſphere. 

The Doctrine of our author [Archimedes] ſeems to 
make againſt, and ſubvert the new and celebrated Me- 
thod of indivifibles, and is preſß d to that end by * 

Or 
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for inſtance, (Prop. 2. lib, 2. Cylindy,) For the uſual pro- 
ceſs of that method ſeems to exhibi: the dimenſion of the 


ſuperficies of a Cone, (as alſo of a ſphere, and of other 


Curves) different enough from what our Author and 
others have demonſtrated : As for ex- 
awple, let us ſuppoſe ABCD a right 


at pleaſure, parallel to the baſe 
BCD. And ſince, as Diam, BD: 
Periph, BCD :: Diam Bd: Periph, 
B X 4, and ſo every where it 
will be (according to the Method 
of Ind:viſibles, and by 12. 5.) as 
| Diam. BD, to Periph. BCD, fo 
is the triangle ABD, conſiſting of thoſe parallel Di- 
ameters, to the Conic Superficies ABCD, conſiſting of 


| W 
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2 


thoſe Peripheries, 7. e. Diam. BD: Periph. BCD: : 


Ax Xx BD: AX X Periph. BCD 
—  — Whence 
is 


2 
AX Xx Periph. BCD | 
— — will be equal to the ſuperficies of 
2 

the Cone; which is falſe and contrary to what was de- 
monſtrated juſt now, For we demonſtrated that the 

AB Xx Periph, BCD 

fuperficies of the Cone was. — 

| 2 

In anſwering this Objection, we ſay, that the Metbod 
of Indivifibles, in the ſpeculation of Perimeters, and of 
Curve Surfaces, proceeds otherwiſe than in the ſpecula- 
tion of plane Surfaces and ſolid Contents. It does in- 
deed ſuppoſe that the Area of plane Figures conſiſts as 
it were of parallel right lines, and the contents of ſo- 
lids of parallel Planes, and that their number may be 
expreſs d by the altitude of the Figures: But it by no 
means ſuppoſes, that the Perimeters of plane figures con- 
fiſt of points, or the ſuperficies of ſolids of lines, the 
number of which may be .expreſs'd by the altitude of 
the figure. As for example, altho' the triangle ABD 
{in the Jaſt figure) conſiſts of lines parallel to BD, 
the number of which is expreſſed by the number of points 
in the perpendicular AX, that is, by the length - 
the 


* 


Cone, whoſe Axe is AX, and 
baſe BCD, and plane g y ꝙ drawn, 
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the perpendicular: Yet it would be abſurd to ſuppoſe 
that the line AB conſiſts of points, whoſe number m 
be expreſs'd by the number of points in a leſs line AX, 
For altho' the right lines gd drawn thro' each jnfi- 
nitely ſmall part of AX, divide AB into as many infi- 
nitely ſmall parts, yet thoſe parts are not of the ſame 
Denomination or Quality with the parts of AX, but 
ſomewhat greater than them; ſo that if the parts of 
AX be look'd upon as points, the parts of AB are not 
to be called points, but greater than points; and on the 
contrary, if the parts of AB be called points, the 
parts of AX are to be look'd upon as lefs than 
points, if it be lawful to ſpeak ſo. For the points 
which are treated of in the Method of Indiuiſibles are 
not abſolutely points, bat indefinitely ſmall parts, 
which uſurp the name of points, becauſe of their 
affinity to them, Since therefore points don't admit 
of greater and leſs, the name of points is not at the 
ſame time to be attributed to the parts of different mag- 
nitudes; conſequently, tho' the number of the greater 
parts of AB may be expreſs'd by the number of the 
leſſer parts of AX, yet. the number of points in AB 
ean no ways be expreſſed by the number of points in 
AX, (that is, by the number of parts in AX, equal to 
the number of parts in AB, which are called points.) 
The line AB has as many points as there are in it ſelf 
alone, or another line equal to it ſelf, nor can it be de- 
termin'd by auy other meaſure. After the ſame man- 
ner, this method don't ſuppoſe the conic Surface 
ABCD to conſiſt of as many parallel circumferences 
perpetually increaſing from the vertex A, or decreaſing 
from the baſe BD, as there are points in the Axe AX, 
but rather of as many thus increaſing or decreaſing as 
there are points in the ſide AB For in the Revolution 
of the line AB about the Axis AX, (whereby the ſuper- 
ficies of the Cone is generated) every point in the line 
AB produces a circumference, and conſequently more 
circumferences are produced than the points contained 
in the Axis AX. Therefore if you would extend the 
Method of Indiviſibles to the ſuperficies of ſolids, and 
ſuppoſe thoſe ſuperficies to conſiſt of parallel lines, you 
oughr not to compute this by the parallel Areas conſli- 
tuting the ſolid, that is, not to number thoſe Areas by 
the altitude of the ſolid, but by other lines agreeable to 
the 
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the condition of each figure. Which lines, in figures 
that are not irregular, may eaſily be determin d: For 
inſtance, in the equilateral Pyramid 
ABCD, whoſe Axe is AX, ſup- 
poſing that the lateral ſurface of 
the pyramid conſiſts of Perimeters 


BCD, theſe can neither be com- 
puted by the altitude AX, nor by 
the ſide AB, (for by the former, the 

thing requir'd would be wanting 
of the true Dimenſion, and by the latter twould 
exceed it) but by the line AE drawn from the ver- 
tex A perpendicular to the fide BC of the baſe : 
The reaſon of which is, that every plane fide of a 
Pyramid, as ABC, conſiſts of parallel right lines 
computed by the altitude AE. Aﬀer the ſame man- 
ner, ſuppoſing that the ſuperficies of the Hemiſphere 


BAD, conſiſts of Peripheries 


of circles parallel to the baſe 
BCD, the number of them 1s 
not to be computed by the 
Axis AX, but by the Qua- 
drantal Arc AB, becauſe that 
every point of the Arc AD 
in revolving produces a cir- 
cumference; and fo. any fu- 
perficies, whether plane or 
cury'd, which is conceived to conſiſt of equidiſtant 
right or curv'd lines, is to be computed by a line 
cutting thoſe equidiſtant lines perpendicularly. For 
ſince thoſe equidiſtant lines, in this Method of Indi- 
oiſibles, are not conſider'd abſolutely as lines having 
an infinitely ſmall breadth, which is the ſame with 
the breadth or thickneſs of the point deſcribing 
thoſe equidiſtant lines in their Circumvolution, and 
fince the ſame equidiſtant lines divide the line cut- 
ting them perpendicularly into parts meaſuring its 
breadth, thoſe parts are to be look'd upon as ſuch 


ſore of points, and conſequently the number of equi- 


diſtant lines, or the ſum. of thoſe breadths is to 
be computed by the number of points in the 
line cutting them perpendicularly, that is, by the 


length of that line, and not by a line of any o- 
| ther 


of triangles, parallel to the baſe 
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ther length, for that will conſiſt of more vr leſs 


poin t. 


Hence therefore in the ſpeculation of the ſuperfi- 


cies of ſolids, the Method of Indiviſibles is not unuſeful, 


but rather very commodious, provided it be rightly 
underſtood, and applied according to the Rule pre- 


ſcrib'd. For by the help of it even theſe ſuperficies 


may be found, if-ſo be we have ſome convenient 
Data preſuppos'd, on which the reaſoning may be 
founded : For inſtance, we might, by the help of it, 


. Inveſtigate the ſuperficies of a Cone, by reaſoning af- 


ter this manner, 

If the ſuperficies of the Cone ABC (fig. pag. 510.) 
be divided into innumerable Peripheries of circles 
BY parallel to the baſe BCD, the breadth of 
thoſe Peripheries taken together, make up the fide 
AB cutting them perpendicularly, and conſequently 
there will be as many Peripheries as there are points in 
the line AB, that is, their number may be expreſs' d 
by the number of points in AB, or by its length. 
Wherefore if you draw perpendiculars equal to the 
Peripheries to every point of AB, a r will be 
made out of thoſe perpendiculars equal to the ſuperficies 
of the Cone; but that ſuperficies will be a triangle 
whoſe height is AB, and baſe equal to the greateſt 
Periphery BDC, and ſo the ſuperficies of the Cone 
will be = AB X Periph. BDC, which concluſion 
agrees with the things laid down and demonſtrated 
by Archimedes. 

After the ſamg manner, if you take any right line 


43 equal to the qua- 


drantal Arc AB of 
the Hemiſphere (in 
pag. 512.) and to 
each of its points 
let the perpendiculars 
A wy be erected equal 
8 do the Radii MN of che 

N parallel circles MOM 


paſſing thro' the correſponding points M of that qua- 
drantal Arc, the greateſt of which 3; let be equal to 
the Radius BX of the baſe of the Hemiſphere : The 
figure F will contain the Radii of all the co 

whoſe 


C 
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"whoſe Peripheries the ſuperficies of the Hemiſphere 
conſiſts, And if the perpendicular , BH be erefted 


equal to the Peripheries MOM, BDB, there will be 


made the figure af equal to the ſuperficies of the 


Hemiſphere, The dimenſion of which figure if you 
can by any means find (as in this caſe you are to find 
the Area of the figure aH) thence you will eaſily de- 
duce the content of the ſegment of the ſphere, agreeing 
to what you would gather by any other genuine 
method reaſoning. Which Obſervation, I think, 
will not be unuſeful in Geometry, | 
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